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A fundamental problem in QFT/CMT/HEP is to understand 
quantum phases 

1. How do we diagnose different quantum phases? 

2. What are the allowed possible quantum phases? 

Sometimes, phases are characterized by a symmetry 

➤ Superfluids by  boson number conservation 

➤ Topological insulators by  and  symmetries 

For such phases, symmetries provide answers to questions (1) 
and (2).
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Generalized symmetries
There has been a recent flurry of interest in generalizing the 
notion of symmetries 

➤ Ordinary symmetries transform local operators in an 
invertible manner (e.g., ) 

➤ So-called generalized symmetries modify this definition
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There has been a recent flurry of interest in generalizing the 
notion of symmetries 

➤ Ordinary symmetries transform local operators in an 
invertible manner (e.g., ) 

➤ So-called generalized symmetries modify this definition

c†
r → eiθc†

r

➤ Can arise at critical points from Kramers-Wannier dualities
[Thorngren, Yang ’21 ; Choi, Córdova, Hsin, Lam, Shao ’21; ]⋯

➤ Can emerge in ordered phases (are symmetries of nonlinear 
sigma models) [Hsin ’22; SP ’23; SP, Zhu, Beaudry, X-G Wen ’23]

Non-invertible symmetries have non-invertible transformations
[Bhardwaj, Tachikawa ’17; Chang, Lin, Shao, Wang, Yin ’18;  ]⋯
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Generalized symmetries
There has been a recent flurry of interest in generalizing the 
notion of symmetries 

➤ Ordinary symmetries transform local operators in an 
invertible manner (e.g., ) 

➤ So-called generalized symmetries modify this definition

c†
r → eiθc†

r

Non-invertible symmetries have non-invertible transformations 

➤ Can arise from Kramers-Wannier self-dualities 

➤ Generically emerge in ordered phases (are symmetries of 
nonlinear sigma models) [SP 2023, SP, Zhu, Beaudry, Wen 2023]

Q: Why should we consider these as symmetries? 

A: They pass the duck test!

If it looks like a duck, swims 
like a duck, and quacks like a 
duck, then it probably is a duck.

➤ Have conservation laws  

➤ Can constrain phase diagrams (be anomalous) 

➤ Can characterize SSB and SPT phases
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(1) Choose your generalized symmetries adjectives 

a a a  Symmetry 

(2) Specify SSB and SPT pattern    

1− 2− 3−⋯
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Quantum phases  generalized symmetry+

Build-a-phase recipe 

(1) Choose your generalized symmetries adjectives 

a a a  Symmetry 

(2) Specify SSB and SPT pattern    

1− 2− 3−⋯

Ordered phases Topological insulators

Topological order Higgs phases

Phases we have yet to name!

Fracton phasesMaxwell phases
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Which quantum phases are characterized by 
generalized symmetries? 

Why care? 

1. Provides a novel and unifying perspective of quantum 
phases  

2. Guides us towards new quantum phases and models 

3. Further develops a classification of quantum phases based 
on symmetries (a “generalized Landau paradigm”)
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This talk: D SPT phases characterized by translation 
and non-invertible symmetries 

➤ Find a new class of entangled weak SPTs characterized by 
projective non-invertible symmetries on the lattice 
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This talk: D SPT phases characterized by translation 
and non-invertible symmetries 

➤ Find a new class of entangled weak SPTs characterized by 
projective non-invertible symmetries on the lattice 

Outline 

1. Weak SPTs from a symmetry defect perspective 

2. Simple example of an entangled weak SPT characterized 
by a projective non-invertible symmetry 

3. General discussion on projective  symmetry 
and (SPT-)LSM theorems

1 + 1

Z(G) × 𝖱𝖾𝗉(G)

TL;DR for this talk



SPTs
Recall: An SPT phase is a gapped quantum phase protected 
by a symmetry with a unique ground state on all closed 
spatial manifolds [Chen, Gu, Liu, Wen 2011; ] 

➤ SPTs are characterized by their bulk response to static 
probes: Background gauge fields and symmetry defects

⋯



SPTs
Recall: An SPT phase is a gapped quantum phase protected 
by a symmetry with a unique ground state on all closed 
spatial manifolds [Chen, Gu, Liu, Wen 2011; ] 

➤ SPTs are characterized by their bulk response to static 
probes: Background gauge fields and symmetry defects 

SPTs can be protected by internal and/or spacetime 
symmetries 

➤ Those protected by spatial translations are called weak 
G-SPTs

⋯

G ×



Example:  weak SPTsℤ2

1d periodic lattice with a qubit on each site  

   vs.   

➤ Both have a unique gapped ground state  

➤ Symmetries:  with               and  

j ∼ j + L

H+ = − ∑
j

Xj H− = + ∑
j

Xj

|GS±⟩ = ⊗j | ± ⟩

ℤ2 × ℤL T : j → j + 1U = ∏
j

Xj

 and  are both in  SPT phasesH+ H− ℤ2 × ℤL



Example:  weak SPTsℤ2

1d periodic lattice with a qubit on each site  

   vs.   

➤ Both have a unique gapped ground state  

➤ Symmetries:  with               and  

j ∼ j + L

H+ = − ∑
j

Xj H− = + ∑
j

Xj

|GS±⟩ = ⊗j | ± ⟩

ℤ2 × ℤL T : j → j + 1U = ∏
j

Xj

 and  are both in  weak SPT phasesH+ H− ℤ2



Example:  weak SPTsℤ2

Are  and  in different  weak SPT phases? 

Let’s insert a  symmetry defect at  

➤ Neither  or  are modified by  

➤ Translation operator becomes  ( )

H+ H− ℤ2

U = ∏
j

Xj ⟨L,1⟩

H+ H− Zj+L = − Zj

T = X1Tdefect−free TL = U



Example:  weak SPTsℤ2

Are  and  in different  weak SPT phases? 

Let’s insert a  symmetry defect at  

➤ Neither  or  are modified by  

➤ Translation operator becomes  ( )

H+ H− ℤ2

U = ∏
j

Xj ⟨L,1⟩

H+ H− Zj+L = − Zj

T = X1Tdefect−free TL = U

Even L

U |GS±⟩ =

Even ,L
 symmetry defectℤ2

T |GS±⟩ =

+ |GS±⟩

+ |GS±⟩

+ |GS±⟩

± |GS±⟩

Odd L

+ |GS+⟩

∓ |GS+⟩
Different  
weak SPTs

ℤ2



Example:  weak SPTsℤ2

Are  and  in different  weak SPT phases? 

Let’s insert a  symmetry defect at  

➤ Neither  or  are modified by  

➤ Translation operator becomes  ( )

H+ H− ℤ2

U = ∏
j

Xj ⟨L,1⟩

H+ H− Zj+L = − Zj

T = X1Tdefect−free TL = U

Even L

U |GS±⟩ =

Even ,L
 symmetry defectℤ2

T |GS±⟩ =

+ |GS±⟩

+ |GS±⟩

+ |GS±⟩

± |GS±⟩

Odd L

+ |GS±⟩

± |GS±⟩



Example:  weak SPTsℤ2

Are  and  in different  weak SPT phases? 

Let’s insert a  symmetry defect at  

➤ Neither  or  are modified by  

➤ Translation operator becomes  ( )

H+ H− ℤ2

U = ∏
j

Xj ⟨L,1⟩

H− H+ Zj+L = − Zj

T = X1Tdefect−free TL = U

Even L

U |GS±⟩ =

Even ,L
 symmetry defectℤ2

T |GS±⟩ =

+ |GS±⟩

+ |GS±⟩

+ |GS±⟩

± |GS±⟩

Odd L

+ |GS±⟩

± |GS±⟩

Translation defect carries  symmetry charge in  

➤ Inserting a translation defect is done by 

ℤ2 |GS−⟩

TL = 1 → TL = T ⟹ L → L − 1



A curious Hamiltonian
1d periodic lattice with a single qubit and  qudit on each 
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σx, σz (σx)2 = (σz)2 = 1 σzσx = − σxσz

X, Z ℤ4 X4 = Z4 = 1 ZX = i XZ
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➤  acts as  and  

➤ Is a sum of commuting terms and has a unique gapped 
ground state

ℤ4

j ∼ j + L

σx, σz (σx)2 = (σz)2 = 1 σzσx = − σxσz

X, Z ℤ4 X4 = Z4 = 1 ZX = i XZ

H = − ∑
j

σx
j Cj+1 σx

j+1 +
1
4 ∑

j

(Zj − Z†
j ) σz

j (Zj+1 − Z†
j+1)

C X → X† Z → Z†

|GS⟩ = ∑
{φj = 0,1}

i∑j αj (φj − φj−1) ⨂
j

|σx
j = (−1)φj, Zj = iαj+1⟩

{αj = 0,2}
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➤ 🤷 symmetry operator  

H

ℤL T : j → j + 1

ℤ2

U = ∏
j

X2
j R1 = ∏

j

σz
j R2 = ∏

j

Z2
j

R𝖤 =
1
2 (1 + R1) (1 + R2)∏

j

Z ∏j−1
k=1 σz

k
j

H = − ∑
j

σx
j Cj+1 σx

j+1 +
1
4 ∑

j

(Zj − Z†
j ) σz

j (Zj+1 − Z†
j+1) can be written as a  matrix product operator 

➤ MPO tensor 

R𝖤 χ = 2

M1 M2 ⋯ MLR𝖤 = Tr(
L

∏
j=1

Mj) ≡

Mj =
1
2 (

Zj + Z†
j i (Zj − Z†

j ) σz
j

−i (Zj − Z†
j ) (Zj + Z†

j ) σz
j )
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 is a non-invertible symmetry operator 

➤   or     

➤  have zero-eigenvalues   is non-invertible

R𝖤

R1 |ψ⟩ = − |ψ⟩ R2 |ψ⟩ = − |ψ⟩ ⟹ R𝖤 |ψ⟩ = 0

R𝖤 ⟹ R𝖤



A curious SPT
These symmetry operators obey 

,   ,    ,     

   

➤ Form a (projective)    symmetry

U2 = 1 R2
i = 1 R2

𝖤 = 1 + R1 + R2 + R1R2 R𝖤Ri = RiR𝖤 = R𝖤

U R𝖤 = (−1)LR𝖤 U

ℤ2 × 𝖱𝖾𝗉(D8)

Dihedral group of order 8 D8 ≃ ⟨r, s ∣ r2 = s4 = 1,rsr = s3⟩
➤ Four 1d reps , , ,  and one 2d irrep 1 P1 P2 P3 = P1 ⊗ P2 𝖤

Pi ⊗ Pi = 1 𝖤 ⊗ 𝖤 = 1 ⊕ P1 ⊕ P2 ⊕ P3 𝖤 ⊗ Pi = Pi ⊗ 𝖤 = 𝖤
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➤ Form a (projective)    symmetry               

U2 = 1 R2
i = 1 R2

𝖤 = 1 + R1 + R2 + R1R2 R𝖤Ri = RiR𝖤 = R𝖤
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A curious SPT

 is in a    weak SPT phase 

➤ Translation defects carry  
symmetry charge in 

H ℤ2 × 𝖱𝖾𝗉(D8)

𝖱𝖾𝗉(D8)
|GS⟩



A curious projective algebra
This SPT is characterized by a projective symmetry: 

                  (odd )                         

Projective unitary symmetries  forbid SPTs 

➤ Assume non-degenerate symmetric ground state: 
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2.

U R𝖤 = −R𝖤 U L

U1U2 = eiθU2U1
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Contradicts 
assumption



A curious projective algebra
This SPT is characterized by a projective symmetry: 

                  (odd )                         

Projective unitary symmetries  forbid SPTs 

➤ Assume non-degenerate symmetric ground state: 

1.  

2.  

Projective non-invertible symmetries are compatible with SPTs 

➤ Loophole: symmetry operator has zero-eigenvalues 

➤    when  is odd

U R𝖤 = −R𝖤 U L

U1U2 = eiθU2U1

U1U2 |ψ⟩ = |ψ⟩

U1U2 |ψ⟩ = eiθ U2U1 |ψ⟩ = eiθ |ψ⟩

UR𝖤 = (−1)LR𝖤U ⟹ R𝖤 |GSSPT⟩ = 0 L

Contradicts 
assumption



The surprising lack of an ’t Hooft anomaly
Inserting  or  symmetry defects leads to the projective 
algebras                      

For invertible symmetries, such projective algebras imply an ’t 
Hooft anomaly (e.g., the type III anomaly  )
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R𝖤 T = − T R𝖤 T U = − U T

 symmetry defectU  symmetry defectR𝖤

[Matsui ’08; Yao, Oshikawa ’20; Seifnashri ’23; Kapustin, Sopenko ’24]
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[Matsui ’08; Yao, Oshikawa ’20; Seifnashri ’23; Kapustin, Sopenko ’24]

➤ This is not true for non-invertible symmetries!

The surprising lack of an ’t Hooft anomaly
Inserting  or  symmetry defects leads to the projective 
algebras                      

For invertible symmetries, such projective algebras imply an ’t 
Hooft anomaly (e.g., the type III anomaly  ) 

➤

U R𝖤

(−1) ∫M3
a ∪ b ∪c

R𝖤 T = − T R𝖤 T U = − U T

 symmetry defectU  symmetry defectR𝖤

Fails because of 
 loopholeR𝖤 = 0

Fails because the degeneracy 
is encoded in the defect’s 
quantum dimension



Projective  symmetryZ(G) × 𝖱𝖾𝗉(G)
The projective  symmetry is a special case of a 
more general projective  symmetry 

➤  is the center of a finite group  

➤  is the fusion category of representations of 

ℤ2 × 𝖱𝖾𝗉(D8)
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Projective  symmetryZ(G) × 𝖱𝖾𝗉(G)
The projective  symmetry is a special case of a 
more general projective  symmetry 

➤  is the center of a finite group  

➤  is the fusion category of representations of  

 symmetry operator , with , satisfies 

 symmetry operator , with  an irrep of , satisfies 

ℤ2 × 𝖱𝖾𝗉(D8)
Z(G) × 𝖱𝖾𝗉(G)

Z(G) G

𝖱𝖾𝗉(G) G

Z(G) Uz z ∈ Z(G)

𝖱𝖾𝗉(G) RΓ Γ G

➤ Non-invertible symmetry when  is non-AbelianG

Uz1
Uz2

= Uz1z2

RΓa
× RΓb

= RΓa⊗Γb
= R⊕cNc

abΓc
= ∑

c

Nc
abRΓc



Projective  symmetryZ(G) × 𝖱𝖾𝗉(G)
The projectivity arises through the relation 

  with RΓUz = (eiϕΓ(z))L UzRΓ eiϕΓ(z) = Tr[Γ(z)] / dΓ



Projective  symmetryZ(G) × 𝖱𝖾𝗉(G)
The projectivity arises through the relation 

  with  

e.g.,  when  ( ) 

➤ The symmetries of XY model we saw in pre-talk

RΓUz = (eiϕΓ(z))L UzRΓ eiϕΓ(z) = Tr[Γ(z)] / dΓ

eiϕΓ(z) G = ℤ2 Z(ℤ2) = ℤ2

z Γ 1 sign

+1

−1

+1 +1

+1 −1

Rsign =
L

∏
j=1

Yj U−1 =
L

∏
j=1

Xj
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e.g.,  when  ( )

RΓUz = (eiϕΓ(z))L UzRΓ eiϕΓ(z) = Tr[Γ(z)] / dΓ

eiϕΓ(z) G = D8 Z(D8) = ℤ2

z Γ 1
+1

−1

+1

+1

11

+1

+1

12

+1

+1

13

+1

+1

𝖤

+1

−1



Projective  symmetryZ(G) × 𝖱𝖾𝗉(G)
The projectivity arises through the relation 

  with  

e.g.,  when  ( ) 

Explicit expressions of  and  for the Hilbert space

RΓUz = (eiϕΓ(z))L UzRΓ eiϕΓ(z) = Tr[Γ(z)] / dΓ

eiϕΓ(z) G = D8 Z(D8) = ℤ2

Uz RΓ

z Γ 1
+1

−1

+1

+1

11

+1

+1

12

+1

+1

13

+1

+1

𝖤

+1

−1

Uz = ∑
{gj}

|zg1, ⋯, zgL⟩⟨g1, ⋯, gL | RΓ = ∑
{gj}

Tr[Γ(g1⋯gL)] |g1, ⋯, gL⟩⟨g1, ⋯, gL |

⨂
j

ℂ|G|



Projective  symmetryZ(G) × 𝖱𝖾𝗉(G)
The projectivity arises through the relation 

  with  

e.g.,  when  ( ) 

Explicit expressions of  and  for the Hilbert space

RΓUz = (eiϕΓ(z))L UzRΓ eiϕΓ(z) = Tr[Γ(z)] / dΓ

eiϕΓ(z) G = D8 Z(D8) = ℤ2

Uz RΓ

z Γ 1
+1

−1

+1

+1
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+1
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+1

+1
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+1

+1

𝖤
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−1

Uz = ∑
{gj}

|zg1, ⋯, zgL⟩⟨g1, ⋯, gL | RΓ = ∑
{gj}

Tr[Γ(g1⋯gL)] |g1, ⋯, gL⟩⟨g1, ⋯, gL |

⨂
j

ℂ|G|RΓT(z)
tw = eiϕΓ(z)T(z)

tw RΓ T(Γ)
tw Uz = eiϕΓ(z)Uz T(Γ)

tw

 defectz ∈ Z(G)  defectΓ ∈ 𝖱𝖾𝗉(G)

Projective algebras also arise from inserting 
symmetry defects [SP, Lam, Aksoy arXiv:2409.18113]



(SPT)-LSM theorems

There is an Lieb-Schultz-Mattis (LSM) theorem when  is 
non-trivial for a unitary  

➤ The LSM theorem forbids SPT phases

eiϕΓ(z)

RΓ

RΓUz = (eiϕΓ(z))L UzRΓ

[ ; Matsui ’08; Chen, Gu, Wen ’10; Yao, Oshikawa ’20; 
Ogata, Tasaki ’21; Seifnashri ’23; Kapustin, Sopenko ’24]
⋯



(SPT)-LSM theorems

When there is no LSM theorem, the projective algebra gives 
rise to an SPT-LSM theorem 

➤  forces any SPT state to satisfy 
 for nontrivial  

➤ Any SPT state must have non-zero entanglement

RΓUz = (eiϕΓ(z))L UzRΓ

RΓ |GS⟩ = 0 (eiϕΓ(z))L

[Lu ’17; Yang, Jiang, Vishwanath, Ran ’17; Lu, Ran, Oshikawa ’17; 
Else, Thorngren ’20 ]

There is an Lieb-Schultz-Mattis (LSM) theorem when  is 
non-trivial for a unitary  

➤ The LSM theorem forbids SPT phases

eiϕΓ(z)

RΓ

RΓUz = (eiϕΓ(z))L UzRΓ

[ ; Matsui ’08; Chen, Gu, Wen ’10; Yao, Oshikawa ’20; 
Ogata, Tasaki ’21; Seifnashri ’23; Kapustin, Sopenko ’24]
⋯



(SPT)-LSM theorems

<latexit sha1_base64="zeYGFm0POaZibRrgT9+ktwf5r2c=">AAACBnicbVDLSgNBEJyNrxhfqx5FGEyEeDDsikRvBjyotwjmgUkIs5NJMmR2dpnpDYYlJy/+ihcPinj1G7z5N04eB00saCiquunu8kLBNTjOt5VYWFxaXkmuptbWNza37O2dsg4iRVmJBiJQVY9oJrhkJeAgWDVUjPieYBWvdznyK32mNA/kHQxC1vBJR/I2pwSM1LT368AeIL7ROHOfvTrKYBnIY1C8z4m4GDbttJNzxsDzxJ2SNJqi2LS/6q2ARj6TQAXRuuY6ITRiooBTwYapeqRZSGiPdFjNUEl8phvx+I0hPjRKC7cDZUoCHqu/J2Liaz3wPdPpE+jqWW8k/ufVImifN2IuwwiYpJNF7UhgCPAoE9ziilEQA0MIVdzcimmXKELBJJcyIbizL8+T8knOzefyt6fpQmYaRxLtoQOURS46QwV0jYqohCh6RM/oFb1ZT9aL9W59TFoT1nRmF/2B9fkDZI2Xuw==</latexit>

Is Z(G) non-trivial?

<latexit sha1_base64="Tmo9VA0T5zrQExkUg5x6bnz8dWs=">AAACCHicbVDLSgNBEJyNrxhfUY8eHEyECBJ2RdSbAQ/Rm4Ixwc0SZicdMzj7YKZXDEuOXvwVLx4U8eonePNvnMQ9+CpoKKq66e7yYyk02vaHlZuYnJqeyc8W5uYXFpeKyysXOkoUhwaPZKRaPtMgRQgNFCihFStggS+h6V8fjfzmDSgtovAcBzF4AbsKRU9whkbqFNfbCLeYnmhaTi8r9a22TnwN6Na3696wfDjsFEt21R6D/iVORkokw2mn+N7uRjwJIEQumdauY8fopUyh4BKGhXaiIWb8ml2Ba2jIAtBeOn5kSDeN0qW9SJkKkY7V7xMpC7QeBL7pDBj29W9vJP7nuQn2DrxUhHGCEPKvRb1EUozoKBXaFQo4yoEhjCthbqW8zxTjaLIrmBCc3y//JRc7VWevune2W6qVszjyZI1skApxyD6pkWNyShqEkzvyQJ7Is3VvPVov1utXa87KZlbJD1hvn/yMmJg=</latexit>

Is Z(G) ⇢ [G,G]?

<latexit sha1_base64="tWyqQNDy0bFQ8RBcj9Ht6BMg/YI=">AAAB/XicbVDJSgNBEO2JW4xbXG5eGqPgKcyIRI8BL54kglkgCaGnU0na9EwP3TXBOAR/xYsHRbz6H978GzvLQRMfFDzeq6Kqnh9JYdB1v53U0vLK6lp6PbOxubW9k93dqxgVaw5lrqTSNZ8ZkCKEMgqUUIs0sMCXUPX7V2O/OgBthArvcBhBM2DdUHQEZ2ilVvaggfCAyY2ikVb3wFEMYNTK5ty8OwFdJN6M5MgMpVb2q9FWPA4gRC6ZMXXPjbCZMI2CSxhlGrGBiPE+60Ld0pAFYJrJ5PoRPbFKm3aUthUinai/JxIWGDMMfNsZMOyZeW8s/ufVY+xcNhMRRjFCyKeLOrGkqOg4CtoW2j4sh5YwroW9lfIe04yjDSxjQ/DmX14klbO8V8gXbs9zxeNZHGlySI7IKfHIBSmSa1IiZcLJI3kmr+TNeXJenHfnY9qacmYz++QPnM8fGVWVkQ==</latexit>

No projective
<latexit sha1_base64="l2UeW3jLY0yYJrVympDkE1fkC9U=">AAAB9XicbVDLTgJBEJzFF+IL9ehlIpp4IrvGoEcSLx4xkUcCSGaHXpgwO7uZ6VXJhv/w4kFjvPov3vwbB9iDgpV0UqnqTneXH0th0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRHOo8kpFu+cyAFArqKFBCK9bAQl9C0x9dT/3mA2gjInWH4xi6IRsoEQjO0Er3HYQnTJkcgK/ZpFcsuWV3BrpMvIyUSIZar/jV6Uc8CUEhl8yYtufG2E2ZRsElTAqdxEDM+IgNoG2pYiGYbjq7ekJPrdKnQaRtKaQz9fdEykJjxqFvO0OGQ7PoTcX/vHaCwVU3FSpOEBSfLwoSSTGi0whoX2jgKMeWMK6FvZXyIdOMow2qYEPwFl9eJo3zslcpV24vStWTLI48OSLH5Ix45JJUyQ2pkTrhRJNn8krenEfnxXl3PuatOSebOSR/4Hz+ACQWkto=</latexit>

algebra

<latexit sha1_base64="whkNo44hwD8BnVIxjefuV61pWMg=">AAAB+3icbVBNS8NAEN34WetXrEcvi1XwVBKR6rHgxYNCRfsBbSib7aZdutmE3Ym0hPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz48F1+A439bK6tr6xmZhq7i9s7u3bx+UmjpKFGUNGolItX2imeCSNYCDYO1YMRL6grX80fXUbz0xpXkkH2ESMy8kA8kDTgkYqWeXusDGkN4+3GEio5CISdazy07FmQEvEzcnZZSj3rO/uv2IJiGTQAXRuuM6MXgpUcCpYFmxm2gWEzoiA9YxVJKQaS+d3Z7hU6P0cRApUxLwTP09kZJQ60nom86QwFAvelPxP6+TQHDlpVzGCTBJ54uCRGCI8DQI3OeKURATQwhV3NyK6ZAoQsHEVTQhuIsvL5PmecWtVqr3F+XaSR5HAR2hY3SGXHSJaugG1VEDUTRGz+gVvVmZ9WK9Wx/z1hUrnzlEf2B9/gAQmZRi</latexit>

LSM anomaly

<latexit sha1_base64="IF14Yvnbml77SVQW3vf/tNC24O0=">AAACBHicbVDLTsJAFJ3iC/GFunTTiCauSGsMuiRx4xITeURoyHS4wITptJm5NTQNW7/ArX6BO+PW//AD/A8H6ELAk0xycs69uWeOHwmu0XG+rdza+sbmVn67sLO7t39QPDxq6DBWDOosFKFq+VSD4BLqyFFAK1JAA19A0x/dTv3mEyjNQ/mASQReQAeS9zmjaKTHDsIY0wT0pFssOWVnBnuVuBkpkQy1bvGn0wtZHIBEJqjWbdeJ0EupQs4ETAqdWENE2YgOoG2opAFoL50lntjnRunZ/VCZJ9GeqX83UhponQS+mQwoDvWyNxX/89ox9m+8lMsoRpBsfqgfCxtDe/p9u8cVMBSJIZQpbrLabEgVZWhKWrgynkc1vbjLLaySxmXZrZQr91el6lnWUJ6ckFNyQVxyTarkjtRInTAiyQt5JW/Ws/VufVif89Gcle0ckwVYX78igJmr</latexit>yes

<latexit sha1_base64="c7aVbV0a7ZiC3oqM95Ws6kDYQzw=">AAACA3icbVDLTgIxFO3gC/GFunTTiCauyIwx6JLEjUtM5GFgQjqlAw2ddtLeMZAJS7/ArX6BO+PWD/ED/A8LzELAkzQ5Oefe3NMTxIIbcN1vJ7e2vrG5ld8u7Ozu7R8UD48aRiWasjpVQulWQAwTXLI6cBCsFWtGokCwZjC8nfrNJ6YNV/IBxjHzI9KXPOSUgJUeO8BGkEo16RZLbtmdAa8SLyMllKHWLf50eoomEZNABTGm7bkx+CnRwKlgk0InMSwmdEj6rG2pJBEzfjoLPMHnVunhUGn7JOCZ+ncjJZEx4yiwkxGBgVn2puJ/XjuB8MZPuYwTYJLOD4WJwKDw9Pe4xzWjIMaWEKq5zYrpgGhCwXa0cGU0j2p78ZZbWCWNy7JXKVfur0rVs6yhPDpBp+gCeegaVdEdqqE6oihCL+gVvTnPzrvz4XzOR3NOtnOMFuB8/QJBBZkt</latexit>no

<latexit sha1_base64="c7aVbV0a7ZiC3oqM95Ws6kDYQzw=">AAACA3icbVDLTgIxFO3gC/GFunTTiCauyIwx6JLEjUtM5GFgQjqlAw2ddtLeMZAJS7/ArX6BO+PWD/ED/A8LzELAkzQ5Oefe3NMTxIIbcN1vJ7e2vrG5ld8u7Ozu7R8UD48aRiWasjpVQulWQAwTXLI6cBCsFWtGokCwZjC8nfrNJ6YNV/IBxjHzI9KXPOSUgJUeO8BGkEo16RZLbtmdAa8SLyMllKHWLf50eoomEZNABTGm7bkx+CnRwKlgk0InMSwmdEj6rG2pJBEzfjoLPMHnVunhUGn7JOCZ+ncjJZEx4yiwkxGBgVn2puJ/XjuB8MZPuYwTYJLOD4WJwKDw9Pe4xzWjIMaWEKq5zYrpgGhCwXa0cGU0j2p78ZZbWCWNy7JXKVfur0rVs6yhPDpBp+gCeegaVdEdqqE6oihCL+gVvTnPzrvz4XzOR3NOtnOMFuB8/QJBBZkt</latexit>no

<latexit sha1_base64="IF14Yvnbml77SVQW3vf/tNC24O0=">AAACBHicbVDLTsJAFJ3iC/GFunTTiCauSGsMuiRx4xITeURoyHS4wITptJm5NTQNW7/ArX6BO+PW//AD/A8H6ELAk0xycs69uWeOHwmu0XG+rdza+sbmVn67sLO7t39QPDxq6DBWDOosFKFq+VSD4BLqyFFAK1JAA19A0x/dTv3mEyjNQ/mASQReQAeS9zmjaKTHDsIY0wT0pFssOWVnBnuVuBkpkQy1bvGn0wtZHIBEJqjWbdeJ0EupQs4ETAqdWENE2YgOoG2opAFoL50lntjnRunZ/VCZJ9GeqX83UhponQS+mQwoDvWyNxX/89ox9m+8lMsoRpBsfqgfCxtDe/p9u8cVMBSJIZQpbrLabEgVZWhKWrgynkc1vbjLLaySxmXZrZQr91el6lnWUJ6ckFNyQVxyTarkjtRInTAiyQt5JW/Ws/VufVif89Gcle0ckwVYX78igJmr</latexit>yes <latexit sha1_base64="twQooxoTnc20zXS24IlGr0uQ3nc=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIUbAx3ItEyYGOhEMknJEfY22ySJXt7x+6cGI5g41+xsVDE1l9h579xk1yh0QcDj/dmmJnnR4JrcJwvK7OwuLS8kl3Nra1vbG7Z2zt1HcaKshoNRaiaPtFMcMlqwEGwZqQYCXzBGv7wcuI37pjSPJRVGEXMC0hf8h6nBIzUsffawO4hqZSrJ9eVG0xDqUERLmHcsfNOwZkC/yVuSvIoRbljf7a7IY0DJoEKonXLdSLwEqKAU8HGuXasWUTokPRZy1BJAqa9ZPrCGB8ZpYt7oTIlAU/VnxMJCbQeBb7pDAgM9Lw3Ef/zWjH0LryEyygGJulsUS8WGEI8yQN3uWIUxMgQQhU3t2I6IIpQMKnlTAju/Mt/Sf204BYLxduzfOkwjSOL9tEBOkYuOkcldIXKqIYoekBP6AW9Wo/Ws/Vmvc9aM1Y6s4t+wfr4BgcvlyA=</latexit>

SPT-LSM constraint

<latexit sha1_base64="JA17k3OrNLBkKIwQKoggG0/6srk="></latexit>

e.g., G = Abelian, D12, Dic12

<latexit sha1_base64="pwCVTvlOyjYafdXeNQYaIwocoZU="></latexit>

e.g., G = D8, Q8, D16

<latexit sha1_base64="uFyKw4C5yiwXUXEIvmxQZH7vS2Q="></latexit>

e.g., G = S3, D10, A4

Whether there is an (SPT)-LSM theorem depends on :G



SPT-LSM theorem
To prove this SPT-LSM theorem, we 

1. Use that the  symmetry is on-site:  

  which satisfies   

2. Assume that any unique gapped ground state  
satisfies  for some  

Z(G)

Uz = ∏
j

U(z)
j RΓU(z)

j = eiϕΓ(z) U(z)
j RΓ

|GS⟩
RΓ |GS⟩ ≠ 0 L = L* (eiϕΓ(z)L* = 1)



SPT-LSM theorem
To prove this SPT-LSM theorem, we 

1. Use that the  symmetry is on-site:  

  which satisfies   

2. Assume that any unique gapped ground state  
satisfies  for some  

Easy to prove assumption for product states in , where 

but it is true as long as there is an IR TQFT description

Z(G)

Uz = ∏
j

U(z)
j RΓU(z)

j = eiϕΓ(z) U(z)
j RΓ

|GS⟩
RΓ |GS⟩ ≠ 0 L = L*

⊗j ℂ|G|

RΓ = ∑
{gj}

Tr[Γ(g1⋯gL)] |g1, ⋯, gL⟩⟨g1, ⋯, gL |

(eiϕΓ(z)L* = 1)



SPT-LSM theorem
If there is a unique gapped  that is a product state: 

➤     

Using the assumption,  at : 

1.  

2.

|GS⟩

Uz |GS⟩ = |GS⟩ ⟹ U(z)
j |GS⟩ = |GS⟩

RΓ |GS⟩ = λΓ |GS⟩ L = L*

RΓU(z)
j |GS⟩ = RΓ |GS⟩ = λΓ |GS⟩

RΓU(z)
j |GS⟩ = eiϕΓ(z)U(z)

j RΓ |GS⟩ = λΓeiϕΓ(z) |GS⟩
Contradiction



SPT-LSM theorem
If there is a unique gapped  that is a product state: 

➤     

Using the assumption,  at : 

1.  

2.  

 Cannot be an SPT state that is a product state at 

|GS⟩

Uz |GS⟩ = |GS⟩ ⟹ U(z)
j |GS⟩ = |GS⟩

RΓ |GS⟩ = λΓ |GS⟩ L = L*

RΓU(z)
j |GS⟩ = RΓ |GS⟩ = λΓ |GS⟩

RΓU(z)
j |GS⟩ = eiϕΓ(z)U(z)

j RΓ |GS⟩ = λΓeiϕΓ(z) |GS⟩

⟹ L = L*

Contradiction



SPT-LSM theorem
If there is a unique gapped  that is a product state: 

➤     

Using the assumption,  at : 

1.  

2.  

 Cannot be an SPT state that is a product state at  

 By locality, there cannot be an SPT state that is a 
product state for any 

|GS⟩

Uz |GS⟩ = |GS⟩ ⟹ U(z)
j |GS⟩ = |GS⟩

RΓ |GS⟩ = λΓ |GS⟩ L = L*

RΓU(z)
j |GS⟩ = RΓ |GS⟩ = λΓ |GS⟩

RΓU(z)
j |GS⟩ = eiϕΓ(z)U(z)

j RΓ |GS⟩ = λΓeiϕΓ(z) |GS⟩

⟹ L = L*

⟹
L

Contradiction



SPT-LSM theorem
If there is a unique gapped  that is a product state: 

➤     

Using the assumption,  at : 

1.  

2.  

 Cannot be an SPT state that is a product state at  

 By locality, there cannot be an SPT state that is a 
product state for any 

|GS⟩

Uz |GS⟩ = |GS⟩ ⟹ U(z)
j |GS⟩ = |GS⟩

RΓ |GS⟩ = λΓ |GS⟩ L = L*

RΓU(z)
j |GS⟩ = RΓ |GS⟩ = λΓ |GS⟩

RΓU(z)
j |GS⟩ = eiϕΓ(z)U(z)

j RΓ |GS⟩ = λΓeiϕΓ(z) |GS⟩

⟹ L = L*

⟹
L

Contradiction

Therefore, the projective non-invertible symmetry 
prevents a product state SPT 

➤ All SPTs must have non-zero entanglement



Non-invertible weak SPT
If there is an SPT phase,  forces its 
ground state to satisfy  for nontrivial 

RΓUz = (eiϕΓ(z))L UzRΓ

RΓ |GS⟩ = 0 (eiϕΓ(z))L



Non-invertible weak SPT
If there is an SPT phase,  forces its 
ground state to satisfy  for nontrivial  

Two possibilities: 

1. An SPT state satisfies  for all system sizes  

2. For  where all , an SPT state satisfies 
, but  for  

The first is incompatible with an IR TQFT

RΓUz = (eiϕΓ(z))L UzRΓ

RΓ |GS⟩ = 0 (eiϕΓ(z))L

RΓ |GS⟩ = 0 L

L = L* (eiϕΓ(z))L* = 1
RΓ |GS⟩ = λΓ |GS⟩ RΓ |GS⟩ = 0 L ≠ L*
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If there is an SPT phase,  forces its 
ground state to satisfy  for nontrivial  

Two possibilities: 

1. An SPT state satisfies  for all system sizes  

2. For  where all , an SPT state satisfies 
, but  for  

The first is incompatible with an IR TQFT

RΓUz = (eiϕΓ(z))L UzRΓ

RΓ |GS⟩ = 0 (eiϕΓ(z))L

RΓ |GS⟩ = 0 L
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Non-invertible weak SPT
If there is an SPT phase,  forces its 
ground state to satisfy  for nontrivial  

Two possibilities: 

1. An SPT state satisfies  for all system sizes  

2. For  where all , an SPT state satisfies 
, but  for  

The first is incompatible with an IR TQFT

RΓUz = (eiϕΓ(z))L UzRΓ

RΓ |GS⟩ = 0 (eiϕΓ(z))L

RΓ |GS⟩ = 0 L

L = L* (eiϕΓ(z))L* = 1
RΓ |GS⟩ = λΓ |GS⟩ RΓ |GS⟩ = 0 L ≠ L*

At , SPTs satisfy  

At , SPTs satisfy  

➤ All SPT states have translation defects dressed by 
non-trivial  symmetry charge 

➤  a trivial SPT  SPT-LSM theorem

L = L* RΓ |GS⟩ = λΓ |GS⟩

L = L* + 1 RΓ |GS⟩ = 0

𝖱𝖾𝗉(G)

/∃ ⟹



Outlook
We found a new class of entangled weak SPTs characterized 
by a projective  non-invertible symmetry 

1. An exactly solvable model in a weak SPT phase 
characterized by a projective  symmetry 

2. General discussion on projective  weak SPTs 
 an SPT-LSM theorem  

Z(G) × 𝖱𝖾𝗉(G)

ℤ2 × 𝖱𝖾𝗉(D8)

Z(G) × 𝖱𝖾𝗉(G)
⟹

SP, Lam, Aksoy arXiv:2409.18113

New quantum phases and models can be discovered using 
generalized symmetries as a guide!



Back-up slides



1d closed chain in space with two qubits on each site  
acted on by Pauli operators ,  and , .

j ∼ j + L
Xj Zj X̃j Z̃j

Hp = −
L

∑
j=1

(Xj + X̃j) Hc = −
L

∑
j=1

(Z̃j−1 Xj Z̃j + Zj X̃j Zj+1)

|GSp⟩ = | + + ⋯ + ⟩ |GSc⟩ = Z̃j−1 Xj Z̃j |GSc⟩ = Zj X̃j Zj+1 |GSc⟩

➤ Both models have a unique symmetric gapped ground state

  and  U = ∏
j

Xj Ũ = ∏
j

X̃j➤ There is a  symmetry                                          
with   

ℤ2 × ℤ̃2

U |GS∙⟩ = Ũ |GS∙⟩ = |GS∙⟩

Example:  SPTsℤ2 × ℤ2



➤ There is a  symmetry                                          
with   

ℤ2 × ℤ̃2

U |GS∙⟩ = Ũ |GS∙⟩ = |GS∙⟩

Example:  SPTsℤ2 × ℤ2

1d closed chain in space with two qubits on each site  
acted on by Pauli operators ,  and , .

j ∼ j + L
Xj Zj X̃j Z̃j

Hp = −
L

∑
j=1

(Xj + X̃j) Hc = −
L

∑
j=1

(Z̃j−1 Xj Z̃j + Zj X̃j Zj+1)

|GSp⟩ = | + + ⋯ + ⟩ |GSc⟩ = Z̃j−1 Xj Z̃j |GSc⟩ = Zj X̃j Zj+1 |GSc⟩

➤ Both models have a unique symmetric gapped ground state

  and  U = ∏
j

Xj Ũ = ∏
j

X̃j➤ There is a  symmetry   ℤ2 × ℤ̃2

 and  are both in a  SPT phaseHp Hc ℤ2 × ℤ̃2



Distinguishing  SPTsℤ2 × ℤ2

Are  and  in different  SPT phases? 

We can check by inserting a  symmetry defect at  

➤ Gives rise to -twisted boundary conditions:  

1.  is unaffected, so its ground state still satisfies  

2.   becomes , and its ground state satisfies

Hp Hc ℤ2 × ℤ̃2

U ⟨L,1⟩

U Zj+L = − Zj

Hp

Hc Hc + 2 ZL X̃L Z1

U |GSp;U⟩ = + |GSp;U⟩ Ũ |GSp;U⟩ = + |GSp;U⟩

U |GSc;U⟩ = + |GSc;U⟩ Ũ |GSc;U⟩ = − |GSc;U⟩



Distinguishing  SPTsℤ2 × ℤ2

Are  and  in different  SPT phases? 

We can check by inserting a  symmetry defect at  

➤ Gives rise to -twisted boundary conditions:  

1.  is unaffected, so its ground state still satisfies  

2.   becomes , and its ground state satisfies

Hp Hc ℤ2 × ℤ̃2

U ⟨L,1⟩

U Zj+L = − Zj

Hp

Hc Hc + 2 ZL X̃L Z1

U |GSp;U⟩ = + |GSp;U⟩ Ũ |GSp;U⟩ = + |GSp;U⟩

U |GSc;U⟩ = + |GSc;U⟩ Ũ |GSc;U⟩ = − |GSc;U⟩

Different responses imply that  and  are in 
different  SPT phases  

Hp Hc

ℤ2 × ℤ̃2
[Chen, Lu, Vishwanath 2013; Gaiotto, Johnson-Freyd 2017; Wang, Ning, Cheng 2021]

Low-energy EFTs of  and  Hp Hc

        Zp[A, Ã] = 1 Zc[A, Ã] = (−1) ∫ A ∪ Ã



LSM anomaly in the XY model
Many-qubit model on a periodic chain with Hamiltonian

H =
L

∑
j=1

J σx
j σx

j+1 + K σy
j σy

j+1

Uy T = − T Uy T Ux = − Ux TUxUy = (−1)LUyUx

Translation defects  defectℤx
2  defectℤy

2

➤ There is an LSM anomaly involving the             
symmetry

➤ Manifests through the projective algebras

[Chen, Gu, Wen 2010; Ogata, Tasaki 2021] 

,   ,  and lattice translations Ux = ∏
j

σx
j Uy = ∏

j

σy
j T

ℤx
2 × ℤy

2 × ℤL

[Cheng, Seiberg 2023] 



GROUP BASED QUDITS
A -qudit is a -level quantum mechanical system whose 
states are  with  

➤  is a finite group, e.g. , , , SmallGroup(32,49) 

Group based Pauli operators [Brell 2014] 

➤  operators labeled by group elements 

➤  operators are MPOs labeled by irreps 

G |G |
|g⟩ g ∈ G

G ℤ2 S3 D8

X

Z Γ : G → GL(dΓ, ℂ)

X (g) = ∑
h

|gh⟩⟨h | X (g) = ∑
h

|hḡ⟩⟨h |

ḡ ≡ g−1

[Z(Γ)]αβ = ∑
h

[Γ(h)]αβ |h⟩⟨h | ≡ Z(Γ)α β (α, β = 1,2,⋯, dΓ)



GROUP BASED QUDITS

X (1) = X (1) = [Z(1)]11 = 1

X (−1) = X (−1) = σx [Z(1′￼)]11 = σz

Example:  where  and G = ℤ2 g ∈ {1, − 1} Γ ∈ {1, 1′￼}

Group based Pauli operators satisfy 

1. , , and  

2.  iff  and  commute 

3.  

4. Unitarity: , , 

X (g) X (h) = X (gh) X (g) X (h) = X (gh) X (g) X (h) = X (h) X (g)

X (g) X (h) = X (h) X (g) g h

X (g) [Z(Γ)]αβ = [Γ(ḡ)]αγ[Z(Γ)]γβ X (g)

X (g)† = X (ḡ) X (g)† = X (ḡ) [Z(Γ)† Z(Γ)]αβ = δαβ



GROUP BASED XY MODEL
Group based Pauli operators are useful for constructing 
quantum lattice models [Brell 2014; Albert et. al. 2021; Fechisin, Tantivasadakarn, Albert 2023] 

Group based  model: Consider a periodic 1d lattice of  
sites. On each site  resides a -qudit and its Hamiltonian 

➤ For , this is the ordinary quantum  model

XY L
j G

G = ℤ2 XY

HXY =
L

∑
j=1

(∑
Γ

JΓ Tr (Z(Γ)†
j Z(Γ)

j+1) + ∑
g

Kg X (g)
j X (g)

j+1) + hc

Tr (Z(Γ)†
j Z(Γ)

j+1) = ∑
{g}

χΓ(ḡjgj+1) |{g}⟩⟨{g} | ≡ Z(Γ)†
j Z(Γ)

j+1



SYMMETRY OPERATORS

 lattice translations:  

Various internal symmetries: 

➤  symmetry                 with       

ℤL T 𝒪jT† = 𝒪j+1

Z(G) z ∈ Z(G)

HXY =
L

∑
j=1

(∑
Γ

JΓ Tr (Z(Γ)†
j Z(Γ)

j+1) + ∑
g

Kg X (g)
j X (g)

j+1) + hc

Uz = ∏
j

X (z)
j

RΓ = Tr(
L

∏
j=1

Z(Γ)
j ) ≡

RΓa
× RΓb

= RΓa⊗Γb
= R⊕cNc

abΓc
= ∑

c

Nc
abRΓc

➤  symmetry                           𝖱𝖾𝗉(G) Z(Γ)
1 Z(Γ)

2 ⋯ Z(Γ)
L



PROJECTIVE ALGEBRA FROM DEFECTS

➤ Generalizes the  projective algebra of the ordinary 
quantum XY model

G = ℤ2

Letting eiϕΓ(z) ≡ χΓ(z)/dΓ

RΓT(z)
tw = eiϕΓ(z)T(z)

tw RΓ T(Γ)
tw Uz = eiϕΓ(z)Uz T(Γ)

twRΓUz = (eiϕΓ(z))L UzRΓ

 defectz ∈ Z(G)  defectΓ ∈ 𝖱𝖾𝗉(G)Translation defects

Uz = ∏
j

X (z)
j RΓ = Tr(

L

∏
j=1

Z(Γ)
j )

T(z)
tw = X (z)

I T T(Γ)
tw = ̂Z (Γ)

I (T ⊗ 1)
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