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The Power of Symmetry
Symmetry is a foundation of modern physics 

Classical mechanics:   

Relativity:             

Particle physics:     

Condensed matter:  

Conservation laws: Energy, 
momentum, angular momentum

Lorentz invariance of spacetime

Underlying principle of the 
Standard Model 

Phases of matter: Magnets, 
crystals, superfluids
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<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| → <latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+<latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓
<latexit sha1_base64="rjh9ddeRLjzmNWZTYx/k2wZNLKM="></latexit>

1→
2

<latexit sha1_base64="jk0nGNLEIr3otbUv+aOjlWBtpO0=">AAACMHicbVDNSsQwGEz9t/5VPYoQXARPSyu6elzw4kFB0VWhW5Y0m2owTUvyVXYpPfk0XvVl9CRefQYPpu0eXHVCYJj5kvmYMBVcg+u+WROTU9Mzs3Pz9sLi0vKKs7p2pZNMUdahiUjUTUg0E1yyDnAQ7CZVjMShYNfh/VHpXz8wpXkiL2GYsiAmt5JHnBIwUs/Z7AIbQPWPf3x5ehLk+0flKXJ7xy56TsNtuhXwX+KNSAONcNZzvrr9hGYxk0AF0dr33BSCnCjgVLDC7maapYTek1vmGypJzHSQV/EF3jZKH0eJMlcCrtSfL3ISaz2MQzMZE7jTv71S/M/zM4gOg5zLNAMmaR0UZQJDgstOcJ8rRkEMDSFUcbMrpndEEQqmubGUQb3qmFbmKR3pApu6vN/l/CVXu02v1Wyd7zXaF+26uDm0gbbQDvLQAWqjY3SGOoiiR/SEntGL9Wy9Wu/WRz06YY3KXkdjsD6/AUOiqek=</latexit>

(
<latexit sha1_base64="6ViVfQHpDeLcaxYsS7YEqPFKiiQ=">AAACMHicbVDLSgMxFM3UV62vUZciBIugmzIjWl0WunGhULFVYTqUTJqxoZkHyR1pGWbl17jVn9GVuPUbXJiZdmHVEwKHc25yLseLBVdgWW9GaW5+YXGpvFxZWV1b3zA3t25UlEjKOjQSkbzziGKCh6wDHAS7iyUjgSfYrTds5v7tA5OKR2EbxjFzA3Ifcp9TAlrqmbtdYCMo/nHO25cXbnrSzE+WVg4rWc+sWjWrAP5L7CmpoilaPfOr249oErAQqCBKObYVg5sSCZwKllW6iWIxoUNyzxxNQxIw5aZFfIb3tdLHfiT1DQEX6s8XKQmUGgeengwIDNRvLxf/85wE/DM35WGcAAvpJMhPBIYI553gPpeMghhrQqjkeldMB0QSCrq5mZTRZNUZLc+TylcZ1nXZv8v5S26Oana9Vr86rjauG5PiymgH7aEDZKNT1EDnqIU6iKJH9ISe0YvxbLwa78bHZLRkTMveRjMwPr8BRVKp6g==</latexit>

)
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| → <latexit sha1_base64="xexuuqvkyq0N4rw817f4C8uD2AA=">AAACMHicbVBNS8NAEN34bf2KehRhsQheLIlo9Vjx4kFBwdZCG8pmu9Glm03YnUhLyMlf41X/jJ7Eq7/Bg5s0B6vOsvB4b2be8PxYcA2O82ZNTc/Mzs0vLFaWlldW1+z1jZaOEkVZk0YiUm2faCa4ZE3gIFg7VoyEvmC3/uAs128fmNI8kjcwipkXkjvJA04JGKpnb3eBDaHY0zm/ubzw0qOz/GVpZb+S9eyqU3OKwn+BW4IqKuuqZ391+xFNQiaBCqJ1x3Vi8FKigFPBsko30SwmdEDuWMdASUKmvbSwz/CuYfo4iJT5EnDB/pxISaj1KPRNZ0jgXv/WcvI/rZNAcOKlXMYJMEnHRkEiMEQ4zwT3uWIUxMgAQhU3t2J6TxShYJKbcBmOT53gcj+lA51hE5f7O5y/oHVQc+u1+vVhtXFaBreAttAO2kMuOkYNdI6uUBNR9Iie0DN6sZ6tV+vd+hi3TlnlzCaaKOvzGzOoqZw=</latexit>→<latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓
<latexit sha1_base64="rjh9ddeRLjzmNWZTYx/k2wZNLKM="></latexit>

1→
2

<latexit sha1_base64="jk0nGNLEIr3otbUv+aOjlWBtpO0=">AAACMHicbVDNSsQwGEz9t/5VPYoQXARPSyu6elzw4kFB0VWhW5Y0m2owTUvyVXYpPfk0XvVl9CRefQYPpu0eXHVCYJj5kvmYMBVcg+u+WROTU9Mzs3Pz9sLi0vKKs7p2pZNMUdahiUjUTUg0E1yyDnAQ7CZVjMShYNfh/VHpXz8wpXkiL2GYsiAmt5JHnBIwUs/Z7AIbQPWPf3x5ehLk+0flKXJ7xy56TsNtuhXwX+KNSAONcNZzvrr9hGYxk0AF0dr33BSCnCjgVLDC7maapYTek1vmGypJzHSQV/EF3jZKH0eJMlcCrtSfL3ISaz2MQzMZE7jTv71S/M/zM4gOg5zLNAMmaR0UZQJDgstOcJ8rRkEMDSFUcbMrpndEEQqmubGUQb3qmFbmKR3pApu6vN/l/CVXu02v1Wyd7zXaF+26uDm0gbbQDvLQAWqjY3SGOoiiR/SEntGL9Wy9Wu/WRz06YY3KXkdjsD6/AUOiqek=</latexit>

(
<latexit sha1_base64="6ViVfQHpDeLcaxYsS7YEqPFKiiQ=">AAACMHicbVDLSgMxFM3UV62vUZciBIugmzIjWl0WunGhULFVYTqUTJqxoZkHyR1pGWbl17jVn9GVuPUbXJiZdmHVEwKHc25yLseLBVdgWW9GaW5+YXGpvFxZWV1b3zA3t25UlEjKOjQSkbzziGKCh6wDHAS7iyUjgSfYrTds5v7tA5OKR2EbxjFzA3Ifcp9TAlrqmbtdYCMo/nHO25cXbnrSzE+WVg4rWc+sWjWrAP5L7CmpoilaPfOr249oErAQqCBKObYVg5sSCZwKllW6iWIxoUNyzxxNQxIw5aZFfIb3tdLHfiT1DQEX6s8XKQmUGgeengwIDNRvLxf/85wE/DM35WGcAAvpJMhPBIYI553gPpeMghhrQqjkeldMB0QSCrq5mZTRZNUZLc+TylcZ1nXZv8v5S26Oana9Vr86rjauG5PiymgH7aEDZKNT1EDnqIU6iKJH9ISe0YvxbLwa78bHZLRkTMveRjMwPr8BRVKp6g==</latexit>

)
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Symmetry in quantum physics transforms quantum states 

➤ A symmetry commutes with quantum time evolution 

➤ (symmetry operator commutes with the Hamiltonian) 

Two new quantum properties: 

1. Superposition 

2. Relative phases

Symmetry in Quantum Physics
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| →
Symmetry is more interesting                 

in quantum physics!
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Symmetry of a Spin-1/2
Consider a quantum spin-1/2: 
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Consider a quantum spin-1/2:  

➤ Pauli matrices:  

<latexit sha1_base64="MIylDDHMP/KBzGZBqaieaXRXVrw="></latexit>

|ω→ = ε |↑→+ ϑ |↓→

<latexit sha1_base64="zquTcwkzzkLFzuSGpPyOrk15GGE="></latexit>

X =

(
0 1
1 0

) <latexit sha1_base64="yHmPoNvkszZHnGD3Dc4xVQ9SyiE="></latexit>

Z =

(
1 0
0 →1

)

Symmetry of a Spin-1/2
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<latexit sha1_base64="7QMAiBPXmWn02Ur2SIL5bbkfgTU="></latexit>

X |→↑ = |↓↑ , X |↓↑ = |→↑
<latexit sha1_base64="W4u2OLpfpwnrvxBe2EzH+jSpfAQ="></latexit>

Z |→↑ = |→↑ , Z |↓↑ = ↔ |↓↑



Consider a quantum spin-1/2:  

➤ Pauli matrices:   

Enforce X and Z as symmetry operators

<latexit sha1_base64="MIylDDHMP/KBzGZBqaieaXRXVrw="></latexit>

|ω→ = ε |↑→+ ϑ |↓→

<latexit sha1_base64="w74x+FWduygAhzhwv6/XQakdn4I=">AAACRnicbVDLSgMxFL1TX7W+Wl2KECyCqzIjvpaFbrpQqNDWQjuUTJqxwcyD5I5Yhln5NW71J/wFf8KduDXTdmHVGwKHcx/ncLxYCo22/W4VlpZXVteK66WNza3tnXJlt6ujRDHeYZGMVM+jmksR8g4KlLwXK04DT/Jb776R928fuNIiCts4ibkb0LtQ+IJRNNSwfDBA/ojTO/1m+/rKTc8a+cvSUq+UDctVu2ZPi/wFzhxUYV6tYcWqDEYRSwIeIpNU675jx+imVKFgkmelQaJ5TNk9veN9A0MacO2mU/2MHBlmRPxImR8imbI/N1IaaD0JPDMZUBzr372c/K/XT9C/dFMRxgnykM2E/EQSjEgeChkJxRnKiQGUKWG8EjamijI00S2oPM6sLnDxeKIF04tkbkJpX2fEhOj8juwv6J7UnPPa+c1ptV6fx1mEfTiEY3DgAurQhBZ0gMETPMMLvFpv1of1aX3NRgvWfGcPFqoA3zuEsMY=</latexit>

X
<latexit sha1_base64="JYasBRmvLJ8fETDtXx+3csfiBD4=">AAACRnicbVDLSgMxFL1T3/XV6lKEYBFclRnxtSy46UKhgrXFdiiZNGODmQfJHbEMs/Jr3OpP+Av+hDtxa6btwrbeEDic+ziH48VSaLTtT6uwsLi0vLK6Vlzf2NzaLpV37nSUKMabLJKRantUcylC3kSBkrdjxWngSd7yHi/zfuuJKy2i8BaHMXcD+hAKXzCKhuqV9rvIn3F0p1O/vb5y09PL/GVp8b6Y9UoVu2qPiswDZwIqMKlGr2yVu/2IJQEPkUmqdcexY3RTqlAwybNiN9E8puyRPvCOgSENuHbTkX5GDg3TJ36kzA+RjNi/GykNtB4GnpkMKA70bC8n/+t1EvQv3FSEcYI8ZGMhP5EEI5KHQvpCcYZyaABlShivhA2oogxNdFMqz2OrU1w8GGrB9DSZm1Da1xkxITqzkc2Du+Oqc1Y9uzmp1GqTOFdhDw7gCBw4hxrUoQFNYPACr/AG79aH9WV9Wz/j0YI12dmFqSrALz8QsMg=</latexit>

Z
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Consider a quantum spin-1/2:  

➤ Pauli matrices:   

Enforce X and Z as symmetry operators 

➤ Mathematically: Projective            symmetry

<latexit sha1_base64="MIylDDHMP/KBzGZBqaieaXRXVrw="></latexit>

|ω→ = ε |↑→+ ϑ |↓→

<latexit sha1_base64="w74x+FWduygAhzhwv6/XQakdn4I=">AAACRnicbVDLSgMxFL1TX7W+Wl2KECyCqzIjvpaFbrpQqNDWQjuUTJqxwcyD5I5Yhln5NW71J/wFf8KduDXTdmHVGwKHcx/ncLxYCo22/W4VlpZXVteK66WNza3tnXJlt6ujRDHeYZGMVM+jmksR8g4KlLwXK04DT/Jb776R928fuNIiCts4ibkb0LtQ+IJRNNSwfDBA/ojTO/1m+/rKTc8a+cvSUq+UDctVu2ZPi/wFzhxUYV6tYcWqDEYRSwIeIpNU675jx+imVKFgkmelQaJ5TNk9veN9A0MacO2mU/2MHBlmRPxImR8imbI/N1IaaD0JPDMZUBzr372c/K/XT9C/dFMRxgnykM2E/EQSjEgeChkJxRnKiQGUKWG8EjamijI00S2oPM6sLnDxeKIF04tkbkJpX2fEhOj8juwv6J7UnPPa+c1ptV6fx1mEfTiEY3DgAurQhBZ0gMETPMMLvFpv1of1aX3NRgvWfGcPFqoA3zuEsMY=</latexit>

X
<latexit sha1_base64="JYasBRmvLJ8fETDtXx+3csfiBD4=">AAACRnicbVDLSgMxFL1T3/XV6lKEYBFclRnxtSy46UKhgrXFdiiZNGODmQfJHbEMs/Jr3OpP+Av+hDtxa6btwrbeEDic+ziH48VSaLTtT6uwsLi0vLK6Vlzf2NzaLpV37nSUKMabLJKRantUcylC3kSBkrdjxWngSd7yHi/zfuuJKy2i8BaHMXcD+hAKXzCKhuqV9rvIn3F0p1O/vb5y09PL/GVp8b6Y9UoVu2qPiswDZwIqMKlGr2yVu/2IJQEPkUmqdcexY3RTqlAwybNiN9E8puyRPvCOgSENuHbTkX5GDg3TJ36kzA+RjNi/GykNtB4GnpkMKA70bC8n/+t1EvQv3FSEcYI8ZGMhP5EEI5KHQvpCcYZyaABlShivhA2oogxNdFMqz2OrU1w8GGrB9DSZm1Da1xkxITqzkc2Du+Oqc1Y9uzmp1GqTOFdhDw7gCBw4hxrUoQFNYPACr/AG79aH9WV9Wz/j0YI12dmFqSrALz8QsMg=</latexit>

Z

<latexit sha1_base64="Kw+B25g/EOG17wtLMaNp1Z8AFog="></latexit>

Z2 → Z2
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Why? 

Within any 1D eigenspace, X and Z must act as c-numbers. 

But c-numbers commute  There are no 1D eigenspaces⟹
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The Unexpected Power of Symmetry
This talk: Overview unexpected consequences of symmetry                      
a.            intrinsic to quantum systems 

Symmetry principles enforcing nontrivial quantum phenomena 

1) Correlated quantum matter/field theory 

Symmetry can constraint low-energy dynamics 

2) Quantum entanglement 

Symmetry can enforce nontrivial entanglement 

3) Generalized symmetry 

New symmetry, same consequences

6/20



Correlated Quantum         
Matter/Field Theory



The Grand Challenge
Given a quantum system with many interacting degrees of 
freedom, what is its low-energy/long-distance behavior?

7/20



The Grand Challenge
Given a quantum system with many interacting degrees of 
freedom, what is its low-energy/long-distance behavior?

Trivially gapped

E
ne

rg
y

<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0

7/20



The Grand Challenge
Given a quantum system with many interacting degrees of 
freedom, what is its low-energy/long-distance behavior?

Trivially gapped Nontrivially gapped

E
ne

rg
y

<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0

7/20



The Grand Challenge
Given a quantum system with many interacting degrees of 
freedom, what is its low-energy/long-distance behavior?

Trivially gapped GaplessNontrivially gapped

E
ne

rg
y

<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0

7/20



The Grand Challenge
Given a quantum system with many interacting degrees of 
freedom, what is its low-energy/long-distance behavior? 

➤ Notoriously difficult: strong interactions often defy                
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The Grand Challenge
Given a quantum system with many interacting degrees of 
freedom, what is its low-energy/long-distance behavior? 

➤ Notoriously difficult: strong interactions often defy                
c.                          conventional perturbative methods 

Symmetry can constrain the low-energy dynamics and organize 
distinct possibilities
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The Lieb-Schultz-Mattis Theorem
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spin-s
Consider Quantum spin chain

➤ Symmetry:
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ωSj →↑ ωSj+1 and ωSj →↑ R ωSj with R ↓ SO(3)
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spin-s
Consider Quantum spin chain

➤ Symmetry:
<latexit sha1_base64="/Ab7XZNwNSirlTCUW6lBSdADgDY="></latexit>

ωSj →↑ ωSj+1 and ωSj →↑ R ωSj with R ↓ SO(3)

Lieb-Schultz-Mattis 1961: This symmetry 
forbids a trivial gapped phase when s is 
half-integer
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Trivially gapped GaplessNontrivially gapped

E
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y

<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0

<latexit sha1_base64="U/TZqeuO+U6CNU/58f90vNwDapY="></latexit>

if s = 1, 2, 3, · · ·
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The Lieb-Schultz-Mattis Theorem

Trivially gapped GaplessNontrivially gapped
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0

<latexit sha1_base64="YqNi7cJfcwGoOoEAqg2hbT8+E9A="></latexit>

spin-s

<latexit sha1_base64="NR0V3VADyUwclr1wQB3pGQeln1A="></latexit>

if s =
1

2
,
3

2
,
5

2
, · · ·

Consider Quantum spin chain

➤ Symmetry:
<latexit sha1_base64="/Ab7XZNwNSirlTCUW6lBSdADgDY="></latexit>
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forbids a trivial gapped phase when s is 
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The Lieb-Schultz-Mattis Theorem

Trivially gapped GaplessNontrivially gapped
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0

<latexit sha1_base64="YqNi7cJfcwGoOoEAqg2hbT8+E9A="></latexit>

spin-s

<latexit sha1_base64="NR0V3VADyUwclr1wQB3pGQeln1A="></latexit>

if s =
1

2
,
3

2
,
5

2
, · · ·

Consider Quantum spin chain

➤ Symmetry:
<latexit sha1_base64="/Ab7XZNwNSirlTCUW6lBSdADgDY="></latexit>

ωSj →↑ ωSj+1 and ωSj →↑ R ωSj with R ↓ SO(3)

Lieb-Schultz-Mattis 1961: This symmetry 
forbids a trivial gapped phase when s is 
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<latexit sha1_base64="TNx7Sldgy9lRXAb418PbpEjyYnU=">AAACRnicbVDLSsNAFL2pr1pfrS5FGCyCq5KIVpcFN10oKFgttKFMppN2cPJg5kYMISu/xq3+hL/gT7gTt07aLqx6h4HDuY9zOF4shUbbfrdKC4tLyyvl1cra+sbmVrW2faujRDHeYZGMVNejmksR8g4KlLwbK04DT/I77/686N89cKVFFN5gGnM3oKNQ+IJRNNSgutdH/oiTO732zeWFm52cFy/PKrqSD6p1u2FPivwFzgzUYVZXg5pV6w8jlgQ8RCap1j3HjtHNqELBJM8r/UTzmLJ7OuI9A0MacO1mE/2cHBhmSPxImR8imbA/NzIaaJ0GnpkMKI71715B/tfrJeifuZkI4wR5yKZCfiIJRqQIhQyF4gxlagBlShivhI2pogxNdHMqj1Orc1w8TrVgep4sTCjt65yYEJ3fkf0Ft0cNp9loXh/XW61ZnGXYhX04BAdOoQVtuIIOMHiCZ3iBV+vN+rA+ra/paMma7ezAXJXgG2tmsOE=</latexit>s

Holds for all symmetric Hamiltonians!
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The Lieb-Schultz-Mattis Theorem

Trivially gapped GaplessNontrivially gapped
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<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0

<latexit sha1_base64="YqNi7cJfcwGoOoEAqg2hbT8+E9A="></latexit>

spin-s

<latexit sha1_base64="NR0V3VADyUwclr1wQB3pGQeln1A="></latexit>

if s =
1

2
,
3

2
,
5

2
, · · ·

Consider Quantum spin chain

➤ Symmetry:
<latexit sha1_base64="/Ab7XZNwNSirlTCUW6lBSdADgDY="></latexit>

ωSj →↑ ωSj+1 and ωSj →↑ R ωSj with R ↓ SO(3)

Lieb-Schultz-Mattis 1961: This symmetry 
forbids a trivial gapped phase when s is 
half-integer

<latexit sha1_base64="TNx7Sldgy9lRXAb418PbpEjyYnU=">AAACRnicbVDLSsNAFL2pr1pfrS5FGCyCq5KIVpcFN10oKFgttKFMppN2cPJg5kYMISu/xq3+hL/gT7gTt07aLqx6h4HDuY9zOF4shUbbfrdKC4tLyyvl1cra+sbmVrW2faujRDHeYZGMVNejmksR8g4KlLwbK04DT/I77/686N89cKVFFN5gGnM3oKNQ+IJRNNSgutdH/oiTO732zeWFm52cFy/PKrqSD6p1u2FPivwFzgzUYVZXg5pV6w8jlgQ8RCap1j3HjtHNqELBJM8r/UTzmLJ7OuI9A0MacO1mE/2cHBhmSPxImR8imbA/NzIaaJ0GnpkMKI71715B/tfrJeifuZkI4wR5yKZCfiIJRqQIhQyF4gxlagBlShivhI2pogxNdHMqj1Orc1w8TrVgep4sTCjt65yYEJ3fkf0Ft0cNp9loXh/XW61ZnGXYhX04BAdOoQVtuIIOMHiCZ3iBV+vN+rA+ra/paMma7ezAXJXgG2tmsOE=</latexit>s

Holds for all symmetric Hamiltonians!
<latexit sha1_base64="bmdsCLcwwMxQunIvpPm14JIYpMQ="></latexit>

H =
∑

j

ωSj · ωSj+1
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The Lieb-Schultz-Mattis Theorem

Trivially gapped GaplessNontrivially gapped
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<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0

<latexit sha1_base64="YqNi7cJfcwGoOoEAqg2hbT8+E9A="></latexit>

spin-s

<latexit sha1_base64="NR0V3VADyUwclr1wQB3pGQeln1A="></latexit>

if s =
1

2
,
3

2
,
5

2
, · · ·

Consider Quantum spin chain

➤ Symmetry:
<latexit sha1_base64="/Ab7XZNwNSirlTCUW6lBSdADgDY="></latexit>

ωSj →↑ ωSj+1 and ωSj →↑ R ωSj with R ↓ SO(3)

Lieb-Schultz-Mattis 1961: This symmetry 
forbids a trivial gapped phase when s is 
half-integer

<latexit sha1_base64="TNx7Sldgy9lRXAb418PbpEjyYnU=">AAACRnicbVDLSsNAFL2pr1pfrS5FGCyCq5KIVpcFN10oKFgttKFMppN2cPJg5kYMISu/xq3+hL/gT7gTt07aLqx6h4HDuY9zOF4shUbbfrdKC4tLyyvl1cra+sbmVrW2faujRDHeYZGMVNejmksR8g4KlLwbK04DT/I77/686N89cKVFFN5gGnM3oKNQ+IJRNNSgutdH/oiTO732zeWFm52cFy/PKrqSD6p1u2FPivwFzgzUYVZXg5pV6w8jlgQ8RCap1j3HjtHNqELBJM8r/UTzmLJ7OuI9A0MacO1mE/2cHBhmSPxImR8imbA/NzIaaJ0GnpkMKI71715B/tfrJeifuZkI4wR5yKZCfiIJRqQIhQyF4gxlagBlShivhI2pogxNdHMqj1Orc1w8TrVgep4sTCjt65yYEJ3fkf0Ft0cNp9loXh/XW61ZnGXYhX04BAdOoQVtuIIOMHiCZ3iBV+vN+rA+ra/paMma7ezAXJXgG2tmsOE=</latexit>s

Holds for all symmetric Hamiltonians!
<latexit sha1_base64="EK9jAWwcJYcDyd6tLWnyiDMGAh0="></latexit>

H =
∑

j

(
ωSj · ωSj+1 + 67 ωSj · ωSj+2 → 42 (ωSj · ωSj+1)(ωSj+1 · ωSj+2)

)
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Symmetry-Enforced Gaplessness
Sometimes, symmetry is even more powerful
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<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0
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Symmetry-Enforced Gaplessness
Sometimes, symmetry is even more powerful
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<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0
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Sometimes, symmetry is even more powerful

Trivially gapped GaplessNontrivially gapped
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<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0
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Symmetry-Enforced Gaplessness
Sometimes, symmetry is even more powerful 

Symmetry-enforced gaplessness

Trivially gapped GaplessNontrivially gapped

E
ne
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y

<latexit sha1_base64="xajoWzcmmHpqIfPmarpO1UC6MIg=">AAACGnicbVDLSsNAFJ34rPEVdSlIsAiuSiJaXUmhmy4UKvQFbSiT6bQdOnkwcyMtoTs/wy9wq1/gTty68QP8DydpFrb1DgOHc+6953LckDMJlvWtrayurW9s5rb07Z3dvX3j4LAhg0gQWicBD0TLxZJy5tM6MOC0FQqKPZfTpjsqJ3rzkQrJAr8Gk5A6Hh74rM8IBkV1jZMO0DGke9qV2v2dE1+VkzfVY93Sp10jbxWstMxlYGcgj7Kqdo2fTi8gkUd9IBxL2batEJwYC2CE06neiSQNMRnhAW0r6GOPSidO/afmmWJ6Zj8Q6vtgpuzfiRh7Uk48V3V6GIZyUUvI/7R2BP0bJ2Z+GAH1ycyoH3ETAjMJxewxQQnwiQKYCKZuNckQC0xARTfnMp6dqnKxF1NYBo2Lgl0sFB8u86XbLKEcOkan6BzZ6BqVUAVVUR0R9IRe0Ct60561d+1D+5y1rmjZzBGaK+3rF7RdoCc=</latexit>

0

High Energy
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Two Types of Gaplessness
Not all gaplessness is equal
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Question: Can a symmetry enforce infinite gaplessness? 

Answer: Yes, symmetry-enforced Fermi surfaces!

[Kim-SP-Shao, PRL ’26]
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Symmetry in quantum systems can constrain 
the low-energy/long-distance behavior

First Lesson
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Symmetry can enforce states to have nontrivial entanglement 

Example: The LSM theorem, SO(3) spin rotation and lattice 
translation symmetry

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
Short-range entanglement

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
No entanglement

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
Long-range entanglement
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Spin
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None

Symmetry-enforced 
entanglement?



Symmetry in quantum systems can constrain 
the ground state entanglement pattern

Second Lesson



Generalizing Symmetry



Generalized Symmetries
The last ten years has seen tremendous progress in generalizing 
the notion of symmetry
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the notion of symmetry

16/20

Very quickly developing topic! At least 16 reviews: 

1. McGreevy, Ann. Rev. Condensed Matter Phys. ’22.                                                         
2. Córdova, Dumitrescu, Intriligator, Shao, Snowmass ’22                                                     
3. Freed, Proc. Symp. Pure Math. ’22                                                                              
4. Reece, TASI ’23                                                                                                       
5. Shao, TASI ’23                                                                                                        
6. Brennan, Hong, ’23                                                                                                   
7. Bhardwaj et al., Phys. Rept. ’23                                                                                  
8. Gomes, SciPost ’23                                                                                                   
9. Schäfer-Nameki, ICTP lectures, ’23                                                                             
10. Luo, QR Wang, YN Wang, Phys. Rept., ’23                                                                
11. Carqueville, Del Zotto, Runkel, Encyclopedia of Math. Phys. ’23                                    
12. Iqbal, ’24                                                                                                             
13. Costa et al., Simons lectures ’24                                                                               
14. Davighi, ’25                                                                                                          
15. Kaidi, ’26                                                                                                             
16. SP, Schäfer-Nameki, Zhang, Ann. Rev. Condensed Matter Phys. (in progress)
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If it looks like a duck, swims like 
a duck, and quacks like a duck, 
then it probably is a duck.
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a.             to those of ordinary symmetries 

Generalized symmetries can also constrain low-energy dynamics 
and entanglement patterns
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They pass the duck test!

If it looks like a duck, swims like 
a duck, and quacks like a duck, 
then it probably is a duck.

I want to introduce you to two generalized symmetries       
(there are many more) 

1. Modulated symmetries 

2. Non-invertible symmetries



Modulated Symmetry
Ordinary symmetries act uniformly throughout space

17/20

<latexit sha1_base64="aaPjYyIYQ4t8TAabGt3v/gH9WDU="></latexit>→↑



Modulated Symmetry
Ordinary symmetries act uniformly throughout space 

Modulated symmetries act in a spatially modulated way 

➤ Ubiquitous in quantum spin models and Lifshitz field theories
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<latexit sha1_base64="aaPjYyIYQ4t8TAabGt3v/gH9WDU="></latexit>→↑
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Modulated Symmetry
Ordinary symmetries act uniformly throughout space 

Modulated symmetries act in a spatially modulated way 

➤ Ubiquitous in quantum spin models and Lifshitz field theories 

Modulated symmetries can constrain low-energy dynamics      
and entanglement patterns

[SP-Bulmash, arXiv ’26]
17/20

<latexit sha1_base64="aaPjYyIYQ4t8TAabGt3v/gH9WDU="></latexit>→↑

<latexit sha1_base64="aaPjYyIYQ4t8TAabGt3v/gH9WDU="></latexit>→↑



Non-Invertible Symmetry
Ordinary symmetry transformations have inverses 
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<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| → <latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| → <latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →



Non-Invertible Symmetry
Ordinary symmetry transformations have inverses 

Non-invertible symmetry transformations have no inverse! 

➤ Arise in simple quantum lattice systems and field theories
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<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| → <latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| → <latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →

<latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓
<latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit> →↑↓

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+
<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+ ⋯<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+



Non-Invertible Symmetry
Ordinary symmetry transformations have inverses 

Non-invertible symmetry transformations have no inverse! 

➤ Arise in simple quantum lattice systems and field theories
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<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| → <latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| → <latexit sha1_base64="3JdqgNUw3B4MK+KUy0xPoaXNLbk="></latexit>→↑↓

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →
[SP-Aksoy-Lam, SciPost Phys. ’26 ]
[SP-Lam-Aksoy, SciPost Phys. ’25]

Non-invertible symmetries can constrain low-energy dynamics      
and entanglement patterns
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+

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+

<latexit sha1_base64="GLRMR14kemEiocXPqzeMOZihXXs="></latexit>

| →<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+
<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+ ⋯<latexit sha1_base64="+TwxHPNZXmYP4W7IaUw48ZaoKEs=">AAACMHicbVBNS8NAEN34bf2KehRhsQiCUBLR6rHixYOCgq2FNpTNdqNLN5uwO5GWkJO/xqv+GT2JV3+DBzdpDladZeHx3sy84fmx4Boc582amp6ZnZtfWKwsLa+srtnrGy0dJYqyJo1EpNo+0UxwyZrAQbB2rBgJfcFu/cFZrt8+MKV5JG9gFDMvJHeSB5wSMFTP3u4CG0Kxp3N+c3nhpUdn+cvSyn4l69lVp+YUhf8CtwRVVNZVz/7q9iOahEwCFUTrjuvE4KVEAaeCZZVuollM6IDcsY6BkoRMe2lhn+Fdw/RxECnzJeCC/TmRklDrUeibzpDAvf6t5eR/WieB4MRLuYwTYJKOjYJEYIhwngnuc8UoiJEBhCpubsX0nihCwSQ34TIcnzrB5X5KBzrDJi73dzh/Qeug5tZr9evDauO0DG4BbaEdtIdcdIwa6BxdoSai6BE9oWf0Yj1br9a79TFunbLKmU00UdbnNzBIqZo=</latexit>

+



Generalized symmetries also have powerful, 
unexpected consequences!

Third Lesson
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Symmetry in quantum physics has unexpected consequences
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Symmetry in quantum physics has unexpected consequences 
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Trivially gapped GaplessNontrivially gapped
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True for ordinary and 
generalized symmetries!



Conclusion
Symmetry is both a foundation and frontier of physics
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Conclusion
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➤ Amazingly interdisciplinary frontier!

Symmetry

Condensed Matter 
Generalized Landau paradigm, New 

phases of matter, New LSM theorems, 
Anyons & fractons, Quantum disordering

High Energy 
Confinement, Anomaly matching, 

Phenomenology, Geometric engineering, 
Amplitudes, Quantum gravity

Quantum Information 
Sequential circuits, Fault-tolerant gates, 

Quantum cellular automata, Matrix 
product operators, ZX-calculus

Mathematical Physics 
Category theory, Hopf algebra, Operator 
algebra, Cobordism, Stable homotopy, 

Homological algebra
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Advertisement: Symmetry Seminar 

Weekly virtual seminar series 

sites.google.com/view/symmetryseminar


