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Ask people on the street their favorite duality and hear: 

T-duality,  Level-rank duality,                             
Particle-Vortex duality, Kramers-Wannier duality 

➤ These are not all the same notion of duality! 

➤ Need to be more precise with “secretly the same.”



Three* types of dualities
1. Exact duality: relates two different presentations of the 

same quantum system (is an isomorphism). 

➤ T-duality, S-duality, Level-rank duality  

* there are certainly more than just three



Three* types of dualities
1. Exact duality: relates two different presentations of the 

same quantum system (is an isomorphism). 

➤ T-duality, S-duality, Level-rank duality   

2. IR duality: relates two quantum systems that are distinct 
in the UV but the same in the IR. 

➤ Particle-vortex duality, Seiberg duality

* there are certainly more than just three



Three* types of dualities
1. Exact duality: relates two different presentations of the 

same quantum system (is an isomorphism). 

➤ T-duality, S-duality, Level-rank duality   

2. IR duality: relates two quantum systems that are distinct 
in the UV but the same in the IR. 

➤ Particle-vortex duality, Seiberg duality 

3. Discrete gauging: relates two distinct quantum systems by 
gauging a discrete symmetry. 

➤ Kramers-Wannier duality, bosonization, fermionization 

* there are certainly more than just three



Three* types of dualities
1. Exact duality: relates two different presentations of the 

same quantum system (is an isomorphism). 

➤ T-duality, S-duality, Level-rank duality   

2. IR duality: relates two quantum systems that are distinct 
in the UV but the same in the IR. 

➤ Particle-vortex duality, Seiberg duality 

3. Discrete gauging: relates two distinct quantum systems by 
gauging a discrete symmetry. 

➤ Kramers-Wannier duality, bosonization, fermionization 

* there are certainly more than just three

Discrete gauging is generally unrelated to exact 
duality and IR duality! 

Typical Scenario

Exact/I
R

duality

Gauging

Special Scenario

Exac
t duality
/IR

Gauging

➤ Exact/IR dualities and discrete gauging 
always implement different maps
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T-duality in the compact boson CFT
The compact boson CFT at radius  is a D CFT with 

                                        , 

➤ Has  momentum and  winding symmetries 

T-duality is an isomorphism of all operators & all states of 
 and         (it is an exact duality)
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·

T-duality
map



Gauging in the compact boson CFT
The compact boson CFT at radius  is a D CFT with 

                                        , 

➤ Has  momentum and  winding symmetries 

Gauging       implements the discrete gauging map 

➤ Has a nontrivial kernel spanned by                states

R 1 + 1

U(1) U(1)

<latexit sha1_base64="bt1wXL4znTKe1xIrjJ6rP5otgKo="></latexit>

LR =
R2

4⇡
@µ�@

µ�
<latexit sha1_base64="FWUqmUrIkg9bzrXEOnvkIO6jxgk=">AAACLHicbVDbSgJBGJ61k9nJ6rKbIQmCQHalrEvDGy8KDDyBu8jsOOrg7IGZf0NZfI0eoyfotp6gm4gu6zmaVS9S+4aBj+/7T3xuKLgC0/wwUmvrG5tb6e3Mzu7e/kH28KihgkhSVqeBCGTLJYoJ7rM6cBCsFUpGPFewpjssJ37zkUnFA78G45A5Hun7vMcpAS11sqYNbATTOe1K7f7Oia/KyZvEGbs64LbiHk4IvsAFO+SZSSebM/PmFHiVWHOSQ3NUO9lvuxvQyGM+UEGUaltmCE5MJHAq2CRjR4qFhA5Jn7U19YnHlBNPL5rgM610cS+Q+vuAp+rfjph4So09V1d6BAZq2UvE/7x2BL0bJ+Z+GAHz6WxRLxIYApzEhLtcMgpirAmhkutbMR0QSSjoMBe2jGan6lys5RRWSaOQt4r54sNlrnQ7TyiNTtApOkcWukYlVEFVVEcUPaEX9IrejGfj3fg0vmalKWPec4wWYPz8Al1ZpzU=</latexit>

� ⇠ �+ 2⇡

<latexit sha1_base64="6CzCH9ZuZ1dp4UGTHIxlHjzWOkw="></latexit>

JM
µ =

R2

2⇡
@µ�

<latexit sha1_base64="RN18rI7p0A3BprbkWJ6AMqLdy0g="></latexit>

JW
µ =

1

2⇡
✏µ⌫@

⌫�
<latexit sha1_base64="ESJ8vu8a5ihOB4ZU+DM6wzw5BX8="></latexit>

ZM
N

<latexit sha1_base64="MgiPuTUpqfYYaW7u3BUiAq3oLwY=">AAACJXicbVDLSsNAFJ34rPFVdekmWATdlES0uqx000WFKn1BGspkOm2HTh7M3EhLyDf4GX6BW/0CdyK4cuV/OGm7sK13GDiccx+H44acSTDNL21ldW19YzOzpW/v7O7tZw8OGzKIBKF1EvBAtFwsKWc+rQMDTluhoNhzOW26w1KqNx+pkCzwazAOqePhvs96jGBQVCd73gY6gskeu1y7qzjxVSl9Say3PQwDgnlcSToPetLJ5sy8OSljGVgzkEOzqnayP+1uQCKP+kA4ltK2zBCcGAtghNNEb0eShpgMcZ/aCvrYo9KJJ1YS41QxXaMXCPV9MCbs34kYe1KOPVd1pjblopaS/2l2BL0bJ2Z+GAH1yfRQL+IGBEaaj9FlghLgYwUwEUx5NcgAC0xApTh3ZTS1qnKxFlNYBo2LvFXIF+4vc8XbWUIZdIxO0Bmy0DUqojKqojoi6Am9oFf0pj1r79qH9jltXdFmM0dorrTvX7lLpYk=</latexit>

LR
<latexit sha1_base64="3LK0ZcbSru67vTjLCK7zqyHS/mY=">AAACJXicbVDLSsNAFJ3UV62vqEs3wSLopiSi1WWlmyIWKvQFbSyT6bQdOnkwcyMtId/gZ/gFbvUL3IngypX/4aTtwrbeYeBwzn0cjhNwJsE0v7TUyura+kZ6M7O1vbO7p+8f1KUfCkJrxOe+aDpYUs48WgMGnDYDQbHrcNpwhsVEbzxSIZnvVWEcUNvFfY/1GMGgqI5+1gY6gsmeVqlavrOjy2Ly4ihz+9B2MQwI5lE5zsQdPWvmzEkZy8CagSyaVaWj/7S7Pgld6gHhWMqWZQZgR1gAI5zGmXYoaYDJEPdpS0EPu1Ta0cRKbJwopmv0fKG+B8aE/TsRYVfKseuozsSkXNQS8j+tFULv2o6YF4RAPTI91Au5Ab6R5GN0maAE+FgBTARTXg0ywAITUCnOXRlNrapcrMUUlkH9PGflc/n7i2zhZpZQGh2hY3SKLHSFCqiEKqiGCHpCL+gVvWnP2rv2oX1OW1PabOYQzZX2/Quqs6WB</latexit>

JM
<latexit sha1_base64="MEuOdDHGvEEtuZEzTExr4NxifjI=">AAACJXicbVDLSsNAFJ34rPVVdekmWATdlES0uqx0U0ShQl+QxDKZTtuhkwczN9IS8g1+hl/gVr/AnQiuXPkfTtoubOsdBg7n3MfhuCFnEgzjS1taXlldW89sZDe3tnd2c3v7DRlEgtA6CXggWi6WlDOf1oEBp61QUOy5nDbdQTnVm49USBb4NRiF1PFwz2ddRjAoqp07tYEOYbzHqtTubp34opy+JM7ePNgehj7BPG4m2aSdyxsFY1z6IjCnII+mVW3nfuxOQCKP+kA4ltIyjRCcGAtghNMka0eShpgMcI9aCvrYo9KJx1YS/VgxHb0bCPV90Mfs34kYe1KOPFd1piblvJaS/2lWBN0rJ2Z+GAH1yeRQN+I6BHqaj95hghLgIwUwEUx51UkfC0xApThzZTixqnIx51NYBI2zglksFO/P86XraUIZdIiO0Aky0SUqoQqqojoi6Am9oFf0pj1r79qH9jlpXdKmMwdoprTvX7q3pYs=</latexit>

JW

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

Gauge

<latexit sha1_base64="Qamgx3jaPjsiOrtQ7GILCFajqU8=">AAACKXicbVDLTsJAFJ36RHyhLt00EhM3YmsUXWLYsECDhlcCDZkOA0yYPjJzayBNv8LP8Avc6he4U7fG/3BaWAh4J5OcnHMfJ8f2OZNgGJ/a0vLK6tp6aiO9ubW9s5vZ269LLxCE1ojHPdG0saScubQGDDht+oJix+a0YQ+Lsd54pEIyz63C2KeWg/su6zGCQVGdzGkb6AiSPa1S9bZshZfF+EVhuu1gGBDMw3LUCR/O7qJ01MlkjZyRlL4IzCnIomlVOpmfdtcjgUNdIBxL2TINH6wQC2CE0yjdDiT1MRniPm0p6GKHSitM7ET6sWK6es8T6rugJ+zfiRA7Uo4dW3XGVuW8FpP/aa0AetdWyFw/AOqSyaFewHXw9DgjvcsEJcDHCmAimPKqkwEWmIBKcubKaGJV5WLOp7AI6uc5M5/L319kCzfThFLoEB2hE2SiK1RAJVRBNUTQE3pBr+hNe9betQ/ta9K6pE1nDtBMad+/3kOnJg==</latexit>

LR/N

<latexit sha1_base64="ESJ8vu8a5ihOB4ZU+DM6wzw5BX8="></latexit>

ZM
N

<latexit sha1_base64="DmllE91I2WHFEUny26gHKh1Kjb8=">AAACKHicbVDLSsNAFJ34Nr6qLt0MFsGFlES0ulS6EVGp0FahjWUyndihkwczN9IS8hN+hl/gVr/AnXQr+B9O0ix83WHgcM59HI4bCa7AssbG1PTM7Nz8wqK5tLyyulZa32ipMJaUNWkoQnnrEsUED1gTOAh2G0lGfFewG3dQy/SbByYVD4MGjCLm+OQ+4B6nBDTVLe11gA0h39M+a1xeOMlhLXtpYl7h87uk4xPoUyLwZWqm3VLZqlh54b/ALkAZFVXvlj47vZDGPguACqJU27YicBIigVPBUrMTKxYROiD3rK1hQHymnCR3k+IdzfSwF0r9A8A5+30iIb5SI9/VnZlJ9VvLyP+0dgzesZPwIIqBBXRyyIsFhhBnEeEel4yCGGlAqOTaK6Z9IgkFHeSPK8OJVZ2L/TuFv6C1X7Grler1QfnktEhoAW2hbbSLbHSETtAZqqMmougRPaMX9Go8GW/GuzGetE4Zxcwm+lHGxxckqqYt</latexit>

NJM
<latexit sha1_base64="g8JqfgY4rFw/2wXDPn0WIDnTdvg=">AAACKXicbVDLSsNAFJ34rPUVdelmsAhurIn4Wla6EVFR6ENoYplMJ+3g5MHMjbSEfIWf4Re41S9wp27F/3DSduHrDgOHc+7jcLxYcAWW9WZMTE5Nz8wW5orzC4tLy+bKakNFiaSsTiMRyWuPKCZ4yOrAQbDrWDISeII1vdtqrjfvmFQ8CmswiJkbkG7IfU4JaKptbjvA+jDc0zqpnZ+56X41f1laxKc3qRMQ6FEicDPbuShmbbNkla1h4b/AHoMSGtdl2/x0OhFNAhYCFUSplm3F4KZEAqeCZUUnUSwm9JZ0WUvDkARMuenQToY3NdPBfiT1DwEP2e8TKQmUGgSe7sxtqt9aTv6ntRLwj9yUh3ECLKSjQ34iMEQ4zwh3uGQUxEADQiXXXjHtEUko6CR/XOmPrOpc7N8p/AWN3bJ9UD642itVjscJFdA62kBbyEaHqIJO0CWqI4ru0SN6Qs/Gg/FivBrvo9YJYzyzhn6U8fEFtLqmcA==</latexit>

JW/N

<latexit sha1_base64="2d7N7QRHSYisNsQJKpXjyjGXfDw="></latexit>

QM 62 NZ



Non-invertible symmetry at
When             , the image of   
under T-duality and Gauging       
is different.

<latexit sha1_base64="Mf20Wi0ZAYPHwLa1HNwzUELP/yM=">AAACInicbVDLSsNAFJ34rPUVdekmWBRXJRGtboRKN12oVOkL2lAm00k7dPJw5kZaQv7Az/AL3OoXuBNXglv/w+ljYVvPMHA45744TsiZBNP80hYWl5ZXVlNr6fWNza1tfWe3KoNIEFohAQ9E3cGScubTCjDgtB4Kij2H05rTKwz92iMVkgV+GQYhtT3c8ZnLCAYltfSjJtA+jOY0iuWbazs+KwxfEqfvL5vyQUB8m6STlp4xs+YIxjyxJiSDJii19J9mOyCRR30gHEvZsMwQ7BgLYITTJN2MJA0x6eEObSjqY49KOx7dkRiHSmkbbiDU98EYqX87YuxJOfAcVelh6MpZbyj+5zUicC/smPlhBNQn40VuxA0IjGE4RpsJSoAPFMFEMHWrQbpYYAIqwqkt/fGpKhdrNoV5Uj3JWrls7u40k7+aJJRC++gAHSMLnaM8KqISqiCCntALekVv2rP2rn1on+PSBW3Ss4emoH3/AjlhpDs=</latexit>

R =
p
N

<latexit sha1_base64="ESJ8vu8a5ihOB4ZU+DM6wzw5BX8="></latexit>

ZM
N

<latexit sha1_base64="MgiPuTUpqfYYaW7u3BUiAq3oLwY=">AAACJXicbVDLSsNAFJ34rPFVdekmWATdlES0uqx000WFKn1BGspkOm2HTh7M3EhLyDf4GX6BW/0CdyK4cuV/OGm7sK13GDiccx+H44acSTDNL21ldW19YzOzpW/v7O7tZw8OGzKIBKF1EvBAtFwsKWc+rQMDTluhoNhzOW26w1KqNx+pkCzwazAOqePhvs96jGBQVCd73gY6gskeu1y7qzjxVSl9Say3PQwDgnlcSToPetLJ5sy8OSljGVgzkEOzqnayP+1uQCKP+kA4ltK2zBCcGAtghNNEb0eShpgMcZ/aCvrYo9KJJ1YS41QxXaMXCPV9MCbs34kYe1KOPVd1pjblopaS/2l2BL0bJ2Z+GAH1yfRQL+IGBEaaj9FlghLgYwUwEUx5NcgAC0xApTh3ZTS1qnKxFlNYBo2LvFXIF+4vc8XbWUIZdIxO0Bmy0DUqojKqojoi6Am9oFf0pj1r79qH9jltXdFmM0dorrTvX7lLpYk=</latexit>

LR

<latexit sha1_base64="qbu7UHKUOvMBSmmFQAjbOhlcma0=">AAACJnicbVDLSsNAFJ34Nr6qLt0Ei6CbkohWl0U3LlRUrApNKJPpbTt0MklnbsQS8g3+hj/gVv/AnYg7V36H08fC1xkGDufcFydMBNfouu/W2PjE5NT0zKw9N7+wuFRYXrnScaoYVFksYnUTUg2CS6giRwE3iQIahQKuw85h37++BaV5LC+xl0AQ0ZbkTc4oGqle2PIR7nAwp3Z0eXIcZLuH/Zdn9oUvoevrrsLsNLfzeqHoltwBnL/EG5EiGeGsXvj0GzFLI5DIBNW65rkJBhlVyJmA3PZTDQllHdqCmqGSRqCDbHBK7mwYpeE0Y2W+RGegfu/IaKR1LwpNZUSxrX97ffE/r5Zicz/IuExSBMmGi5qpcDB2+vk4Da6AoegZQpni5laHtamiDE2KP7bcDU+1TTDe7xj+kqvtklculc93ipWDUUQzZI2sk03ikT1SIUfkjFQJI/fkkTyRZ+vBerFerbdh6Zg16lklP2B9fAGkl6XN</latexit>

R 6=
p
N

T-duality

Gauge 

Gauge

<latexit sha1_base64="MgiPuTUpqfYYaW7u3BUiAq3oLwY=">AAACJXicbVDLSsNAFJ34rPFVdekmWATdlES0uqx000WFKn1BGspkOm2HTh7M3EhLyDf4GX6BW/0CdyK4cuV/OGm7sK13GDiccx+H44acSTDNL21ldW19YzOzpW/v7O7tZw8OGzKIBKF1EvBAtFwsKWc+rQMDTluhoNhzOW26w1KqNx+pkCzwazAOqePhvs96jGBQVCd73gY6gskeu1y7qzjxVSl9Say3PQwDgnlcSToPetLJ5sy8OSljGVgzkEOzqnayP+1uQCKP+kA4ltK2zBCcGAtghNNEb0eShpgMcZ/aCvrYo9KJJ1YS41QxXaMXCPV9MCbs34kYe1KOPVd1pjblopaS/2l2BL0bJ2Z+GAH1yfRQL+IGBEaaj9FlghLgYwUwEUx5NcgAC0xApTh3ZTS1qnKxFlNYBo2LvFXIF+4vc8XbWUIZdIxO0Bmy0DUqojKqojoi6Am9oFf0pj1r79qH9jltXdFmM0dorrTvX7lLpYk=</latexit>

LR

<latexit sha1_base64="qWxUll02hOsedowDZO29roXYJoA=">AAACKXicbVDLTsJAFJ3iC/FVdemmkZi4EVuj6BLDhgUmaHgl0JDpMMCE6SMztwbS9Cv8DL/ArX6BO3Vr/A+nwELAO5nk5Jz7ODlOwJkE0/zUUiura+sb6c3M1vbO7p6+f1CXfigIrRGf+6LpYEk582gNGHDaDATFrsNpwxkWE73xSIVkvleFcUBtF/c91mMEg6I6+lkb6Agme1ql6l3Zjq6KyYujTNvFMCCYR+W4E1nnD3Em7uhZM2dOylgG1gxk0awqHf2n3fVJ6FIPCMdStiwzADvCAhjhNM60Q0kDTIa4T1sKetil0o4mdmLjRDFdo+cL9T0wJuzfiQi7Uo5dR3UmVuWilpD/aa0Qejd2xLwgBOqR6aFeyA3wjSQjo8sEJcDHCmAimPJqkAEWmIBKcu7KaGpV5WItprAM6hc5K5/L319mC7ezhNLoCB2jU2Sha1RAJVRBNUTQE3pBr+hNe9betQ/ta9qa0mYzh2iutO9fr4+nCQ==</latexit>

L1/R

<latexit sha1_base64="3YCf6jFjHlSoMs0eC4ORraf5Awc="></latexit>

ZM
N

<latexit sha1_base64="BXzfn67Ryiptuq+mQPQA89sATnQ="></latexit>

ZW
N

<latexit sha1_base64="Qamgx3jaPjsiOrtQ7GILCFajqU8=">AAACKXicbVDLTsJAFJ36RHyhLt00EhM3YmsUXWLYsECDhlcCDZkOA0yYPjJzayBNv8LP8Avc6he4U7fG/3BaWAh4J5OcnHMfJ8f2OZNgGJ/a0vLK6tp6aiO9ubW9s5vZ269LLxCE1ojHPdG0saScubQGDDht+oJix+a0YQ+Lsd54pEIyz63C2KeWg/su6zGCQVGdzGkb6AiSPa1S9bZshZfF+EVhuu1gGBDMw3LUCR/O7qJ01MlkjZyRlL4IzCnIomlVOpmfdtcjgUNdIBxL2TINH6wQC2CE0yjdDiT1MRniPm0p6GKHSitM7ET6sWK6es8T6rugJ+zfiRA7Uo4dW3XGVuW8FpP/aa0AetdWyFw/AOqSyaFewHXw9DgjvcsEJcDHCmAimPKqkwEWmIBKcubKaGJV5WLOp7AI6uc5M5/L319kCzfThFLoEB2hE2SiK1RAJVRBNUTQE3pBr+hNe9betQ/ta9K6pE1nDtBMad+/3kOnJg==</latexit>

LR/N



Non-invertible symmetry at
When             , the image of  
under T-duality and Gauging       
is the same. 

➤ T-duality: Isomorphism of         
and its      -gauged theory

<latexit sha1_base64="Mf20Wi0ZAYPHwLa1HNwzUELP/yM=">AAACInicbVDLSsNAFJ34rPUVdekmWBRXJRGtboRKN12oVOkL2lAm00k7dPJw5kZaQv7Az/AL3OoXuBNXglv/w+ljYVvPMHA45744TsiZBNP80hYWl5ZXVlNr6fWNza1tfWe3KoNIEFohAQ9E3cGScubTCjDgtB4Kij2H05rTKwz92iMVkgV+GQYhtT3c8ZnLCAYltfSjJtA+jOY0iuWbazs+KwxfEqfvL5vyQUB8m6STlp4xs+YIxjyxJiSDJii19J9mOyCRR30gHEvZsMwQ7BgLYITTJN2MJA0x6eEObSjqY49KOx7dkRiHSmkbbiDU98EYqX87YuxJOfAcVelh6MpZbyj+5zUicC/smPlhBNQn40VuxA0IjGE4RpsJSoAPFMFEMHWrQbpYYAIqwqkt/fGpKhdrNoV5Uj3JWrls7u40k7+aJJRC++gAHSMLnaM8KqISqiCCntALekVv2rP2rn1on+PSBW3Ss4emoH3/AjlhpDs=</latexit>

R =
p
N

<latexit sha1_base64="ESJ8vu8a5ihOB4ZU+DM6wzw5BX8="></latexit>

ZM
N

<latexit sha1_base64="ZWDGG7UmhpOHLpLbWt9GEQ+S4YA=">AAACI3icbVC7SgNBFJ31GddX1NJmMShWYVc02gjBNClUouQFyRJmJ7PJkNmHM3clYdk/8Df8AVv9AzuxsbD1O5w8CpN4hoHDOffFcULOJJjml7awuLS8sppa09c3Nre20zu7VRlEgtAKCXgg6g6WlDOfVoABp/VQUOw5nNacXmHo1x6pkCzwyzAIqe3hjs9cRjAoqZU+agLtw2hOo1i+ubbjs8LwJbF+f9mUDwLi20RPWumMmTVHMOaJNSEZNEGplf5ptgMSedQHwrGUDcsMwY6xAEY4TfRmJGmISQ93aENRH3tU2vHojsQ4VErbcAOhvg/GSP3bEWNPyoHnqEoPQ1fOekPxP68RgXthx8wPI6A+GS9yI25AYAzDMdpMUAJ8oAgmgqlbDdLFAhNQEU5t6Y9P1VUw1mwM86R6krVy2dzdaSZ/NYkohfbRATpGFjpHeVREJVRBBD2hF/SK3rRn7V370D7HpQvapGcPTUH7/gXSGqRM</latexit>

R =
p
N

<latexit sha1_base64="MgiPuTUpqfYYaW7u3BUiAq3oLwY=">AAACJXicbVDLSsNAFJ34rPFVdekmWATdlES0uqx000WFKn1BGspkOm2HTh7M3EhLyDf4GX6BW/0CdyK4cuV/OGm7sK13GDiccx+H44acSTDNL21ldW19YzOzpW/v7O7tZw8OGzKIBKF1EvBAtFwsKWc+rQMDTluhoNhzOW26w1KqNx+pkCzwazAOqePhvs96jGBQVCd73gY6gskeu1y7qzjxVSl9Say3PQwDgnlcSToPetLJ5sy8OSljGVgzkEOzqnayP+1uQCKP+kA4ltK2zBCcGAtghNNEb0eShpgMcZ/aCvrYo9KJJ1YS41QxXaMXCPV9MCbs34kYe1KOPVd1pjblopaS/2l2BL0bJ2Z+GAH1yfRQL+IGBEaaj9FlghLgYwUwEUx5NcgAC0xApTh3ZTS1qnKxFlNYBo2LvFXIF+4vc8XbWUIZdIxO0Bmy0DUqojKqojoi6Am9oFf0pj1r79qH9jltXdFmM0dorrTvX7lLpYk=</latexit>

LR T-duality

<latexit sha1_base64="H88WPMQLhW3V7/r/ltQR1fiot6E="></latexit>

Lp
N

<latexit sha1_base64="ynhVgPRkeDK01gMPOlJSUQaSlnI="></latexit>

L1/
p
N

Gauge
<latexit sha1_base64="3YCf6jFjHlSoMs0eC4ORraf5Awc="></latexit>

ZM
N

Gauge
<latexit sha1_base64="BXzfn67Ryiptuq+mQPQA89sATnQ="></latexit>

ZW
N<latexit sha1_base64="ZCsyC9RUFzRAz1G+fiJV+1WnCPo="></latexit>

Lp
N

<latexit sha1_base64="4zwfbUdB3t2fRa3MXhuvu0eJjJA="></latexit>

ZM
N



Non-invertible symmetry at
When             , the image of  
under T-duality and Gauging       
is the same. 

➤ T-duality: Isomorphism of         
and its      -gauged theory 

➤ Non-invertible symmetry*

<latexit sha1_base64="Mf20Wi0ZAYPHwLa1HNwzUELP/yM=">AAACInicbVDLSsNAFJ34rPUVdekmWBRXJRGtboRKN12oVOkL2lAm00k7dPJw5kZaQv7Az/AL3OoXuBNXglv/w+ljYVvPMHA45744TsiZBNP80hYWl5ZXVlNr6fWNza1tfWe3KoNIEFohAQ9E3cGScubTCjDgtB4Kij2H05rTKwz92iMVkgV+GQYhtT3c8ZnLCAYltfSjJtA+jOY0iuWbazs+KwxfEqfvL5vyQUB8m6STlp4xs+YIxjyxJiSDJii19J9mOyCRR30gHEvZsMwQ7BgLYITTJN2MJA0x6eEObSjqY49KOx7dkRiHSmkbbiDU98EYqX87YuxJOfAcVelh6MpZbyj+5zUicC/smPlhBNQn40VuxA0IjGE4RpsJSoAPFMFEMHWrQbpYYAIqwqkt/fGpKhdrNoV5Uj3JWrls7u40k7+aJJRC++gAHSMLnaM8KqISqiCCntALekVv2rP2rn1on+PSBW3Ss4emoH3/AjlhpDs=</latexit>

R =
p
N

<latexit sha1_base64="ESJ8vu8a5ihOB4ZU+DM6wzw5BX8="></latexit>

ZM
N

[Thorngren, Wang ’21; Choi, Córdova, Hsin, Lam, Shao ’21]

* A similar non-invertible symmetry exists for arbitrary  [Argurio, Collinucci, Galati, Hulik, Paznokas ’24]R

<latexit sha1_base64="3LK0ZcbSru67vTjLCK7zqyHS/mY=">AAACJXicbVDLSsNAFJ3UV62vqEs3wSLopiSi1WWlmyIWKvQFbSyT6bQdOnkwcyMtId/gZ/gFbvUL3IngypX/4aTtwrbeYeBwzn0cjhNwJsE0v7TUyura+kZ6M7O1vbO7p+8f1KUfCkJrxOe+aDpYUs48WgMGnDYDQbHrcNpwhsVEbzxSIZnvVWEcUNvFfY/1GMGgqI5+1gY6gsmeVqlavrOjy2Ly4ihz+9B2MQwI5lE5zsQdPWvmzEkZy8CagSyaVaWj/7S7Pgld6gHhWMqWZQZgR1gAI5zGmXYoaYDJEPdpS0EPu1Ta0cRKbJwopmv0fKG+B8aE/TsRYVfKseuozsSkXNQS8j+tFULv2o6YF4RAPTI91Au5Ab6R5GN0maAE+FgBTARTXg0ywAITUCnOXRlNrapcrMUUlkH9PGflc/n7i2zhZpZQGh2hY3SKLHSFCqiEKqiGCHpCL+gVvWnP2rv2oX1OW1PabOYQzZX2/Quqs6WB</latexit>

JM
<latexit sha1_base64="MEuOdDHGvEEtuZEzTExr4NxifjI=">AAACJXicbVDLSsNAFJ34rPVVdekmWATdlES0uqx0U0ShQl+QxDKZTtuhkwczN9IS8g1+hl/gVr/AnQiuXPkfTtoubOsdBg7n3MfhuCFnEgzjS1taXlldW89sZDe3tnd2c3v7DRlEgtA6CXggWi6WlDOf1oEBp61QUOy5nDbdQTnVm49USBb4NRiF1PFwz2ddRjAoqp07tYEOYbzHqtTubp34opy+JM7ePNgehj7BPG4m2aSdyxsFY1z6IjCnII+mVW3nfuxOQCKP+kA4ltIyjRCcGAtghNMka0eShpgMcI9aCvrYo9KJx1YS/VgxHb0bCPV90Mfs34kYe1KOPFd1piblvJaS/2lWBN0rJ2Z+GAH1yeRQN+I6BHqaj95hghLgIwUwEUx51UkfC0xApThzZTixqnIx51NYBI2zglksFO/P86XraUIZdIiO0Aky0SUqoQqqojoi6Am9oFf0pj1r79qH9jlpXdKmMwdoprTvX7q3pYs=</latexit>

JW

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

Gauge
<latexit sha1_base64="ESJ8vu8a5ihOB4ZU+DM6wzw5BX8="></latexit>

ZM
N

<latexit sha1_base64="DmllE91I2WHFEUny26gHKh1Kjb8=">AAACKHicbVDLSsNAFJ34Nr6qLt0MFsGFlES0ulS6EVGp0FahjWUyndihkwczN9IS8hN+hl/gVr/AnXQr+B9O0ix83WHgcM59HI4bCa7AssbG1PTM7Nz8wqK5tLyyulZa32ipMJaUNWkoQnnrEsUED1gTOAh2G0lGfFewG3dQy/SbByYVD4MGjCLm+OQ+4B6nBDTVLe11gA0h39M+a1xeOMlhLXtpYl7h87uk4xPoUyLwZWqm3VLZqlh54b/ALkAZFVXvlj47vZDGPguACqJU27YicBIigVPBUrMTKxYROiD3rK1hQHymnCR3k+IdzfSwF0r9A8A5+30iIb5SI9/VnZlJ9VvLyP+0dgzesZPwIIqBBXRyyIsFhhBnEeEel4yCGGlAqOTaK6Z9IgkFHeSPK8OJVZ2L/TuFv6C1X7Grler1QfnktEhoAW2hbbSLbHSETtAZqqMmougRPaMX9Go8GW/GuzGetE4Zxcwm+lHGxxckqqYt</latexit>

NJM
<latexit sha1_base64="g8JqfgY4rFw/2wXDPn0WIDnTdvg=">AAACKXicbVDLSsNAFJ34rPUVdelmsAhurIn4Wla6EVFR6ENoYplMJ+3g5MHMjbSEfIWf4Re41S9wp27F/3DSduHrDgOHc+7jcLxYcAWW9WZMTE5Nz8wW5orzC4tLy+bKakNFiaSsTiMRyWuPKCZ4yOrAQbDrWDISeII1vdtqrjfvmFQ8CmswiJkbkG7IfU4JaKptbjvA+jDc0zqpnZ+56X41f1laxKc3qRMQ6FEicDPbuShmbbNkla1h4b/AHoMSGtdl2/x0OhFNAhYCFUSplm3F4KZEAqeCZUUnUSwm9JZ0WUvDkARMuenQToY3NdPBfiT1DwEP2e8TKQmUGgSe7sxtqt9aTv6ntRLwj9yUh3ECLKSjQ34iMEQ4zwh3uGQUxEADQiXXXjHtEUko6CR/XOmPrOpc7N8p/AWN3bJ9UD642itVjscJFdA62kBbyEaHqIJO0CWqI4ru0SN6Qs/Gg/FivBrvo9YJYzyzhn6U8fEFtLqmcA==</latexit>

JW/N

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

T-duality
map

<latexit sha1_base64="ZCsyC9RUFzRAz1G+fiJV+1WnCPo="></latexit>

Lp
N

<latexit sha1_base64="fyvCnwQy5OjajGqrZ6f8tTVOC7Q="></latexit>

L1/
p
N

<latexit sha1_base64="ZCsyC9RUFzRAz1G+fiJV+1WnCPo="></latexit>

Lp
N

<latexit sha1_base64="4kg+FhgvZLarGNQrwKuQ0P5d3CQ=">AAACKHicbVDLSsNAFJ3Ud3xFXboZLIILKYn4WipuRFQUrC20sUymk3bo5MHMjVhCfsLP8Avc6he4E7eC/+EkzcKqdxg4nHMfh+PFgiuw7Q+jMjE5NT0zO2fOLywuLVsrq7cqSiRldRqJSDY9opjgIasDB8GasWQk8ARreIOTXG/cM6l4FN7AMGZuQHoh9zkloKmOtd0G9gDFntbpzcW5m+6d5C9LzUt8dpe2AwJ9SgRuZGbWsap2zS4K/wVOCaqorKuO9dXuRjQJWAhUEKVajh2DmxIJnAqWme1EsZjQAemxloYhCZhy08JNhjc108V+JPUPARfsz4mUBEoNA0935ibVby0n/9NaCfiHbsrDOAEW0tEhPxEYIpxHhLtcMgpiqAGhkmuvmPaJJBR0kGNXHkZWdS7O7xT+gtudmrNf27/erR4dlwnNonW0gbaQgw7QETpFV6iOKHpEz+gFvRpPxpvxbnyMWitGObOGxsr4/AY0rqY3</latexit>

NJW
<latexit sha1_base64="i8Av4vlkw9LDXWNbyLysQAhSuvU=">AAACKHicbVDLSsQwFE19W19Vl26Cg+BCxlZ8LUfciKgoOCq0dUgzmZlg+iC5lRlKf8LP8Avc6he4E7eC/2Ha6cLXDYHDOfdxOEEiuALbfjdGRsfGJyanps2Z2bn5BWtx6UrFqaSsSWMRy5uAKCZ4xJrAQbCbRDISBoJdB3eHhX59z6TicXQJg4T5IelGvMMpAU21rA0PWB/KPe7R5emJn+0cFi/PzOPbzAsJ9CgR+DTfPDPzllWz63ZZ+C9wKlBDVZ23rE+vHdM0ZBFQQZRyHTsBPyMSOBUsN71UsYTQO9JlroYRCZnys9JNjtc008adWOofAS7Z7xMZCZUahIHuLGyq31pB/qe5KXT2/YxHSQososNDnVRgiHEREW5zySiIgQaESq69YtojklDQQf640h9a1bk4v1P4C6626s5uffdiu9Y4qBKaQitoFa0jB+2hBjpC56iJKHpAT+gZvRiPxqvxZrwPW0eMamYZ/Sjj4wtBBKY8</latexit>

JM/N

<latexit sha1_base64="ZWDGG7UmhpOHLpLbWt9GEQ+S4YA=">AAACI3icbVC7SgNBFJ31GddX1NJmMShWYVc02gjBNClUouQFyRJmJ7PJkNmHM3clYdk/8Df8AVv9AzuxsbD1O5w8CpN4hoHDOffFcULOJJjml7awuLS8sppa09c3Nre20zu7VRlEgtAKCXgg6g6WlDOfVoABp/VQUOw5nNacXmHo1x6pkCzwyzAIqe3hjs9cRjAoqZU+agLtw2hOo1i+ubbjs8LwJbF+f9mUDwLi20RPWumMmTVHMOaJNSEZNEGplf5ptgMSedQHwrGUDcsMwY6xAEY4TfRmJGmISQ93aENRH3tU2vHojsQ4VErbcAOhvg/GSP3bEWNPyoHnqEoPQ1fOekPxP68RgXthx8wPI6A+GS9yI25AYAzDMdpMUAJ8oAgmgqlbDdLFAhNQEU5t6Y9P1VUw1mwM86R6krVy2dzdaSZ/NYkohfbRATpGFjpHeVREJVRBBD2hF/SK3rRn7V370D7HpQvapGcPTUH7/gXSGqRM</latexit>

R =
p
N

<latexit sha1_base64="MgiPuTUpqfYYaW7u3BUiAq3oLwY=">AAACJXicbVDLSsNAFJ34rPFVdekmWATdlES0uqx000WFKn1BGspkOm2HTh7M3EhLyDf4GX6BW/0CdyK4cuV/OGm7sK13GDiccx+H44acSTDNL21ldW19YzOzpW/v7O7tZw8OGzKIBKF1EvBAtFwsKWc+rQMDTluhoNhzOW26w1KqNx+pkCzwazAOqePhvs96jGBQVCd73gY6gskeu1y7qzjxVSl9Say3PQwDgnlcSToPetLJ5sy8OSljGVgzkEOzqnayP+1uQCKP+kA4ltK2zBCcGAtghNNEb0eShpgMcZ/aCvrYo9KJJ1YS41QxXaMXCPV9MCbs34kYe1KOPVd1pjblopaS/2l2BL0bJ2Z+GAH1yfRQL+IGBEaaj9FlghLgYwUwEUx5NcgAC0xApTh3ZTS1qnKxFlNYBo2LvFXIF+4vc8XbWUIZdIxO0Bmy0DUqojKqojoi6Am9oFf0pj1r79qH9jltXdFmM0dorrTvX7lLpYk=</latexit>

LR

<latexit sha1_base64="ZCsyC9RUFzRAz1G+fiJV+1WnCPo="></latexit>

Lp
N

<latexit sha1_base64="4zwfbUdB3t2fRa3MXhuvu0eJjJA="></latexit>

ZM
N

T-duality

<latexit sha1_base64="H88WPMQLhW3V7/r/ltQR1fiot6E="></latexit>

Lp
N

<latexit sha1_base64="ynhVgPRkeDK01gMPOlJSUQaSlnI="></latexit>

L1/
p
N

Gauge
<latexit sha1_base64="3YCf6jFjHlSoMs0eC4ORraf5Awc="></latexit>

ZM
N

Gauge
<latexit sha1_base64="BXzfn67Ryiptuq+mQPQA89sATnQ="></latexit>

ZW
N



Non-invertible symmetry at
When             , the image of  
under T-duality and Gauging       
is the same. 

➤ T-duality: Isomorphism of         
and its      -gauged theory 

➤ Non-invertible symmetry*

<latexit sha1_base64="Mf20Wi0ZAYPHwLa1HNwzUELP/yM=">AAACInicbVDLSsNAFJ34rPUVdekmWBRXJRGtboRKN12oVOkL2lAm00k7dPJw5kZaQv7Az/AL3OoXuBNXglv/w+ljYVvPMHA45744TsiZBNP80hYWl5ZXVlNr6fWNza1tfWe3KoNIEFohAQ9E3cGScubTCjDgtB4Kij2H05rTKwz92iMVkgV+GQYhtT3c8ZnLCAYltfSjJtA+jOY0iuWbazs+KwxfEqfvL5vyQUB8m6STlp4xs+YIxjyxJiSDJii19J9mOyCRR30gHEvZsMwQ7BgLYITTJN2MJA0x6eEObSjqY49KOx7dkRiHSmkbbiDU98EYqX87YuxJOfAcVelh6MpZbyj+5zUicC/smPlhBNQn40VuxA0IjGE4RpsJSoAPFMFEMHWrQbpYYAIqwqkt/fGpKhdrNoV5Uj3JWrls7u40k7+aJJRC++gAHSMLnaM8KqISqiCCntALekVv2rP2rn1on+PSBW3Ss4emoH3/AjlhpDs=</latexit>

R =
p
N

<latexit sha1_base64="ESJ8vu8a5ihOB4ZU+DM6wzw5BX8="></latexit>

ZM
N

[Thorngren, Wang ’21; Choi, Córdova, Hsin, Lam, Shao ’21]

* A similar non-invertible symmetry exists for arbitrary  [Argurio, Collinucci, Galati, Hulik, Paznokas ’24]R

<latexit sha1_base64="3LK0ZcbSru67vTjLCK7zqyHS/mY=">AAACJXicbVDLSsNAFJ3UV62vqEs3wSLopiSi1WWlmyIWKvQFbSyT6bQdOnkwcyMtId/gZ/gFbvUL3IngypX/4aTtwrbeYeBwzn0cjhNwJsE0v7TUyura+kZ6M7O1vbO7p+8f1KUfCkJrxOe+aDpYUs48WgMGnDYDQbHrcNpwhsVEbzxSIZnvVWEcUNvFfY/1GMGgqI5+1gY6gsmeVqlavrOjy2Ly4ihz+9B2MQwI5lE5zsQdPWvmzEkZy8CagSyaVaWj/7S7Pgld6gHhWMqWZQZgR1gAI5zGmXYoaYDJEPdpS0EPu1Ta0cRKbJwopmv0fKG+B8aE/TsRYVfKseuozsSkXNQS8j+tFULv2o6YF4RAPTI91Au5Ab6R5GN0maAE+FgBTARTXg0ywAITUCnOXRlNrapcrMUUlkH9PGflc/n7i2zhZpZQGh2hY3SKLHSFCqiEKqiGCHpCL+gVvWnP2rv2oX1OW1PabOYQzZX2/Quqs6WB</latexit>

JM
<latexit sha1_base64="MEuOdDHGvEEtuZEzTExr4NxifjI=">AAACJXicbVDLSsNAFJ34rPVVdekmWATdlES0uqx0U0ShQl+QxDKZTtuhkwczN9IS8g1+hl/gVr/AnQiuXPkfTtoubOsdBg7n3MfhuCFnEgzjS1taXlldW89sZDe3tnd2c3v7DRlEgtA6CXggWi6WlDOf1oEBp61QUOy5nDbdQTnVm49USBb4NRiF1PFwz2ddRjAoqp07tYEOYbzHqtTubp34opy+JM7ePNgehj7BPG4m2aSdyxsFY1z6IjCnII+mVW3nfuxOQCKP+kA4ltIyjRCcGAtghNMka0eShpgMcI9aCvrYo9KJx1YS/VgxHb0bCPV90Mfs34kYe1KOPFd1piblvJaS/2lWBN0rJ2Z+GAH1yeRQN+I6BHqaj95hghLgIwUwEUx51UkfC0xApThzZTixqnIx51NYBI2zglksFO/P86XraUIZdIiO0Aky0SUqoQqqojoi6Am9oFf0pj1r79qH9jlpXdKmMwdoprTvX7q3pYs=</latexit>

JW

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

Gauge
<latexit sha1_base64="ESJ8vu8a5ihOB4ZU+DM6wzw5BX8="></latexit>

ZM
N

<latexit sha1_base64="DmllE91I2WHFEUny26gHKh1Kjb8=">AAACKHicbVDLSsNAFJ34Nr6qLt0MFsGFlES0ulS6EVGp0FahjWUyndihkwczN9IS8hN+hl/gVr/AnXQr+B9O0ix83WHgcM59HI4bCa7AssbG1PTM7Nz8wqK5tLyyulZa32ipMJaUNWkoQnnrEsUED1gTOAh2G0lGfFewG3dQy/SbByYVD4MGjCLm+OQ+4B6nBDTVLe11gA0h39M+a1xeOMlhLXtpYl7h87uk4xPoUyLwZWqm3VLZqlh54b/ALkAZFVXvlj47vZDGPguACqJU27YicBIigVPBUrMTKxYROiD3rK1hQHymnCR3k+IdzfSwF0r9A8A5+30iIb5SI9/VnZlJ9VvLyP+0dgzesZPwIIqBBXRyyIsFhhBnEeEel4yCGGlAqOTaK6Z9IgkFHeSPK8OJVZ2L/TuFv6C1X7Grler1QfnktEhoAW2hbbSLbHSETtAZqqMmougRPaMX9Go8GW/GuzGetE4Zxcwm+lHGxxckqqYt</latexit>

NJM
<latexit sha1_base64="g8JqfgY4rFw/2wXDPn0WIDnTdvg=">AAACKXicbVDLSsNAFJ34rPUVdelmsAhurIn4Wla6EVFR6ENoYplMJ+3g5MHMjbSEfIWf4Re41S9wp27F/3DSduHrDgOHc+7jcLxYcAWW9WZMTE5Nz8wW5orzC4tLy+bKakNFiaSsTiMRyWuPKCZ4yOrAQbDrWDISeII1vdtqrjfvmFQ8CmswiJkbkG7IfU4JaKptbjvA+jDc0zqpnZ+56X41f1laxKc3qRMQ6FEicDPbuShmbbNkla1h4b/AHoMSGtdl2/x0OhFNAhYCFUSplm3F4KZEAqeCZUUnUSwm9JZ0WUvDkARMuenQToY3NdPBfiT1DwEP2e8TKQmUGgSe7sxtqt9aTv6ntRLwj9yUh3ECLKSjQ34iMEQ4zwh3uGQUxEADQiXXXjHtEUko6CR/XOmPrOpc7N8p/AWN3bJ9UD642itVjscJFdA62kBbyEaHqIJO0CWqI4ru0SN6Qs/Gg/FivBrvo9YJYzyzhn6U8fEFtLqmcA==</latexit>

JW/N

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

T-duality
map

<latexit sha1_base64="ZCsyC9RUFzRAz1G+fiJV+1WnCPo="></latexit>

Lp
N

<latexit sha1_base64="fyvCnwQy5OjajGqrZ6f8tTVOC7Q="></latexit>

L1/
p
N

<latexit sha1_base64="ZCsyC9RUFzRAz1G+fiJV+1WnCPo="></latexit>

Lp
N

<latexit sha1_base64="4kg+FhgvZLarGNQrwKuQ0P5d3CQ=">AAACKHicbVDLSsNAFJ3Ud3xFXboZLIILKYn4WipuRFQUrC20sUymk3bo5MHMjVhCfsLP8Avc6he4E7eC/+EkzcKqdxg4nHMfh+PFgiuw7Q+jMjE5NT0zO2fOLywuLVsrq7cqSiRldRqJSDY9opjgIasDB8GasWQk8ARreIOTXG/cM6l4FN7AMGZuQHoh9zkloKmOtd0G9gDFntbpzcW5m+6d5C9LzUt8dpe2AwJ9SgRuZGbWsap2zS4K/wVOCaqorKuO9dXuRjQJWAhUEKVajh2DmxIJnAqWme1EsZjQAemxloYhCZhy08JNhjc108V+JPUPARfsz4mUBEoNA0935ibVby0n/9NaCfiHbsrDOAEW0tEhPxEYIpxHhLtcMgpiqAGhkmuvmPaJJBR0kGNXHkZWdS7O7xT+gtudmrNf27/erR4dlwnNonW0gbaQgw7QETpFV6iOKHpEz+gFvRpPxpvxbnyMWitGObOGxsr4/AY0rqY3</latexit>

NJW
<latexit sha1_base64="i8Av4vlkw9LDXWNbyLysQAhSuvU=">AAACKHicbVDLSsQwFE19W19Vl26Cg+BCxlZ8LUfciKgoOCq0dUgzmZlg+iC5lRlKf8LP8Avc6he4E7eC/2Ha6cLXDYHDOfdxOEEiuALbfjdGRsfGJyanps2Z2bn5BWtx6UrFqaSsSWMRy5uAKCZ4xJrAQbCbRDISBoJdB3eHhX59z6TicXQJg4T5IelGvMMpAU21rA0PWB/KPe7R5emJn+0cFi/PzOPbzAsJ9CgR+DTfPDPzllWz63ZZ+C9wKlBDVZ23rE+vHdM0ZBFQQZRyHTsBPyMSOBUsN71UsYTQO9JlroYRCZnys9JNjtc008adWOofAS7Z7xMZCZUahIHuLGyq31pB/qe5KXT2/YxHSQososNDnVRgiHEREW5zySiIgQaESq69YtojklDQQf640h9a1bk4v1P4C6626s5uffdiu9Y4qBKaQitoFa0jB+2hBjpC56iJKHpAT+gZvRiPxqvxZrwPW0eMamYZ/Sjj4wtBBKY8</latexit>

JM/N

<latexit sha1_base64="ZWDGG7UmhpOHLpLbWt9GEQ+S4YA=">AAACI3icbVC7SgNBFJ31GddX1NJmMShWYVc02gjBNClUouQFyRJmJ7PJkNmHM3clYdk/8Df8AVv9AzuxsbD1O5w8CpN4hoHDOffFcULOJJjml7awuLS8sppa09c3Nre20zu7VRlEgtAKCXgg6g6WlDOfVoABp/VQUOw5nNacXmHo1x6pkCzwyzAIqe3hjs9cRjAoqZU+agLtw2hOo1i+ubbjs8LwJbF+f9mUDwLi20RPWumMmTVHMOaJNSEZNEGplf5ptgMSedQHwrGUDcsMwY6xAEY4TfRmJGmISQ93aENRH3tU2vHojsQ4VErbcAOhvg/GSP3bEWNPyoHnqEoPQ1fOekPxP68RgXthx8wPI6A+GS9yI25AYAzDMdpMUAJ8oAgmgqlbDdLFAhNQEU5t6Y9P1VUw1mwM86R6krVy2dzdaSZ/NYkohfbRATpGFjpHeVREJVRBBD2hF/SK3rRn7V370D7HpQvapGcPTUH7/gXSGqRM</latexit>

R =
p
N

<latexit sha1_base64="MgiPuTUpqfYYaW7u3BUiAq3oLwY=">AAACJXicbVDLSsNAFJ34rPFVdekmWATdlES0uqx000WFKn1BGspkOm2HTh7M3EhLyDf4GX6BW/0CdyK4cuV/OGm7sK13GDiccx+H44acSTDNL21ldW19YzOzpW/v7O7tZw8OGzKIBKF1EvBAtFwsKWc+rQMDTluhoNhzOW26w1KqNx+pkCzwazAOqePhvs96jGBQVCd73gY6gskeu1y7qzjxVSl9Say3PQwDgnlcSToPetLJ5sy8OSljGVgzkEOzqnayP+1uQCKP+kA4ltK2zBCcGAtghNNEb0eShpgMcZ/aCvrYo9KJJ1YS41QxXaMXCPV9MCbs34kYe1KOPVd1pjblopaS/2l2BL0bJ2Z+GAH1yfRQL+IGBEaaj9FlghLgYwUwEUx5NcgAC0xApTh3ZTS1qnKxFlNYBo2LvFXIF+4vc8XbWUIZdIxO0Bmy0DUqojKqojoi6Am9oFf0pj1r79qH9jltXdFmM0dorrTvX7lLpYk=</latexit>

LR

<latexit sha1_base64="ZCsyC9RUFzRAz1G+fiJV+1WnCPo="></latexit>

Lp
N

<latexit sha1_base64="4zwfbUdB3t2fRa3MXhuvu0eJjJA="></latexit>

ZM
N

T-duality

<latexit sha1_base64="H88WPMQLhW3V7/r/ltQR1fiot6E="></latexit>

Lp
N

<latexit sha1_base64="ynhVgPRkeDK01gMPOlJSUQaSlnI="></latexit>

L1/
p
N

Gauge
<latexit sha1_base64="3YCf6jFjHlSoMs0eC4ORraf5Awc="></latexit>

ZM
N

Gauge
<latexit sha1_base64="BXzfn67Ryiptuq+mQPQA89sATnQ="></latexit>

ZW
N

The existence of  momentum,  winding, & 
this non-invertible symmetry provides an invariant 
definition of T-duality.

U(1) U(1)



Lattice T-duality
Can T-duality exist in lattice models that flow to the compact 
boson in the IR?



Lattice T-duality
Can T-duality exist in lattice models that flow to the compact 
boson in the IR? 

Yes: exists in the Modified Villain model 

➤ Careful lattice regularization of the compact boson CFT
[Gross, Klebanov ’90; Gorantla, Lam, Seiberg, Shao ’21; Cheng, Seiberg ’22; Fazza, Sulejmanpasic ‘22]



Lattice T-duality
Can T-duality exist in lattice models that flow to the compact 
boson in the IR? 

Yes: exists in the Modified Villain model 

➤ Careful lattice regularization of the compact boson CFT

Patches 

<latexit sha1_base64="ydVmC6ng24Ro56Nk+RYs85vEkPo=">AAACGXicbVDLSsNAFJ34rPEVdSlCsAiuSiJaXVa66UKhQl+QhjKZTtuhkwczN9ISsvIz/AK3+gXuxK0rP8D/cJp2YVvvMHA45957LseLOJNgWd/ayura+sZmbkvf3tnd2zcODhsyjAWhdRLyULQ8LClnAa0DA05bkaDY9zhtesPyRG8+UiFZGNRgHFHXx/2A9RjBoKiOcdIGOoJsj1Op3d+5yVV58tJEZ3raMfJWwcrKXAb2DOTRrKod46fdDUns0wAIx1I6thWBm2ABjHCa6u1Y0giTIe5TR8EA+1S6SWafmmeK6Zq9UKgfgJmxfycS7Es59j3V6WMYyEVtQv6nOTH0btyEBVEMNCBTo17MTQjNSSZmlwlKgI8VwEQwdatJBlhgAiq5OZfR9FSVi72YwjJoXBTsYqH4cJkv3c4SyqFjdIrOkY2uUQlVUBXVEUFP6AW9ojftWXvXPrTPaeuKNps5QnOlff0C0mKgTw==</latexit>

i
<latexit sha1_base64="VMOfDXlGxqcu+39XpK9EwehosvE=">AAACGXicbVDLSsNAFJ3UV42vqksRgkVwVRLR6rLSTRcKFfqCNJTJdNKOnTyYuZGWkJWf4Re41S9wJ25d+QH+h9PHwrbeYeBwzr33XI4bcSbBNL+1zMrq2vpGdlPf2t7Z3cvtHzRkGAtC6yTkoWi5WFLOAloHBpy2IkGx73LadAflsd58pEKyMKjBKKKOj3sB8xjBoKhO7rgNdAiTPXaldnfrJJfl8UsT/UFPO7m8WTAnZSwDawbyaFbVTu6n3Q1J7NMACMdS2pYZgZNgAYxwmurtWNIIkwHuUVvBAPtUOsnEPjVOFdM1vFCoH4AxYf9OJNiXcuS7qtPH0JeL2pj8T7Nj8K6dhAVRDDQgUyMv5gaExjgTo8sEJcBHCmAimLrVIH0sMAGV3JzLcHqqysVaTGEZNM4LVrFQvL/Il25mCWXRETpBZ8hCV6iEKqiK6oigJ/SCXtGb9qy9ax/a57Q1o81mDtFcaV+/0/ugUA==</latexit>

j

<latexit sha1_base64="A9DDS7+oYp5B3wNSKPIxlggP5Ro=">AAACGXicbVDLSsNAFJ34rPEVdSlCsAiuSiJaXVa66UKhQl/QhjKZTtuhkwczN9ISuvIz/AK3+gXuxK0rP8D/cJJmYVvvMHA45957LscNOZNgWd/ayura+sZmbkvf3tnd2zcODhsyiAShdRLwQLRcLClnPq0DA05boaDYczltuqNyojcfqZAs8GswCanj4YHP+oxgUFTXOOkAHUO6p12p3d858VU5edNYH+nTrpG3ClZa5jKwM5BHWVW7xk+nF5DIoz4QjqVs21YITowFMMLpVO9EkoaYjPCAthX0sUelE6f2U/NMMT2zHwj1fTBT9u9EjD0pJ56rOj0MQ7moJeR/WjuC/o0TMz+MgPpkZtSPuAmBmWRi9pigBPhEAUwEU7eaZIgFJqCSm3MZz05VudiLKSyDxkXBLhaKD5f50m2WUA4do1N0jmx0jUqogqqojgh6Qi/oFb1pz9q79qF9zlpXtGzmCM2V9vUL1ZSgUQ==</latexit>

k

<latexit sha1_base64="L4OBzDvRYQqkvkakWkTYLQTwm+o=">AAACH3icbVDLTsJAFJ3iC+sLdemmkZi4Iq1RdIlhw0ITTCiQ0IZMhwEmTB+ZuTWQph/gZ/gFbvUL3Bm3fID/4QBdCHgnk5yccx8nx4s4k2CaUy23sbm1vZPf1ff2Dw6PCscnTRnGglCbhDwUbQ9LyllAbWDAaTsSFPsepy1vVJ3prWcqJAuDBkwi6vp4ELA+IxgU1S0UHaBjmO/p1BqPD25yU529NNGdxO4yJ9VT1WWWzHkZ68DKQBFlVe8WfpxeSGKfBkA4lrJjmRG4CRbACKep7sSSRpiM8IB2FAywT6WbzE2kxoViekY/FOoHYMzZvxMJ9qWc+J7q9DEM5ao2I//TOjH079yEBVEMNCCLQ/2YGxAas2SMHhOUAJ8ogIlgyqtBhlhgAiq/pSvjhVWVi7WawjpoXpWscqn8dF2s3GcJ5dEZOkeXyEK3qIJqqI5sRNALekPv6EN71T61L+170ZrTsplTtFTa9BfC/aLv</latexit>

{Ui}
<latexit sha1_base64="jyvbSrrhUgEQKbqVU0R1xWzehEw="></latexit>

�i : Ui ! R
<latexit sha1_base64="ccNAvnSADFq515ros54ZFEr9ADE="></latexit>

nij : Ui \ Uj ! Z

➤                        on  

➤ Gauge redundancy with 

<latexit sha1_base64="v4LjGRaefW1lkudigKe9QKAqOZs="></latexit>

�i � �j = 2⇡nij
<latexit sha1_base64="G3QD8aS5DVq/oxOoTykbzicJgoo=">AAACJHicbVC7TgJBFJ3FF+ILtbSZSEyoyK5RtMTQUGiCCQsksNnMDgOMzD4yc9dANvyCn+EX2OoX2BkLGzv/w+FRCHgmk5ycc185XiS4AtP8MlJr6xubW+ntzM7u3v5B9vCorsJYUmbTUISy6RHFBA+YDRwEa0aSEd8TrOENyhO/8cik4mFQg1HEHJ/0At7llICW3Gy+DWwI0zmtSu3u1kkuy5M3TjK2y3Gbkgjb7kNm7GZzZsGcAq8Sa05yaI6qm/1pd0Ia+ywAKohSLcuMwEmIBE4FG2fasWIRoQPSYy1NA+Iz5STTS8b4TCsd3A2l/gHgqfq3IyG+UiPf05U+gb5a9ibif14rhu61k/AgioEFdLaoGwsMIZ7EgztcMgpipAmhkutbMe0TSSjoEBe2DGen6lys5RRWSf28YBULxfuLXOlmnlAanaBTlEcWukIlVEFVZCOKntALekVvxrPxbnwYn7PSlDHvOUYLML5/AbUspF8=</latexit>

Ui \ Uj

<latexit sha1_base64="jFosI4GWyTxPcnqte/+PVqDYIik="></latexit>

�i ⇠ �i + 2⇡mi

<latexit sha1_base64="yCfz5fhMffEVTf0el3MG2V0TMu0=">AAACKnicbVDLTgIxFO34RHyhLt00EhNXZMYousSwYaEJJiJEZkI6pUBjpzNp7xjIZP7Cz/AL3OoXuCNu9T/sAAtBb9Pk5Jz7ODl+JLgG2x5bS8srq2vruY385tb2zm5hb/9eh7GirEFDEaqWTzQTXLIGcBCsFSlGAl+wpv9YzfTmE1Oah/IORhHzAtKXvMcpAUN1CiUX2BAme9q1u5trLzmvZi9N8kGHY5dL7AYEBr6fPKT5tFMo2iV7UvgvcGagiGZV7xS+3W5I44BJoIJo3XbsCLyEKOBUsDTvxppFhD6SPmsbKEnAtJdM/KT42DBd3AuV+RLwhP09kZBA61Hgm87Mo17UMvI/rR1D79JLuIxiYJJOD/VigSHEWUi4yxWjIEYGEKq48YrpgChCwUQ5d2U4tWpycRZT+AvuT0tOuVS+PStWrmYJ5dAhOkInyEEXqIJqqI4aiKJn9Ire0Lv1Yn1YY+tz2rpkzWYO0FxZXz9GtqdU</latexit>

mi 2 Z

<latexit sha1_base64="918BsIt2cGmOvhWi2mBJyhkQi3k="></latexit>

nij ⇠ nij +mi �mj

[Gross, Klebanov ’90; Gorantla, Lam, Seiberg, Shao ’21; Cheng, Seiberg ’22; Fazza, Sulejmanpasic ‘22]



Lattice T-duality
Can T-duality exist in lattice models that flow to the compact 
boson in the IR? 

Yes: exists in the Modified Villain model 

➤ Careful lattice regularization of the compact boson CFT 

➤ Infinite-dimensional local Hilbert space

Spacetime lattice

<latexit sha1_base64="ydVmC6ng24Ro56Nk+RYs85vEkPo=">AAACGXicbVDLSsNAFJ34rPEVdSlCsAiuSiJaXVa66UKhQl+QhjKZTtuhkwczN9ISsvIz/AK3+gXuxK0rP8D/cJp2YVvvMHA45957LseLOJNgWd/ayura+sZmbkvf3tnd2zcODhsyjAWhdRLyULQ8LClnAa0DA05bkaDY9zhtesPyRG8+UiFZGNRgHFHXx/2A9RjBoKiOcdIGOoJsj1Op3d+5yVV58tJEZ3raMfJWwcrKXAb2DOTRrKod46fdDUns0wAIx1I6thWBm2ABjHCa6u1Y0giTIe5TR8EA+1S6SWafmmeK6Zq9UKgfgJmxfycS7Es59j3V6WMYyEVtQv6nOTH0btyEBVEMNCBTo17MTQjNSSZmlwlKgI8VwEQwdatJBlhgAiq5OZfR9FSVi72YwjJoXBTsYqH4cJkv3c4SyqFjdIrOkY2uUQlVUBXVEUFP6AW9ojftWXvXPrTPaeuKNps5QnOlff0C0mKgTw==</latexit>

i
<latexit sha1_base64="VMOfDXlGxqcu+39XpK9EwehosvE=">AAACGXicbVDLSsNAFJ3UV42vqksRgkVwVRLR6rLSTRcKFfqCNJTJdNKOnTyYuZGWkJWf4Re41S9wJ25d+QH+h9PHwrbeYeBwzr33XI4bcSbBNL+1zMrq2vpGdlPf2t7Z3cvtHzRkGAtC6yTkoWi5WFLOAloHBpy2IkGx73LadAflsd58pEKyMKjBKKKOj3sB8xjBoKhO7rgNdAiTPXaldnfrJJfl8UsT/UFPO7m8WTAnZSwDawbyaFbVTu6n3Q1J7NMACMdS2pYZgZNgAYxwmurtWNIIkwHuUVvBAPtUOsnEPjVOFdM1vFCoH4AxYf9OJNiXcuS7qtPH0JeL2pj8T7Nj8K6dhAVRDDQgUyMv5gaExjgTo8sEJcBHCmAimLrVIH0sMAGV3JzLcHqqysVaTGEZNM4LVrFQvL/Il25mCWXRETpBZ8hCV6iEKqiK6oigJ/SCXtGb9qy9ax/a57Q1o81mDtFcaV+/0/ugUA==</latexit>

j

<latexit sha1_base64="A9DDS7+oYp5B3wNSKPIxlggP5Ro=">AAACGXicbVDLSsNAFJ34rPEVdSlCsAiuSiJaXVa66UKhQl/QhjKZTtuhkwczN9ISuvIz/AK3+gXuxK0rP8D/cJJmYVvvMHA45957LscNOZNgWd/ayura+sZmbkvf3tnd2zcODhsyiAShdRLwQLRcLClnPq0DA05boaDYczltuqNyojcfqZAs8GswCanj4YHP+oxgUFTXOOkAHUO6p12p3d858VU5edNYH+nTrpG3ClZa5jKwM5BHWVW7xk+nF5DIoz4QjqVs21YITowFMMLpVO9EkoaYjPCAthX0sUelE6f2U/NMMT2zHwj1fTBT9u9EjD0pJ56rOj0MQ7moJeR/WjuC/o0TMz+MgPpkZtSPuAmBmWRi9pigBPhEAUwEU7eaZIgFJqCSm3MZz05VudiLKSyDxkXBLhaKD5f50m2WUA4do1N0jmx0jUqogqqojgh6Qi/oFb1pz9q79qF9zlpXtGzmCM2V9vUL1ZSgUQ==</latexit>

k
➤ Gauge redundancy with 

<latexit sha1_base64="jFosI4GWyTxPcnqte/+PVqDYIik="></latexit>

�i ⇠ �i + 2⇡mi
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nij 2 Z

[Gross, Klebanov ’90; Gorantla, Lam, Seiberg, Shao ’21; Cheng, Seiberg ’22; Fazza, Sulejmanpasic ‘22]



T-duality and qubits?
What about lattice models with no resemblance to the 
compact boson CFT? How about in qubit models? 



T-duality and qubits?
What about lattice models with no resemblance to the 
compact boson CFT? How about in qubit models? 

This talk 
1. In the XX model, there is a non-invertible symmetry and 

corresponding lattice T-duality 

2. Encounter a U(1) lattice winding symmetry and conserved 
charges forming the Onsager algebra. We’ll discuss ’t 
Hooft anomalies and prove a gaplessness constraint 

3. Explore symmetric deformations of the XX model



The XX model
Consider        D quantum lattice model on a finite ring with 
a qubit residing on each site   

➤ The number of sites    is even 

➤ Pauli operators satisfy                 and  

XX model Hamiltonian [Lieb, Schultz, Mattis ’61; Baxter ’71;  ] 

➤ Spin rotation          symmetry  

⋯

<latexit sha1_base64="PnNyjfCwZi/3fpJoKlkUS4ue+tc=">AAACGXicbVDLSsNAFJ3UV42vqksRgkVwVRLR6rLSTRcVKvQFaSiT6bQdOnkwcyMtoSs/wy9wq1/gTty68gP8DydpF7b1DgOHc+6953LckDMJpvmtZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbxZJy5tMGMOC0HQqKPZfTljsqJ3rrkQrJAr8Ok5A6Hh74rM8IBkV1c6cdoGNI99iV+n3Via/LyZvGelWfdnN5s2CmZawCaw7yaF61bu6n0wtI5FEfCMdS2pYZghNjAYxwOtU7kaQhJiM8oLaCPvaodOLUfmqcK6Zn9AOhvg9Gyv6diLEn5cRzVaeHYSiXtYT8T7Mj6N86MfPDCKhPZkb9iBsQGEkmRo8JSoBPFMBEMHWrQYZYYAIquQWX8exUlYu1nMIqaF4WrGKh+HCVL93NE8qiE3SGLpCFblAJVVANNRBBT+gFvaI37Vl71z60z1lrRpvPHKOF0r5+AaQNoDI=</latexit>
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HXX =
LX

j=1

(XjXj+1 + YjYj+1)
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LX

j=1

Zj



The XX model
Consider        D quantum lattice model on a finite ring with 
a qubit residing on each site   

➤ Take number of sites    to be even 

➤ Pauli operators satisfy                 and  

XX model Hamiltonian [Lieb, Schultz, Mattis ’61; Baxter ’71;  ] 

➤ Spin rotation          symmetry  

⋯

<latexit sha1_base64="PnNyjfCwZi/3fpJoKlkUS4ue+tc=">AAACGXicbVDLSsNAFJ3UV42vqksRgkVwVRLR6rLSTRcVKvQFaSiT6bQdOnkwcyMtoSs/wy9wq1/gTty68gP8DydpF7b1DgOHc+6953LckDMJpvmtZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbxZJy5tMGMOC0HQqKPZfTljsqJ3rrkQrJAr8Ok5A6Hh74rM8IBkV1c6cdoGNI99iV+n3Via/LyZvGelWfdnN5s2CmZawCaw7yaF61bu6n0wtI5FEfCMdS2pYZghNjAYxwOtU7kaQhJiM8oLaCPvaodOLUfmqcK6Zn9AOhvg9Gyv6diLEn5cRzVaeHYSiXtYT8T7Mj6N86MfPDCKhPZkb9iBsQGEkmRo8JSoBPFMBEMHWrQYZYYAIquQWX8exUlYu1nMIqaF4WrGKh+HCVL93NE8qiE3SGLpCFblAJVVANNRBBT+gFvaI37Vl71z60z1lrRpvPHKOF0r5+AaQNoDI=</latexit>

L

<latexit sha1_base64="VMOfDXlGxqcu+39XpK9EwehosvE=">AAACGXicbVDLSsNAFJ3UV42vqksRgkVwVRLR6rLSTRcKFfqCNJTJdNKOnTyYuZGWkJWf4Re41S9wJ25d+QH+h9PHwrbeYeBwzr33XI4bcSbBNL+1zMrq2vpGdlPf2t7Z3cvtHzRkGAtC6yTkoWi5WFLOAloHBpy2IkGx73LadAflsd58pEKyMKjBKKKOj3sB8xjBoKhO7rgNdAiTPXaldnfrJJfl8UsT/UFPO7m8WTAnZSwDawbyaFbVTu6n3Q1J7NMACMdS2pYZgZNgAYxwmurtWNIIkwHuUVvBAPtUOsnEPjVOFdM1vFCoH4AxYf9OJNiXcuS7qtPH0JeL2pj8T7Nj8K6dhAVRDDQgUyMv5gaExjgTo8sEJcBHCmAimLrVIH0sMAGV3JzLcHqqysVaTGEZNM4LVrFQvL/Il25mCWXRETpBZ8hCV6iEKqiK6oigJ/SCXtGb9qy9ax/a57Q1o81mDtFcaV+/0/ugUA==</latexit>

j

<latexit sha1_base64="LpsMq6z8lhSMVqZBwl2vqU7MNhY=">AAACG3icbVDLSsNAFJ3UV62vqEsXBosgCCURrS4r3XShUKEvaEOZTCft0MmDmRtpCVn6GX6BW/0Cd+LWhR/gfzhts7CtZxg4nHNfHCfkTIJpfmuZldW19Y3sZm5re2d3T98/aMggEoTWScAD0XKwpJz5tA4MOG2FgmLP4bTpDMsTv/lIhWSBX4NxSG0P933mMoJBSV39uAN0BNM57Urt/s6Or8qTl8Q569zKJV09bxbMKYxlYqUkj1JUu/pPpxeQyKM+EI6lbFtmCHaMBTDCaZLrRJKGmAxxn7YV9bFHpR1PD0iMU6X0DDcQ6vtgTNW/HTH2pBx7jqr0MAzkojcR//PaEbg3dsz8MALqk9kiN+IGBMYkFaPHBCXAx4pgIpi61SADLDABld3cltHsVJWLtZjCMmlcFKxiofhwmS/dpgll0RE6QWfIQteohCqoiuqIoCf0gl7Rm/asvWsf2uesNKOlPYdoDtrXL2lEoIc=</latexit>

1 + 1

<latexit sha1_base64="VxhUTArT6hanDIgTn8LzMxAg82c=">AAACJnicbVDLSgMxFM3Ud32NunQTLIIolBnxtREq3bhQqNAXtMOQSVObmnmQ3BHLMP/gZ/gFbvUL3Im4c+N/mE67sNYTAodz7ovjRYIrsKxPIzczOze/sLiUX15ZXVs3NzbrKowlZTUailA2PaKY4AGrAQfBmpFkxPcEa3h35aHfuGdS8TCowiBijk9uA97llICWXHO/DewBsjmty+r1lZMcl4cvTfJNN+kfXKX4HDfdPs6nrlmwilYGPE3sMSmgMSqu+d3uhDT2WQBUEKVathWBkxAJnAqW5tuxYhGhd+SWtTQNiM+Uk2S3pHhXKx3cDaX+AeBM/d2REF+pge/pSp9AT/31huJ/XiuG7pmT8CCKgQV0tKgbCwwhHgaEO1wyCmKgCaGS61sx7RFJKOgYJ7Y8jE7Vudh/U5gm9cOifVI8uTkqlC7GCS2ibbSD9pCNTlEJXaIKqiGKHtEzekGvxpPxZrwbH6PSnDHu2UITML5+AIWKpLY=</latexit>

Xj+L = Xj
<latexit sha1_base64="W5Gdt5o6bGJQlU/TLHypnLMImyU="></latexit>

Zj+L = Zj
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➤         transforms 
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IR limit of the XX model
The IR of the XX model is described by the compact boson 
CFT at             (the         WZW CFT) 

➤ The IR limit: focus on low-energy states within an            
energy window above the ground state and take   

➤      generates a U(1) momentum symmetry on the lattice
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[Alcaraz, Barber, Batchelor ’87; Baake, Christe, Rittenberg ’88]
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QM

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

<latexit sha1_base64="wvsJ7afhrqPodPydfpP6gojc6jQ="></latexit>

QM =

Z
JM
0

<latexit sha1_base64="pQJfT8EC8eEUNxBycT7XZIoFzjs=">AAACI3icbVDLTsJAFJ3iC+sLdemmkWhMTEhrFF0S2bDQBBNeCVQyHQYYmT4yc2sgTf/A3/AH3OofuDNuXLj1OxwKCwHPZJKTc+4rxwk4k2CaX1pqaXlldS29rm9sbm3vZHb3atIPBaFV4nNfNBwsKWcerQIDThuBoNh1OK07g+LYrz9SIZnvVWAUUNvFPY91GcGgpHbmuAV0CMmcZqlye2NHF8XxiyO9JVnPxfen7Qc9bmeyZs5MYCwSa0qyaIpyO/PT6vgkdKkHhGMpm5YZgB1hAYxwGuutUNIAkwHu0aaiHnaptKPkjtg4UkrH6PpCfQ+MRP3bEWFXypHrqEoXQ1/Oe2PxP68ZQvfKjpgXhEA9MlnUDbkBvjEOx+gwQQnwkSKYCKZuNUgfC0xARTizZTg5VVfBWPMxLJLaWc7K5/J359nC9TSiNDpAh+gEWegSFVAJlVEVEfSEXtAretOetXftQ/uclKa0ac8+moH2/Qty9qQQ</latexit>

�+
j



Gauging      in the XX model
Does the XX model have a lattice T-duality? 

➤ In the IR: implements an isomorphism between the 
compact boson CFT and its       gauged theory 

Let’s gauge the      symmetry                             in the XX 
model 

<latexit sha1_base64="ajJagKdhlxRUG6WpA+j728/zqQE="></latexit>

ZM
2

<latexit sha1_base64="uFSzvtjsBkn+vUArsmmaSpytiyQ=">AAACJHicbVC7TgJBFJ31ifhCLW0mEhMqsksUbUwwNBSaoOGVwIbMDgNMmH04c9dANvsLfoZfYKtfYGcsbOz8D4dHIeCZTHJyzn3lOIHgCkzzy1hZXVvf2ExsJbd3dvf2UweHNeWHkrIq9YUvGw5RTHCPVYGDYI1AMuI6gtWdQXHs1x+ZVNz3KjAKmO2Snse7nBLQUjuVaQEbwmROs1S5vbGj8+L4xVHyHl/hlnqQEOXiZNxOpc2sOQFeJtaMpNEM5Xbqp9XxaegyD6ggSjUtMwA7IhI4FSxOtkLFAkIHpMeamnrEZcqOJpfE+FQrHdz1pf4e4In6tyMirlIj19GVLoG+WvTG4n9eM4TupR1xLwiBeXS6qBsKDD4ex4M7XDIKYqQJoZLrWzHtE0ko6BDntgynp+pcrMUUlkktl7Xy2fzdWbpwPUsogY7RCcogC12gAiqhMqoiip7QC3pFb8az8W58GJ/T0hVj1nOE5mB8/wLS0KRz</latexit>

R =
p
2

<latexit sha1_base64="EbPJt8zQxlWQ9i2hUxYGnQyiq5U="></latexit>

ZM
2

<latexit sha1_base64="ajJagKdhlxRUG6WpA+j728/zqQE="></latexit>

ZM
2

<latexit sha1_base64="xNpmY+6mzeTSsTj4kfb5WMX9olo="></latexit>

ei⇡Q
M

=
LY

j=1

(�1)jZj



Gauging      in the XX model
Does the XX model have a lattice T-duality? 

➤ In the IR: implements an isomorphism between the 
compact boson CFT and its       gauged theory 

Let’s gauge the      symmetry                             in the XX 
model  

➤      gauged Hamiltonian

<latexit sha1_base64="ajJagKdhlxRUG6WpA+j728/zqQE="></latexit>

ZM
2

<latexit sha1_base64="uFSzvtjsBkn+vUArsmmaSpytiyQ=">AAACJHicbVC7TgJBFJ31ifhCLW0mEhMqsksUbUwwNBSaoOGVwIbMDgNMmH04c9dANvsLfoZfYKtfYGcsbOz8D4dHIeCZTHJyzn3lOIHgCkzzy1hZXVvf2ExsJbd3dvf2UweHNeWHkrIq9YUvGw5RTHCPVYGDYI1AMuI6gtWdQXHs1x+ZVNz3KjAKmO2Snse7nBLQUjuVaQEbwmROs1S5vbGj8+L4xVHyHl/hlnqQEOXiZNxOpc2sOQFeJtaMpNEM5Xbqp9XxaegyD6ggSjUtMwA7IhI4FSxOtkLFAkIHpMeamnrEZcqOJpfE+FQrHdz1pf4e4In6tyMirlIj19GVLoG+WvTG4n9eM4TupR1xLwiBeXS6qBsKDD4ex4M7XDIKYqQJoZLrWzHtE0ko6BDntgynp+pcrMUUlkktl7Xy2fzdWbpwPUsogY7RCcogC12gAiqhMqoiip7QC3pFb8az8W58GJ/T0hVj1nOE5mB8/wLS0KRz</latexit>

R =
p
2

<latexit sha1_base64="EbPJt8zQxlWQ9i2hUxYGnQyiq5U="></latexit>

ZM
2

<latexit sha1_base64="ajJagKdhlxRUG6WpA+j728/zqQE="></latexit>

ZM
2

<latexit sha1_base64="ajJagKdhlxRUG6WpA+j728/zqQE="></latexit>

ZM
2

<latexit sha1_base64="3haTKwot57xbb7cwK4Qy1WFMF7A="></latexit>

HXX/ZM
2
=

LX

j=1

(Xj + Zj�1XjZj+1)

<latexit sha1_base64="14d9FZqC2PL2+fnInAs5UhIOBvk="></latexit>✓
(�1)jZj

XjXj+1

◆
Gauge ZM

2�������!
✓
ZjZj+1

Xj+1

◆

<latexit sha1_base64="xNpmY+6mzeTSsTj4kfb5WMX9olo="></latexit>

ei⇡Q
M

=
LY

j=1

(�1)jZj



Non-invertible symmetry of the XX model
Hamiltonians are unitarily equivalent: 

➤      implements an isomorphism between the XX model 
and its      gauged theory 

<latexit sha1_base64="VMe8DH6rsKycGc6i3az9kK7ulIE="></latexit>

HXX = UTHXX/ZM
2
U

�1
T

<latexit sha1_base64="t1rtfsW7UvvZFrXKICd0haVMAwY=">AAACJXicbVDLTsJAFJ3iC+sLdemmkZiwIq1RdElkw0ITTCiQQEOmwwATpo/M3BpI01/wN/wBt/oH7oyJK3d+h1PoQtA7meTknPs4OW7ImQTT/NRya+sbm1v5bX1nd2//oHB41JJBJAi1ScAD0XGxpJz51AYGnHZCQbHnctp2J7VUbz9QIVngN2EWUsfDI58NGcGgqH6h1AM6hfmebr15d+vEl7X0JbFu93sehrHw4maiJ/1C0Syb8zL+AisDRZRVo1/47g0CEnnUB8KxlF3LDMGJsQBGOE30XiRpiMkEj2hXQR97VDrx3ElinClmYAwDob4Pxpz9PRFjT8qZ56rO1KNc1VLyP60bwfDaiZkfRkB9sjg0jLgBgZHGYwyYoAT4TAFMBFNeDTLGAhNQIS5dmS6s6ioYazWGv6B1XrYq5cr9RbF6k0WURyfoFJWQha5QFdVRA9mIoEf0jF7Qq/akvWnv2seiNadlM8doqbSvH68IpUo=</latexit>

UT
<latexit sha1_base64="FsWZcrSDH8yJjswqs2Tjv13W17I="></latexit>

ZM
2



Non-invertible symmetry of the XX model
Hamiltonians are unitarily equivalent: 

➤      implements an isomorphism between the XX model 
and its      gauged theory 

<latexit sha1_base64="VMe8DH6rsKycGc6i3az9kK7ulIE="></latexit>

HXX = UTHXX/ZM
2
U

�1
T

<latexit sha1_base64="HAo0975mtkqic9YIMsfccdpK11w="></latexit>

UT =

L/2Y

n=1

�
ei

⇡
4 Z2n+1ei

⇡
4 X2n+1e�i⇡4 X2nCZ2n,2n+1

�

<latexit sha1_base64="h+a3aqyP1LgGDn6QU0C3cDuj3Ig="></latexit>

UTXjU
�1
T =

(
Yj�1Yj j odd

XjXj+1 j even
<latexit sha1_base64="vXzZ+c+6ba1aU8pIgJgOrzxJEkY="></latexit>

UTYjU
�1
T =

(
Yj�1Zj j odd

ZjXj+1 j even

<latexit sha1_base64="t1rtfsW7UvvZFrXKICd0haVMAwY=">AAACJXicbVDLTsJAFJ3iC+sLdemmkZiwIq1RdElkw0ITTCiQQEOmwwATpo/M3BpI01/wN/wBt/oH7oyJK3d+h1PoQtA7meTknPs4OW7ImQTT/NRya+sbm1v5bX1nd2//oHB41JJBJAi1ScAD0XGxpJz51AYGnHZCQbHnctp2J7VUbz9QIVngN2EWUsfDI58NGcGgqH6h1AM6hfmebr15d+vEl7X0JbFu93sehrHw4maiJ/1C0Syb8zL+AisDRZRVo1/47g0CEnnUB8KxlF3LDMGJsQBGOE30XiRpiMkEj2hXQR97VDrx3ElinClmYAwDob4Pxpz9PRFjT8qZ56rO1KNc1VLyP60bwfDaiZkfRkB9sjg0jLgBgZHGYwyYoAT4TAFMBFNeDTLGAhNQIS5dmS6s6ioYazWGv6B1XrYq5cr9RbF6k0WURyfoFJWQha5QFdVRA9mIoEf0jF7Qq/akvWnv2seiNadlM8doqbSvH68IpUo=</latexit>

UT
<latexit sha1_base64="FsWZcrSDH8yJjswqs2Tjv13W17I="></latexit>

ZM
2



Non-invertible symmetry of the XX model
Hamiltonians are unitarily equivalent: 

➤ There is a non-invertible symmetry D transforming 

➤ Related to the    -family of TY(    ,   ) fusion category 
symmetries of the compact boson CFT [Thorngren, Wang ’21]

<latexit sha1_base64="MOlemFz1NaZ17dE+bZOwtkvofQc=">AAACInicbVDLSsNAFJ3UV62vqEs3waK4KolodVmpiy4UKvQFbSiT6aQdOnkwcyMtIX/gZ/gFbvUL3Ikrwa3/4TTtwrbeYeBwzn0cjhNyJsE0v7TMyura+kZ2M7e1vbO7p+8fNGQQCULrJOCBaDlYUs58WgcGnLZCQbHncNp0huWJ3nykQrLAr8E4pLaH+z5zGcGgqK5+2gE6gnRPu1K7v7Pjy/LkJXGu42EYSDe+TXJJV8+bBTMtYxlYM5BHs6p29Z9OLyCRR30gHEvZtswQ7BgLYITTJNeJJA0xGeI+bSvoY49KO059JMaJYnqGGwj1fTBS9u9EjD0px56jOlOPi9qE/E9rR+Be2zHzwwioT6aH3IgbEBiTcIweE5QAHyuAiWDKq0EGWGACKsK5K6OpVZWLtZjCMmicF6xiofhwkS/dzBLKoiN0jM6Qha5QCVVQFdURQU/oBb2iN+1Ze9c+tM9pa0abzRyiudK+fwFuJ6Rb</latexit>

D

<latexit sha1_base64="VMe8DH6rsKycGc6i3az9kK7ulIE="></latexit>

HXX = UTHXX/ZM
2
U

�1
T

<latexit sha1_base64="J06qc7hE3wnQu+ul2VqZZ4/IJ4M=">AAACHHicbVDLSsNAFJ34rPFVdenCYBFclUS0uix204VCxb4gjWUynbZDJw9mbqQldOlv+ANu9Q/ciVvBH/A7nKRd2NYzDBzOuS+OG3ImwTS/taXlldW19cyGvrm1vbOb3duvyyAShNZIwAPRdLGknPm0Bgw4bYaCYs/ltOEOSonfeKRCssCvwiikjod7PusygkFJ7exRC+gQ0jl2uXp748QXpeSNY/3+wdLH7WzOzJspjEViTUkOTVFpZ39anYBEHvWBcCylbZkhODEWwAinY70VSRpiMsA9aivqY49KJ04PGBsnSukY3UCo74ORqn87YuxJOfJcVelh6Mt5LxH/8+wIuldOzPwwAuqTyaJuxA0IjCQVo8MEJcBHimAimLrVIH0sMAGV3cyW4eRUXQVjzcewSOpneauQL9yd54rX04gy6BAdo1NkoUtURGVUQTVE0BN6Qa/oTXvW3rUP7XNSuqRNew7QDLSvX4cwoO0=</latexit>

S1 <latexit sha1_base64="N8SGEOljG+fc6fHmbS6yi9hRPBw=">AAACJXicbVDLTsJAFJ36xPqqunTTSExYkZYouiSyYaEJJrwiNGQ6DDBh+sjMrYE0/QV/wx9wq3/gzpi4cud3OAUWAt7JJCfn3MfJcUPOJFjWl7a2vrG5tZ3Z0Xf39g8OjaPjhgwiQWidBDwQLRdLyplP68CA01YoKPZcTpvuqJzqzUcqJAv8GkxC6nh44LM+IxgU1TVyHaBjmO5pV2p3t058WU5fEusdD8PQdeOHpFvQk66RtfLWtMxVYM9BFs2r2jV+Or2ARB71gXAsZdu2QnBiLIARThO9E0kaYjLCA9pW0McelU48dZKY54rpmf1AqO+DOWX/TsTYk3LiuaozdSmXtZT8T2tH0L92YuaHEVCfzA71I25CYKbxmD0mKAE+UQATwZRXkwyxwARUiAtXxjOrugrGXo5hFTQKebuYL95fZEs384gy6BSdoRyy0RUqoQqqojoi6Am9oFf0pj1r79qH9jlrXdPmMydoobTvX1Y3pRI=</latexit>Z2
<latexit sha1_base64="Zm5E1GnOLjEeiEYpjxK8D81CeDU=">AAACGnicbVDLSsNAFJ3UV42vqEsRgkUQhJKIVpfFbrpQqNAXpKFMptN26OTBzI20hK78DX/Arf6BO3Hrxh/wO5ymXdjWOwwczrn3nsvxIs4kWNa3lllZXVvfyG7qW9s7u3vG/kFdhrEgtEZCHoqmhyXlLKA1YMBpMxIU+x6nDW9QmuiNRyokC4MqjCLq+rgXsC4jGBTVNo5bQIeQ7nHK1fs7N7kqTd440c/1cdvIWXkrLXMZ2DOQQ7OqtI2fVicksU8DIBxL6dhWBG6CBTDC6VhvxZJGmAxwjzoKBtin0k1S+7F5qpiO2Q2F+gGYKft3IsG+lCPfU50+hr5c1Cbkf5oTQ/fGTVgQxUADMjXqxtyE0JxkYnaYoAT4SAFMBFO3mqSPBSagkptzGU5P1VUw9mIMy6B+kbcL+cLDZa54O4soi47QCTpDNrpGRVRGFVRDBD2hF/SK3rRn7V370D6nrRltNnOI5kr7+gUEQ6Ai</latexit>

+

<latexit sha1_base64="8o+iMBgseP6vl0QTlgnMjpwu3ZQ="></latexit>

XjXj+1 !
(
Xj+1Xj+2 j odd

YjYj+1 j even

<latexit sha1_base64="alZluNiu/FNl6G511JOcflMcvCY="></latexit>

YjYj+1 !
(
XjXj+1 j odd

Yj+1Yj+2 j even

<latexit sha1_base64="Nxye+zjf+ZUjruPJM7Oj5jimIDc="></latexit>

D2 =
⇣
1 + ei⇡Q

M
⌘
T e�i⇡2 QM



Lattice T-duality
Lattice T-duality? What about the winding symmetry?



Lattice T-duality
Lattice T-duality? What about the winding symmetry? 

➤ Acting D on 

    where   

   There is a lattice winding charge* 

➤ Acting D on

⟹

<latexit sha1_base64="uhxUpmFERg60viVK4KrRIUmTPBA="></latexit>

QW =
1

4

L/2X

n=1

(X2n�1Y2n � Y2nX2n+1)

* Known conserved charge of the XX model [Vernier, O’Brien, Fendley ’18; Miao ’21; Popkov, Zhang, Göhmann, Klümper ’23]

<latexit sha1_base64="TKTBXQCLlz1dlAw1/geS88FwZoA="></latexit>

DQW =
1

2
QMD

<latexit sha1_base64="HtyDB/zQmt4Tbng1jX1uRdEDibI=">AAACI3icbVDLTsJAFJ3iC+sLdemmkWhckdYouiTigoUmmPBKoCHTYQoTpo/M3BpI0z/wN/wBt/oH7owbF279DofCQsA7meTknPs4OU7ImQTT/NIyK6tr6xvZTX1re2d3L7d/0JBBJAitk4AHouVgSTnzaR0YcNoKBcWew2nTGZYnevORCskCvwbjkNoe7vvMZQSDorq50w7QEaR72pXa/Z0dX5YnL4n1jodhIN34NtGTbi5vFsy0jGVgzUAezarazf10egGJPOoD4VjKtmWGYMdYACOcJnonkjTEZIj7tK2gjz0q7Tj1kRgniukZbiDU98FI2b8TMfakHHuO6kw9LmoT8j+tHYF7bcfMDyOgPpkeciNuQGBMwjF6TFACfKwAJoIprwYZYIEJqAjnroymVnUVjLUYwzJonBesYqH4cJEv3cwiyqIjdIzOkIWuUAlVUBXVEUFP6AW9ojftWXvXPrTPaWtGm80cornSvn8BBw+kbA==</latexit>

D
<latexit sha1_base64="tNfkv8V9NvRRcfIeSr/Jj9bngUk=">AAACJXicbVDLTsJAFJ36xPpCXbppJCasSGsUXRLZsNAEEl4JVDIdBpgwfWTm1kCa/oK/4Q+41T9wZ0xcufM7nEIXAt7JJCfn3MfJcQLOJJjml7a2vrG5tZ3Z0Xf39g8Os0fHTemHgtAG8bkv2g6WlDOPNoABp+1AUOw6nLaccTnRW49USOZ7dZgG1Hbx0GMDRjAoqpfNd4FOYLanU6nf39nRVTl5caTXHrouhpFwo1asx71sziyYszJWgZWCHEqr2sv+dPs+CV3qAeFYyo5lBmBHWAAjnMZ6N5Q0wGSMh7SjoIddKu1o5iQ2zhXTNwa+UN8DY8b+nYiwK+XUdVRn4lEuawn5n9YJYXBjR8wLQqAemR8ahNwA30jiMfpMUAJ8qgAmgimvBhlhgQmoEBeuTOZWdRWMtRzDKmheFKxioVi7zJVu04gy6BSdoTyy0DUqoQqqogYi6Am9oFf0pj1r79qH9jlvXdPSmRO0UNr3L6uhpUg=</latexit>

QW

<latexit sha1_base64="HtyDB/zQmt4Tbng1jX1uRdEDibI=">AAACI3icbVDLTsJAFJ3iC+sLdemmkWhckdYouiTigoUmmPBKoCHTYQoTpo/M3BpI0z/wN/wBt/oH7owbF279DofCQsA7meTknPs4OU7ImQTT/NIyK6tr6xvZTX1re2d3L7d/0JBBJAitk4AHouVgSTnzaR0YcNoKBcWew2nTGZYnevORCskCvwbjkNoe7vvMZQSDorq50w7QEaR72pXa/Z0dX5YnL4n1jodhIN34NtGTbi5vFsy0jGVgzUAezarazf10egGJPOoD4VjKtmWGYMdYACOcJnonkjTEZIj7tK2gjz0q7Tj1kRgniukZbiDU98FI2b8TMfakHHuO6kw9LmoT8j+tHYF7bcfMDyOgPpkeciNuQGBMwjF6TFACfKwAJoIprwYZYIEJqAjnroymVnUVjLUYwzJonBesYqH4cJEv3cwiyqIjdIzOkIWuUAlVUBXVEUFP6AW9ojftWXvXPrTPaWtGm80cornSvn8BBw+kbA==</latexit>

D
<latexit sha1_base64="ta0iajEDv6rHS4K+t7gafur2ssE=">AAACJXicbVDLTsJAFJ3iC+sLdemmkZiwIq1RdElkw0ISSHglUMl0GGDC9JGZWwNp+gv+hj/gVv/AnTFx5c7vcAosBLyTSU7OuY+T4wScSTDNLy21sbm1vZPe1ff2Dw6PMscnTemHgtAG8bkv2g6WlDOPNoABp+1AUOw6nLaccSnRW49USOZ7dZgG1Hbx0GMDRjAoqpfJdYFOYLanU65X7u3oupS8ONJrD10Xw0i4USXW414ma+bNWRnrwFqALFpUtZf56fZ9ErrUA8KxlB3LDMCOsABGOI31bihpgMkYD2lHQQ+7VNrRzElsXCimbwx8ob4Hxoz9OxFhV8qp66jOxKNc1RLyP60TwuDWjpgXhEA9Mj80CLkBvpHEY/SZoAT4VAFMBFNeDTLCAhNQIS5dmcyt6ioYazWGddC8zFuFfKF2lS3eLSJKozN0jnLIQjeoiMqoihqIoCf0gl7Rm/asvWsf2ue8NaUtZk7RUmnfv5uTpT4=</latexit>

QM

<latexit sha1_base64="6XKYf5SyGbZVVp1srzIBYNEIKcw="></latexit>

DQM = 2QWD



Lattice T-duality
Lattice T-duality? What about the winding symmetry? 

➤ Acting D on 

    where   

   There is a lattice winding charge* 

➤ Acting D on

⟹

<latexit sha1_base64="uhxUpmFERg60viVK4KrRIUmTPBA="></latexit>

QW =
1

4

L/2X

n=1

(X2n�1Y2n � Y2nX2n+1)

* Known conserved charge of the XX model [Vernier, O’Brien, Fendley ’18; Miao ’21; Popkov, Zhang, Göhmann, Klümper ’23]

<latexit sha1_base64="TKTBXQCLlz1dlAw1/geS88FwZoA="></latexit>

DQW =
1

2
QMD

<latexit sha1_base64="HtyDB/zQmt4Tbng1jX1uRdEDibI=">AAACI3icbVDLTsJAFJ3iC+sLdemmkWhckdYouiTigoUmmPBKoCHTYQoTpo/M3BpI0z/wN/wBt/oH7owbF279DofCQsA7meTknPs4OU7ImQTT/NIyK6tr6xvZTX1re2d3L7d/0JBBJAitk4AHouVgSTnzaR0YcNoKBcWew2nTGZYnevORCskCvwbjkNoe7vvMZQSDorq50w7QEaR72pXa/Z0dX5YnL4n1jodhIN34NtGTbi5vFsy0jGVgzUAezarazf10egGJPOoD4VjKtmWGYMdYACOcJnonkjTEZIj7tK2gjz0q7Tj1kRgniukZbiDU98FI2b8TMfakHHuO6kw9LmoT8j+tHYF7bcfMDyOgPpkeciNuQGBMwjF6TFACfKwAJoIprwYZYIEJqAjnroymVnUVjLUYwzJonBesYqH4cJEv3cwiyqIjdIzOkIWuUAlVUBXVEUFP6AW9ojftWXvXPrTPaWtGm80cornSvn8BBw+kbA==</latexit>

D
<latexit sha1_base64="tNfkv8V9NvRRcfIeSr/Jj9bngUk=">AAACJXicbVDLTsJAFJ36xPpCXbppJCasSGsUXRLZsNAEEl4JVDIdBpgwfWTm1kCa/oK/4Q+41T9wZ0xcufM7nEIXAt7JJCfn3MfJcQLOJJjml7a2vrG5tZ3Z0Xf39g8Os0fHTemHgtAG8bkv2g6WlDOPNoABp+1AUOw6nLaccTnRW49USOZ7dZgG1Hbx0GMDRjAoqpfNd4FOYLanU6nf39nRVTl5caTXHrouhpFwo1asx71sziyYszJWgZWCHEqr2sv+dPs+CV3qAeFYyo5lBmBHWAAjnMZ6N5Q0wGSMh7SjoIddKu1o5iQ2zhXTNwa+UN8DY8b+nYiwK+XUdVRn4lEuawn5n9YJYXBjR8wLQqAemR8ahNwA30jiMfpMUAJ8qgAmgimvBhlhgQmoEBeuTOZWdRWMtRzDKmheFKxioVi7zJVu04gy6BSdoTyy0DUqoQqqogYi6Am9oFf0pj1r79qH9jlvXdPSmRO0UNr3L6uhpUg=</latexit>

QW

<latexit sha1_base64="HtyDB/zQmt4Tbng1jX1uRdEDibI=">AAACI3icbVDLTsJAFJ3iC+sLdemmkWhckdYouiTigoUmmPBKoCHTYQoTpo/M3BpI0z/wN/wBt/oH7owbF279DofCQsA7meTknPs4OU7ImQTT/NIyK6tr6xvZTX1re2d3L7d/0JBBJAitk4AHouVgSTnzaR0YcNoKBcWew2nTGZYnevORCskCvwbjkNoe7vvMZQSDorq50w7QEaR72pXa/Z0dX5YnL4n1jodhIN34NtGTbi5vFsy0jGVgzUAezarazf10egGJPOoD4VjKtmWGYMdYACOcJnonkjTEZIj7tK2gjz0q7Tj1kRgniukZbiDU98FI2b8TMfakHHuO6kw9LmoT8j+tHYF7bcfMDyOgPpkeciNuQGBMwjF6TFACfKwAJoIprwYZYIEJqAjnroymVnUVjLUYwzJonBesYqH4cJEv3cwiyqIjdIzOkIWuUAlVUBXVEUFP6AW9ojftWXvXPrTPaWtGm80cornSvn8BBw+kbA==</latexit>

D
<latexit sha1_base64="ta0iajEDv6rHS4K+t7gafur2ssE=">AAACJXicbVDLTsJAFJ3iC+sLdemmkZiwIq1RdElkw0ISSHglUMl0GGDC9JGZWwNp+gv+hj/gVv/AnTFx5c7vcAosBLyTSU7OuY+T4wScSTDNLy21sbm1vZPe1ff2Dw6PMscnTemHgtAG8bkv2g6WlDOPNoABp+1AUOw6nLaccSnRW49USOZ7dZgG1Hbx0GMDRjAoqpfJdYFOYLanU65X7u3oupS8ONJrD10Xw0i4USXW414ma+bNWRnrwFqALFpUtZf56fZ9ErrUA8KxlB3LDMCOsABGOI31bihpgMkYD2lHQQ+7VNrRzElsXCimbwx8ob4Hxoz9OxFhV8qp66jOxKNc1RLyP60TwuDWjpgXhEA9Mj80CLkBvpHEY/SZoAT4VAFMBFNeDTLCAhNQIS5dmcyt6ioYazWGddC8zFuFfKF2lS3eLSJKozN0jnLIQjeoiMqoihqIoCf0gl7Rm/asvWsf2ue8NaUtZk7RUmnfv5uTpT4=</latexit>

QM

<latexit sha1_base64="6XKYf5SyGbZVVp1srzIBYNEIKcw="></latexit>

DQM = 2QWD
The XX model has a lattice T-duality 

➤ Isomorphism between        and 

➤ Conserved lattice      and      charges  

➤ Non-invertible symmetry exchanging      and

<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW
<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM

<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM
<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW

<latexit sha1_base64="cVisasXcNxBppih1U6H1gknExxo=">AAACKHicbVDLSsNAFJ34rPFVdekmWARBKIlodVnppguFCn1BGspkOm2HTh7M3EhLyEf4G/6AW/0Dd9KtC7/DSZuFbb3DwOGc+zgcN+RMgmlOtbX1jc2t7dyOvru3f3CYPzpuyiAShDZIwAPRdrGknPm0AQw4bYeCYs/ltOWOKqneeqZCssCvwySkjocHPuszgkFR3fxlB+gYZnvsav3xwYlvKulLYr3ajTsehqHw4nY7SfSkmy+YRXNWxiqwMlBAWdW6+Z9OLyCRR30gHEtpW2YITowFMMJponciSUNMRnhAbQV97FHpxDMziXGumJ7RD4T6Phgz9u9EjD0pJ56rOlOXcllLyf80O4L+nRMzP4yA+mR+qB9xAwIjTcjoMUEJ8IkCmAimvBpkiAUmoHJcuDKeW9VVMNZyDKugeVW0SsXS03WhfJ9FlEOn6AxdIAvdojKqohpqIIJe0Bt6Rx/aq/apfWnTeeuals2coIXSvn8BVdSmrg==</latexit>

HXX
<latexit sha1_base64="FQ5nAnJrlfTElhjlES4XtVDo0HQ="></latexit>

HXX/ZM
2

<latexit sha1_base64="TKTBXQCLlz1dlAw1/geS88FwZoA="></latexit>

DQW =
1

2
QMD

<latexit sha1_base64="6XKYf5SyGbZVVp1srzIBYNEIKcw="></latexit>

DQM = 2QWD



Onsager algebra
The charges      and       do not commute on the lattice 

<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW
<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM

<latexit sha1_base64="lsGYavtMoB6G1hXa8iv/pDaHoN0="></latexit>⇥
QM, QW

⇤
6= 0

IR limit�������!
⇥
QM,QW⇤

= 0IR limit



Onsager algebra
The charges      and       do not commute on the lattice 

➤ They generate the Onsager algebra. Formed by conserved 
charges           , with              and               , satisfying       

<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW
<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM

<latexit sha1_base64="d7R/+M/B3vEaFL+EGfR9y9UBXus="></latexit>

[Qn, Qm] = iGm�n
<latexit sha1_base64="Q69vnO8u0yyUC/xhceU71f2YtLs="></latexit>

[Gn, Gm] = 0
<latexit sha1_base64="xSajmaV0DbnzDP9p65bmkXVARjY="></latexit>

[Qn, Gm] = 2i (Qn�m �Qn+m)

<latexit sha1_base64="lsGYavtMoB6G1hXa8iv/pDaHoN0="></latexit>⇥
QM, QW

⇤
6= 0

IR limit�������!
⇥
QM,QW⇤

= 0IR limit

[Onsager ’44; Vernier, O’Brien, Fendley ’18; Miao ’21]

<latexit sha1_base64="PlO6nVbAqIbVH/8WHObsHLNtWis=">AAACIXicbVDLSgMxFM3U9/gadekmWAUXUmZEq0ulC7tQaMFqoR2GTJra0ExmSO5Iy9Af8Df8Abf6B+7Enbj3O0wfC6ueEDicc1+cMBFcg+t+WLmZ2bn5hcUle3lldW3d2di80XGqKKvRWMSqHhLNBJesBhwEqyeKkSgU7Dbslob+7T1TmsfyGvoJ8yNyJ3mbUwJGCpzdJrAejOY0ytdXl352XBq+QWZXA3mALwJpDwIn7xbcEfBf4k1IHk1QCZyvZiumacQkUEG0bnhuAn5GFHAq2MBuppolhHbJHWsYKknEtJ+NrhjgPaO0cDtW5kvAI/VnR0YirftRaCojAh392xuK/3mNFNqnfsZlkgKTdLyonQoMMR5Gg1tcMQqibwihiptbMe0QRSiYAKe29Man2iYY73cMf8nNYcErForVo/zZ+SSiRbSNdtA+8tAJOkNlVEE1RNEDekLP6MV6tF6tN+t9XJqzJj1baArW5zcKlKK6</latexit>

Qn, Gn

<latexit sha1_base64="tups7OnE5eswDnaO5HdRHudyGjc="></latexit>

Q0 = QM
<latexit sha1_base64="XCl7vJrnDPwViXnG2vcacMwpy+4="></latexit>

Q1 = 2QW



Onsager algebra
The charges      and       do not commute on the lattice 

➤ They generate the Onsager algebra. Formed by conserved 
charges           , with              and               , satisfying       

<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW
<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM

<latexit sha1_base64="d7R/+M/B3vEaFL+EGfR9y9UBXus="></latexit>

[Qn, Qm] = iGm�n
<latexit sha1_base64="Q69vnO8u0yyUC/xhceU71f2YtLs="></latexit>

[Gn, Gm] = 0
<latexit sha1_base64="xSajmaV0DbnzDP9p65bmkXVARjY="></latexit>

[Qn, Gm] = 2i (Qn�m �Qn+m)

<latexit sha1_base64="lsGYavtMoB6G1hXa8iv/pDaHoN0="></latexit>⇥
QM, QW

⇤
6= 0

IR limit�������!
⇥
QM,QW⇤

= 0IR limit

[Onsager ’44; Vernier, O’Brien, Fendley ’18; Miao ’21]

<latexit sha1_base64="EbRJVtTZizUxS2zsn9CR/CiRoG0="></latexit>

Qn
IR limit�������!

(
2QW n odd

QM n even
IR limit <latexit sha1_base64="JQysjiBFhHWBF1ufeiOVz1GSpBM="></latexit>

Gn
IR limit�������! 0IR limit

<latexit sha1_base64="PlO6nVbAqIbVH/8WHObsHLNtWis=">AAACIXicbVDLSgMxFM3U9/gadekmWAUXUmZEq0ulC7tQaMFqoR2GTJra0ExmSO5Iy9Af8Df8Abf6B+7Enbj3O0wfC6ueEDicc1+cMBFcg+t+WLmZ2bn5hcUle3lldW3d2di80XGqKKvRWMSqHhLNBJesBhwEqyeKkSgU7Dbslob+7T1TmsfyGvoJ8yNyJ3mbUwJGCpzdJrAejOY0ytdXl352XBq+QWZXA3mALwJpDwIn7xbcEfBf4k1IHk1QCZyvZiumacQkUEG0bnhuAn5GFHAq2MBuppolhHbJHWsYKknEtJ+NrhjgPaO0cDtW5kvAI/VnR0YirftRaCojAh392xuK/3mNFNqnfsZlkgKTdLyonQoMMR5Gg1tcMQqibwihiptbMe0QRSiYAKe29Man2iYY73cMf8nNYcErForVo/zZ+SSiRbSNdtA+8tAJOkNlVEE1RNEDekLP6MV6tF6tN+t9XJqzJj1baArW5zcKlKK6</latexit>

Qn, Gn

<latexit sha1_base64="tups7OnE5eswDnaO5HdRHudyGjc="></latexit>

Q0 = QM
<latexit sha1_base64="XCl7vJrnDPwViXnG2vcacMwpy+4="></latexit>

Q1 = 2QW



A rich algebraic structure
The Onsager charges have a rich interplay with other 
conserved operators of the XX model [Jones, Prakash, Fendley ’24] 

➤ Let                    and
<latexit sha1_base64="n7EUOhkIYHb3p6NE/ceOYpJTvlE="></latexit>

Db = ei⇡Q
W

D
<latexit sha1_base64="rc2nbjtV9p9qxEY2VKIG23jh3L8="></latexit>

Da = ei
⇡
2 QM

D



Anomalies
While searching for lattice T-duality, we found symmetries of 
the XX model directly related to those in the IR.  

➤ How do these symmetries match the ’t Hooft anomalies in 
the IR?



Anomalies
While searching for lattice T-duality, we found symmetries of 
the XX model directly related to those in the IR.  

➤ How do these symmetries match the ’t Hooft anomalies in 
the IR? 

Consider the symmetry operators 

➤ Described by the group   

➤ Subgroup of the UV and IR symmetry groups

<latexit sha1_base64="d6RIegY1hT2oV/DG6Bc4D8U2/Gk="></latexit>

C =
LY

j=1

Xj

<latexit sha1_base64="xNpmY+6mzeTSsTj4kfb5WMX9olo="></latexit>

ei⇡Q
M

=
LY

j=1

(�1)jZj
<latexit sha1_base64="COo3OZ1M43IisI7ubc7Z1Ik/SQQ="></latexit>

ei✓Q
W

<latexit sha1_base64="KhwdgkYFrmgAQXw1N1BmYNDygUI="></latexit>

ZM
2 ⇥U(1)W o ZC

2



Anomalies
While searching for lattice T-duality, we found symmetries of 
the XX model directly related to those in the IR.  

➤ How do these symmetries match the ’t Hooft anomalies in 
the IR? 

Consider the symmetry operators 

➤ Described by the group   

➤ Subgroup of the IR symmetry group

<latexit sha1_base64="d6RIegY1hT2oV/DG6Bc4D8U2/Gk="></latexit>

C =
LY

j=1

Xj

<latexit sha1_base64="xNpmY+6mzeTSsTj4kfb5WMX9olo="></latexit>

ei⇡Q
M

=
LY

j=1

(�1)jZj
<latexit sha1_base64="COo3OZ1M43IisI7ubc7Z1Ik/SQQ="></latexit>

ei✓Q
W

<latexit sha1_base64="KhwdgkYFrmgAQXw1N1BmYNDygUI="></latexit>

ZM
2 ⇥U(1)W o ZC

2

<latexit sha1_base64="dTs2/j7WHDbWjnetF7GtXwpPD7o=">AAACAHicbVC7TsMwFHV4lvIKMDCwWBQkpiqpUGGs1IWxSPQh2hA5rtNatZ3IdpCqKAu/wsIAQqx8Bht/g5N2gJYjWTo+517de08QM6q043xbK6tr6xubpa3y9s7u3r59cNhRUSIxaeOIRbIXIEUYFaStqWakF0uCeMBIN5g0c7/7SKSikbjT05h4HI0EDSlG2ki+fTzgSI+DIL3P/NpD8ZE8bWa+XXGqTgG4TNw5qYA5Wr79NRhGOOFEaMyQUn3XibWXIqkpZiQrDxJFYoQnaET6hgrEifLS4oAMnhtlCMNImic0LNTfHSniSk15YCrzDdWil4v/ef1Eh9deSkWcaCLwbFCYMKgjmKcBh1QSrNnUEIQlNbtCPEYSYW0yK5sQ3MWTl0mnVnXr1frtZaVxNo+jBE7AKbgALrgCDXADWqANMMjAM3gFb9aT9WK9Wx+z0hVr3nME/sD6/AEbQJap</latexit>

ZC
2

<latexit sha1_base64="SuAvkH8EjGssbiFgsr2acGFfNi8=">AAACAXicbVDLSgMxFM34rPU16kZwE6xC3ZQZkeqy4MaNUMFpC+1YMmmmDU0yQ5IRylA3/oobF4q49S/c+Tdm2hG09UDg5Jx7ufeeIGZUacf5shYWl5ZXVgtrxfWNza1te2e3oaJEYuLhiEWyFSBFGBXE01Qz0oolQTxgpBkMLzO/eU+kopG41aOY+Bz1BQ0pRtpIXXu/w5EeSJ56ZfdkfPfzux537ZJTcSaA88TNSQnkqHftz04vwgknQmOGlGq7Tqz9FElNMSPjYidRJEZ4iPqkbahAnCg/nVwwhsdG6cEwkuYJDSfq744UcaVGPDCV2YZq1svE/7x2osMLP6UiTjQReDooTBjUEczigD0qCdZsZAjCkppdIR4gibA2oRVNCO7syfOkcVpxq5XqzVmpdpTHUQAH4BCUgQvOQQ1cgTrwAAYP4Am8gFfr0Xq23qz3aemClffsgT+wPr4BXnGWxA==</latexit>

U(1)M

<latexit sha1_base64="oRIb84Ci8VFNklkF/Z+BC9mWFzQ=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AV6qbMiFSXBTcuKzhtoR1LJk3b0CQzJBmhDOPGX3HjQhG3/oU7/8ZMO4K2HgicnHMv994TRIwq7ThfVmFpeWV1rbhe2tjc2t6xd/eaKowlJh4OWSjbAVKEUUE8TTUj7UgSxANGWsH4KvNb90QqGopbPYmIz9FQ0AHFSBupZx90OdIjyROv4p6mdz+/Vtqzy07VmQIuEjcnZZCj0bM/u/0Qx5wIjRlSquM6kfYTJDXFjKSlbqxIhPAYDUnHUIE4UX4yvSCFJ0bpw0EozRMaTtXfHQniSk14YCqzDdW8l4n/eZ1YDy79hIoo1kTg2aBBzKAOYRYH7FNJsGYTQxCW1OwK8QhJhLUJrWRCcOdPXiTNs6pbq9Zuzsv14zyOIjgER6ACXHAB6uAaNIAHMHgAT+AFvFqP1rP1Zr3PSgtW3rMP/sD6+AZto5bO</latexit>

U(1)W

<latexit sha1_base64="CuomfYKmbJVr9j+Aw4GDFXYKYY4="></latexit>

ZC
2 ⇥ ZM

2 ⇥ ZW
2

type III anomaly
<latexit sha1_base64="aNM2vPv/itF6oYrSxairfvqmFfo="></latexit>

ZM
2 ⇥U(1)W

mixed anomaly



Anomalies
While searching for lattice T-duality, we found symmetries of 
the XX model directly related to those in the IR.  

➤ How do these symmetries match the ’t Hooft anomalies in 
the IR? 

Consider the symmetry operators 

➤ Described by the group   

➤ Subgroup of the IR symmetry group

<latexit sha1_base64="d6RIegY1hT2oV/DG6Bc4D8U2/Gk="></latexit>

C =
LY

j=1

Xj

<latexit sha1_base64="xNpmY+6mzeTSsTj4kfb5WMX9olo="></latexit>

ei⇡Q
M

=
LY

j=1

(�1)jZj
<latexit sha1_base64="COo3OZ1M43IisI7ubc7Z1Ik/SQQ="></latexit>

ei✓Q
W

<latexit sha1_base64="KhwdgkYFrmgAQXw1N1BmYNDygUI="></latexit>

ZM
2 ⇥U(1)W o ZC

2

<latexit sha1_base64="dTs2/j7WHDbWjnetF7GtXwpPD7o=">AAACAHicbVC7TsMwFHV4lvIKMDCwWBQkpiqpUGGs1IWxSPQh2hA5rtNatZ3IdpCqKAu/wsIAQqx8Bht/g5N2gJYjWTo+517de08QM6q043xbK6tr6xubpa3y9s7u3r59cNhRUSIxaeOIRbIXIEUYFaStqWakF0uCeMBIN5g0c7/7SKSikbjT05h4HI0EDSlG2ki+fTzgSI+DIL3P/NpD8ZE8bWa+XXGqTgG4TNw5qYA5Wr79NRhGOOFEaMyQUn3XibWXIqkpZiQrDxJFYoQnaET6hgrEifLS4oAMnhtlCMNImic0LNTfHSniSk15YCrzDdWil4v/ef1Eh9deSkWcaCLwbFCYMKgjmKcBh1QSrNnUEIQlNbtCPEYSYW0yK5sQ3MWTl0mnVnXr1frtZaVxNo+jBE7AKbgALrgCDXADWqANMMjAM3gFb9aT9WK9Wx+z0hVr3nME/sD6/AEbQJap</latexit>

ZC
2

<latexit sha1_base64="SuAvkH8EjGssbiFgsr2acGFfNi8=">AAACAXicbVDLSgMxFM34rPU16kZwE6xC3ZQZkeqy4MaNUMFpC+1YMmmmDU0yQ5IRylA3/oobF4q49S/c+Tdm2hG09UDg5Jx7ufeeIGZUacf5shYWl5ZXVgtrxfWNza1te2e3oaJEYuLhiEWyFSBFGBXE01Qz0oolQTxgpBkMLzO/eU+kopG41aOY+Bz1BQ0pRtpIXXu/w5EeSJ56ZfdkfPfzux537ZJTcSaA88TNSQnkqHftz04vwgknQmOGlGq7Tqz9FElNMSPjYidRJEZ4iPqkbahAnCg/nVwwhsdG6cEwkuYJDSfq744UcaVGPDCV2YZq1svE/7x2osMLP6UiTjQReDooTBjUEczigD0qCdZsZAjCkppdIR4gibA2oRVNCO7syfOkcVpxq5XqzVmpdpTHUQAH4BCUgQvOQQ1cgTrwAAYP4Am8gFfr0Xq23qz3aemClffsgT+wPr4BXnGWxA==</latexit>

U(1)M

<latexit sha1_base64="oRIb84Ci8VFNklkF/Z+BC9mWFzQ=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AV6qbMiFSXBTcuKzhtoR1LJk3b0CQzJBmhDOPGX3HjQhG3/oU7/8ZMO4K2HgicnHMv994TRIwq7ThfVmFpeWV1rbhe2tjc2t6xd/eaKowlJh4OWSjbAVKEUUE8TTUj7UgSxANGWsH4KvNb90QqGopbPYmIz9FQ0AHFSBupZx90OdIjyROv4p6mdz+/Vtqzy07VmQIuEjcnZZCj0bM/u/0Qx5wIjRlSquM6kfYTJDXFjKSlbqxIhPAYDUnHUIE4UX4yvSCFJ0bpw0EozRMaTtXfHQniSk14YCqzDdW8l4n/eZ1YDy79hIoo1kTg2aBBzKAOYRYH7FNJsGYTQxCW1OwK8QhJhLUJrWRCcOdPXiTNs6pbq9Zuzsv14zyOIjgER6ACXHAB6uAaNIAHMHgAT+AFvFqP1rP1Zr3PSgtW3rMP/sD6+AZto5bO</latexit>

U(1)W

<latexit sha1_base64="CuomfYKmbJVr9j+Aw4GDFXYKYY4="></latexit>

ZC
2 ⇥ ZM

2 ⇥ ZW
2

type III anomaly
<latexit sha1_base64="aNM2vPv/itF6oYrSxairfvqmFfo="></latexit>

ZM
2 ⇥U(1)W

mixed anomalyProjective 
algebras



Anomalies
While searching for lattice T-duality, we found symmetries of 
the XX model directly related to those in the IR.  

➤ How do these symmetries match the ’t Hooft anomalies in 
the IR? 

Consider the symmetry operators 

➤ Described by the group   

➤ Subgroup of the IR symmetry group

<latexit sha1_base64="d6RIegY1hT2oV/DG6Bc4D8U2/Gk="></latexit>

C =
LY

j=1

Xj

<latexit sha1_base64="xNpmY+6mzeTSsTj4kfb5WMX9olo="></latexit>

ei⇡Q
M

=
LY

j=1

(�1)jZj
<latexit sha1_base64="COo3OZ1M43IisI7ubc7Z1Ik/SQQ="></latexit>

ei✓Q
W

<latexit sha1_base64="KhwdgkYFrmgAQXw1N1BmYNDygUI="></latexit>

ZM
2 ⇥U(1)W o ZC

2

<latexit sha1_base64="dTs2/j7WHDbWjnetF7GtXwpPD7o=">AAACAHicbVC7TsMwFHV4lvIKMDCwWBQkpiqpUGGs1IWxSPQh2hA5rtNatZ3IdpCqKAu/wsIAQqx8Bht/g5N2gJYjWTo+517de08QM6q043xbK6tr6xubpa3y9s7u3r59cNhRUSIxaeOIRbIXIEUYFaStqWakF0uCeMBIN5g0c7/7SKSikbjT05h4HI0EDSlG2ki+fTzgSI+DIL3P/NpD8ZE8bWa+XXGqTgG4TNw5qYA5Wr79NRhGOOFEaMyQUn3XibWXIqkpZiQrDxJFYoQnaET6hgrEifLS4oAMnhtlCMNImic0LNTfHSniSk15YCrzDdWil4v/ef1Eh9deSkWcaCLwbFCYMKgjmKcBh1QSrNnUEIQlNbtCPEYSYW0yK5sQ3MWTl0mnVnXr1frtZaVxNo+jBE7AKbgALrgCDXADWqANMMjAM3gFb9aT9WK9Wx+z0hVr3nME/sD6/AEbQJap</latexit>

ZC
2

<latexit sha1_base64="SuAvkH8EjGssbiFgsr2acGFfNi8=">AAACAXicbVDLSgMxFM34rPU16kZwE6xC3ZQZkeqy4MaNUMFpC+1YMmmmDU0yQ5IRylA3/oobF4q49S/c+Tdm2hG09UDg5Jx7ufeeIGZUacf5shYWl5ZXVgtrxfWNza1te2e3oaJEYuLhiEWyFSBFGBXE01Qz0oolQTxgpBkMLzO/eU+kopG41aOY+Bz1BQ0pRtpIXXu/w5EeSJ56ZfdkfPfzux537ZJTcSaA88TNSQnkqHftz04vwgknQmOGlGq7Tqz9FElNMSPjYidRJEZ4iPqkbahAnCg/nVwwhsdG6cEwkuYJDSfq744UcaVGPDCV2YZq1svE/7x2osMLP6UiTjQReDooTBjUEczigD0qCdZsZAjCkppdIR4gibA2oRVNCO7syfOkcVpxq5XqzVmpdpTHUQAH4BCUgQvOQQ1cgTrwAAYP4Am8gFfr0Xq23qz3aemClffsgT+wPr4BXnGWxA==</latexit>

U(1)M

<latexit sha1_base64="oRIb84Ci8VFNklkF/Z+BC9mWFzQ=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AV6qbMiFSXBTcuKzhtoR1LJk3b0CQzJBmhDOPGX3HjQhG3/oU7/8ZMO4K2HgicnHMv994TRIwq7ThfVmFpeWV1rbhe2tjc2t6xd/eaKowlJh4OWSjbAVKEUUE8TTUj7UgSxANGWsH4KvNb90QqGopbPYmIz9FQ0AHFSBupZx90OdIjyROv4p6mdz+/Vtqzy07VmQIuEjcnZZCj0bM/u/0Qx5wIjRlSquM6kfYTJDXFjKSlbqxIhPAYDUnHUIE4UX4yvSCFJ0bpw0EozRMaTtXfHQniSk14YCqzDdW8l4n/eZ1YDy79hIoo1kTg2aBBzKAOYRYH7FNJsGYTQxCW1OwK8QhJhLUJrWRCcOdPXiTNs6pbq9Zuzsv14zyOIjgER6ACXHAB6uAaNIAHMHgAT+AFvFqP1rP1Zr3PSgtW3rMP/sD6+AZto5bO</latexit>

U(1)W

<latexit sha1_base64="CuomfYKmbJVr9j+Aw4GDFXYKYY4="></latexit>

ZC
2 ⇥ ZM

2 ⇥ ZW
2

type III anomaly
<latexit sha1_base64="aNM2vPv/itF6oYrSxairfvqmFfo="></latexit>

ZM
2 ⇥U(1)W

mixed anomalyProjective 
algebras

Spectral 
flow



Perturbative anomalies in the IR
The mixed anomaly of                        in the compact 
boson CFT is a perturbative/local/torsion-free anomaly  

➤ Cannot be matched by gapped phases  enforces 
gaplessness [  ; Córdova, Freed, Teleman ’24]

⟹
⋯

<latexit sha1_base64="h6HayYmJkL8N0KbcgcAj1PXkRY8="></latexit>

U(1)M ⇥U(1)W



Perturbative anomalies in the IR
The mixed anomaly of                        in the compact 
boson CFT is a perturbative/local/torsion-free anomaly  

➤ Cannot be matched by gapped phases  enforces 
gaplessness [  ; Córdova, Freed, Teleman ‘24] 

Do the lattice momentum and winding symmetries enforce 
gaplessness? 

➤ Does the Onsager algebra match the perturbative 
anomaly?

⟹
⋯

<latexit sha1_base64="h6HayYmJkL8N0KbcgcAj1PXkRY8="></latexit>

U(1)M ⇥U(1)W



Perturbative anomalies in the IR
The mixed anomaly of                        in the compact 
boson CFT is a perturbative/local/torsion-free anomaly  

➤ Cannot be matched by gapped phases  enforces 
gaplessness [  ; Córdova, Freed, Teleman ‘24] 

Do the lattice momentum and winding symmetries enforce 
gaplessness? 

➤ Does the Onsager algebra match the perturbative 
anomaly? 

Answer: Yes! Can show by fermionizing the XX model

⟹
⋯

<latexit sha1_base64="h6HayYmJkL8N0KbcgcAj1PXkRY8="></latexit>

U(1)M ⇥U(1)W



Fermionizing the XX model
We fermionize the XX model by gauging the      symmetry 
using complex fermion operators    and  

➤ In terms of real fermions 

<latexit sha1_base64="ajJagKdhlxRUG6WpA+j728/zqQE="></latexit>

ZM
2

<latexit sha1_base64="kXZnkrtHL/nQOE7t6EDadynD/Kw="></latexit>

{aj , bj0} = 0
<latexit sha1_base64="NhXNM5CDzgBhag+nBGhdJhhNGpg="></latexit>

{aj , aj0} = 2�j,j0
<latexit sha1_base64="Al7HaiVesCse3IWLazCCa9mcfoo="></latexit>

{bj , bj0} = 2�j,j0

<latexit sha1_base64="n56Q3ZmP4HrS5hIrdmxPEy7CDP4=">AAACG3icbVDLTsJAFJ3iC/GFunRhIzFxRVqj6BLDhoUmmPBKSkOmwxRGpo/M3BpI06Wf4Re41S9wZ9y68AP8DwfoQsAzmeTknPvKcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHTRlEgtAGCXgg2g6WlDOfNoABp+1QUOw5nLacYWXitx6pkCzw6zAOqe3hvs9cRjAoqZs/7gAdwXSOVa3f3drxZWXykjhHug+5pJsvGEVjCn2ZmCkpoBS1bv6n0wtI5FEfCMdSWqYRgh1jAYxwmuQ6kaQhJkPcp5aiPvaotOPpAYl+qpSe7gZCfR/0qfq3I8aelGPPUZUehoFc9Cbif54VgXttx8wPI6A+mS1yI65DoE9S0XtMUAJ8rAgmgqlbdTLAAhNQ2c1tGc1OVbmYiyksk+Z50SwVS/cXhfJNmlAWHaETdIZMdIXKqIpqqIEIekIv6BW9ac/au/ahfc5KM1rac4jmoH39AmfyoSY=</latexit>cj
<latexit sha1_base64="J53pHbJTvW7dswGZL4ywtBSPhkM=">AAACI3icbVC7TgJBFJ31ifhCLW02EqMV2TWKlhgaCk0w4ZXASmaHC4zMPjJz10A2fIKf4RfY6hfYGRsLS//D4VEIeCaTnJxzXzluKLhCy/oylpZXVtfWExvJza3tnd3U3n5FBZFkUGaBCGTNpQoE96GMHAXUQgnUcwVU3V5+5FcfQSoe+CUchOB4tOPzNmcUtdRMnTQQ+jieUy+Ubm+c+CI/esM4yZoP940W7XRAJofNVNrKWGOYi8SekjSZothM/TRaAYs88JEJqlTdtkJ0YiqRMwHDZCNSEFLWox2oa+pTD5QTjw8ZmsdaaZntQOrvozlW/3bE1FNq4Lm60qPYVfPeSPzPq0fYvnJi7ocRgs8mi9qRMDEwR+mYLS6BoRhoQpnk+laTdamkDHWGM1v6k1N1LvZ8Coukcpaxs5ns3Xk6dz1NKEEOyRE5JTa5JDlSIEVSJow8kRfySt6MZ+Pd+DA+J6VLxrTngMzA+P4F9CKkmg==</latexit>

c†j

<latexit sha1_base64="zGcjby6y+0pABmIaP6MP4J27jYw="></latexit>

cj = (aj + ibj)/2

[ ; Radičević ’18; Borla, Verresen, Shah, Moroz ’20; Seiberg, Shao ’23; Aksoy, Mudry, Furusaki, Tiwari ’23; Seifnashri ’23]⋯



Fermionizing the XX model
We fermionize the XX model by gauging the      symmetry 
using complex fermion operators    and  

➤ In terms of real fermions  

Gauging implemented using the Gauss law 

➤ Map to gauged theory summarized by

<latexit sha1_base64="ajJagKdhlxRUG6WpA+j728/zqQE="></latexit>

ZM
2

<latexit sha1_base64="kXZnkrtHL/nQOE7t6EDadynD/Kw="></latexit>

{aj , bj0} = 0
<latexit sha1_base64="NhXNM5CDzgBhag+nBGhdJhhNGpg="></latexit>

{aj , aj0} = 2�j,j0
<latexit sha1_base64="Al7HaiVesCse3IWLazCCa9mcfoo="></latexit>

{bj , bj0} = 2�j,j0

<latexit sha1_base64="n56Q3ZmP4HrS5hIrdmxPEy7CDP4=">AAACG3icbVDLTsJAFJ3iC/GFunRhIzFxRVqj6BLDhoUmmPBKSkOmwxRGpo/M3BpI06Wf4Re41S9wZ9y68AP8DwfoQsAzmeTknPvKcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHTRlEgtAGCXgg2g6WlDOfNoABp+1QUOw5nLacYWXitx6pkCzw6zAOqe3hvs9cRjAoqZs/7gAdwXSOVa3f3drxZWXykjhHug+5pJsvGEVjCn2ZmCkpoBS1bv6n0wtI5FEfCMdSWqYRgh1jAYxwmuQ6kaQhJkPcp5aiPvaotOPpAYl+qpSe7gZCfR/0qfq3I8aelGPPUZUehoFc9Cbif54VgXttx8wPI6A+mS1yI65DoE9S0XtMUAJ8rAgmgqlbdTLAAhNQ2c1tGc1OVbmYiyksk+Z50SwVS/cXhfJNmlAWHaETdIZMdIXKqIpqqIEIekIv6BW9ac/au/ahfc5KM1rac4jmoH39AmfyoSY=</latexit>cj
<latexit sha1_base64="J53pHbJTvW7dswGZL4ywtBSPhkM=">AAACI3icbVC7TgJBFJ31ifhCLW02EqMV2TWKlhgaCk0w4ZXASmaHC4zMPjJz10A2fIKf4RfY6hfYGRsLS//D4VEIeCaTnJxzXzluKLhCy/oylpZXVtfWExvJza3tnd3U3n5FBZFkUGaBCGTNpQoE96GMHAXUQgnUcwVU3V5+5FcfQSoe+CUchOB4tOPzNmcUtdRMnTQQ+jieUy+Ubm+c+CI/esM4yZoP940W7XRAJofNVNrKWGOYi8SekjSZothM/TRaAYs88JEJqlTdtkJ0YiqRMwHDZCNSEFLWox2oa+pTD5QTjw8ZmsdaaZntQOrvozlW/3bE1FNq4Lm60qPYVfPeSPzPq0fYvnJi7ocRgs8mi9qRMDEwR+mYLS6BoRhoQpnk+laTdamkDHWGM1v6k1N1LvZ8Coukcpaxs5ns3Xk6dz1NKEEOyRE5JTa5JDlSIEVSJow8kRfySt6MZ+Pd+DA+J6VLxrTngMzA+P4F9CKkmg==</latexit>

c†j

<latexit sha1_base64="pj/5NuxNTb4pKPrKT6HL7gKAbg8="></latexit>

Gj = (�1)jZj iajbj = 1

<latexit sha1_base64="UxQsFuA16UskWxA64wQNmIlX+ak="></latexit>

Zj ! iajbj

<latexit sha1_base64="puRYKWkUW6vSF9cwaLRl2x7aH18="></latexit>

XjXj+1 !
(
�iajaj+1 j odd

�ibjbj+1 j even

[ ; Radičević ’18; Borla, Verresen, Shah, Moroz ’20; Seiberg, Shao ’23; Aksoy, Mudry, Furusaki, Tiwari ’23; Seifnashri ’23]⋯
<latexit sha1_base64="zGcjby6y+0pABmIaP6MP4J27jYw="></latexit>

cj = (aj + ibj)/2



Fermionizing the XX model
We fermionize the XX model by gauging the      symmetry 
using complex fermion operators    and  

➤ In terms of real fermions  

Gauging implemented using the Gauss law 

➤ Map to gauged theory summarized by

<latexit sha1_base64="ajJagKdhlxRUG6WpA+j728/zqQE="></latexit>

ZM
2

<latexit sha1_base64="kXZnkrtHL/nQOE7t6EDadynD/Kw="></latexit>

{aj , bj0} = 0
<latexit sha1_base64="NhXNM5CDzgBhag+nBGhdJhhNGpg="></latexit>

{aj , aj0} = 2�j,j0
<latexit sha1_base64="Al7HaiVesCse3IWLazCCa9mcfoo="></latexit>

{bj , bj0} = 2�j,j0

<latexit sha1_base64="n56Q3ZmP4HrS5hIrdmxPEy7CDP4=">AAACG3icbVDLTsJAFJ3iC/GFunRhIzFxRVqj6BLDhoUmmPBKSkOmwxRGpo/M3BpI06Wf4Re41S9wZ9y68AP8DwfoQsAzmeTknPvKcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHTRlEgtAGCXgg2g6WlDOfNoABp+1QUOw5nLacYWXitx6pkCzw6zAOqe3hvs9cRjAoqZs/7gAdwXSOVa3f3drxZWXykjhHug+5pJsvGEVjCn2ZmCkpoBS1bv6n0wtI5FEfCMdSWqYRgh1jAYxwmuQ6kaQhJkPcp5aiPvaotOPpAYl+qpSe7gZCfR/0qfq3I8aelGPPUZUehoFc9Cbif54VgXttx8wPI6A+mS1yI65DoE9S0XtMUAJ8rAgmgqlbdTLAAhNQ2c1tGc1OVbmYiyksk+Z50SwVS/cXhfJNmlAWHaETdIZMdIXKqIpqqIEIekIv6BW9ac/au/ahfc5KM1rac4jmoH39AmfyoSY=</latexit>cj
<latexit sha1_base64="J53pHbJTvW7dswGZL4ywtBSPhkM=">AAACI3icbVC7TgJBFJ31ifhCLW02EqMV2TWKlhgaCk0w4ZXASmaHC4zMPjJz10A2fIKf4RfY6hfYGRsLS//D4VEIeCaTnJxzXzluKLhCy/oylpZXVtfWExvJza3tnd3U3n5FBZFkUGaBCGTNpQoE96GMHAXUQgnUcwVU3V5+5FcfQSoe+CUchOB4tOPzNmcUtdRMnTQQ+jieUy+Ubm+c+CI/esM4yZoP940W7XRAJofNVNrKWGOYi8SekjSZothM/TRaAYs88JEJqlTdtkJ0YiqRMwHDZCNSEFLWox2oa+pTD5QTjw8ZmsdaaZntQOrvozlW/3bE1FNq4Lm60qPYVfPeSPzPq0fYvnJi7ocRgs8mi9qRMDEwR+mYLS6BoRhoQpnk+laTdamkDHWGM1v6k1N1LvZ8Coukcpaxs5ns3Xk6dz1NKEEOyRE5JTa5JDlSIEVSJow8kRfySt6MZ+Pd+DA+J6VLxrTngMzA+P4F9CKkmg==</latexit>

c†j

<latexit sha1_base64="pj/5NuxNTb4pKPrKT6HL7gKAbg8="></latexit>

Gj = (�1)jZj iajbj = 1

<latexit sha1_base64="UxQsFuA16UskWxA64wQNmIlX+ak="></latexit>

Zj ! iajbj

<latexit sha1_base64="puRYKWkUW6vSF9cwaLRl2x7aH18="></latexit>

XjXj+1 !
(
�iajaj+1 j odd

�ibjbj+1 j even

[ ; Radičević ’18; Borla, Verresen, Shah, Moroz ’20; Seiberg, Shao ’23; Aksoy, Mudry, Furusaki, Tiwari ’23; Seifnashri ’23]⋯
<latexit sha1_base64="zGcjby6y+0pABmIaP6MP4J27jYw="></latexit>

cj = (aj + ibj)/2

<latexit sha1_base64="judOYu0VPVvGbtnS7yWUCcLlgs4="></latexit>

HXX
Fermionize��������! �i

LX

j=1

(ajaj+1 + bjbj+1)

<latexit sha1_base64="XNtfImSctXXdwzx36SRUW216x+I="></latexit>

QM Fermionize��������! 1

2

LX

j=1

iajbj ⌘ QV

<latexit sha1_base64="qMnVh4WEGUmeMjppIcnJaSlS47Q="></latexit>

2QW Fermionize��������! 1

2

LX

j=1

iajbj+1 ⌘ QA



Symmetric     and     Hamiltonians
We assume the Hamiltonian is local: 

<latexit sha1_base64="AnXYng9EHp+d3nYf4vto06A+QfA=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFEzjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718EgqZC</latexit>

QV
<latexit sha1_base64="KByP07jzaGyOD23/QJSjXqGw1Ac=">AAACJnicbVDLTsJAFJ3iC/FVdemmkZgYF6Q1ii4hbFhoAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6O7Ozu7d/oB8eNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RqVEbz5SIZnv1WASUNvFA4/1GcGgqK5+0QE6humedrl2f2dH16XkxVGm+hB1XAxD4UbFOM7EXT1r5sxpGavAmoMsmlelq/90ej4JXeoB4VjKtmUGYEdYACOcxplOKGmAyQgPaFtBD7tU2tHUS2ycKaZn9H2hvgfGlP07EWFXyonrqM7EpFzWEvI/rR1C/9aOmBeEQD0yO9QPuQG+kQRk9JigBPhEAUwEU14NMsQCE1AxLlwZz6yqXKzlFFZB4zJn5XP56lW2UJwnlEYn6BSdIwvdoAIqowqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C4rymLQ==</latexit>

QA

<latexit sha1_base64="P4ounPefQIBCHDH80Umawvpy6Oc="></latexit>

Hf =
X

n

LX

j=1

gj,nH
(n)
j



Symmetric     and     Hamiltonians
We assume the Hamiltonian is local: 

1.                                                   invariance requires                     
a.    to not have terms mixing     and    and

<latexit sha1_base64="OxfrX6VjeMvN8Z0mB9aCGuP03pM="></latexit>

e�i⇡2 QA

ei
⇡
2 QV

: (aj , bj) ! (aj�1, bj+1)

<latexit sha1_base64="AnXYng9EHp+d3nYf4vto06A+QfA=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFEzjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718EgqZC</latexit>

QV
<latexit sha1_base64="KByP07jzaGyOD23/QJSjXqGw1Ac=">AAACJnicbVDLTsJAFJ3iC/FVdemmkZgYF6Q1ii4hbFhoAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6O7Ozu7d/oB8eNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RqVEbz5SIZnv1WASUNvFA4/1GcGgqK5+0QE6humedrl2f2dH16XkxVGm+hB1XAxD4UbFOM7EXT1r5sxpGavAmoMsmlelq/90ej4JXeoB4VjKtmUGYEdYACOcxplOKGmAyQgPaFtBD7tU2tHUS2ycKaZn9H2hvgfGlP07EWFXyonrqM7EpFzWEvI/rR1C/9aOmBeEQD0yO9QPuQG+kQRk9JigBPhEAUwEU14NMsQCE1AxLlwZz6yqXKzlFFZB4zJn5XP56lW2UJwnlEYn6BSdIwvdoAIqowqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C4rymLQ==</latexit>

QA

<latexit sha1_base64="LCrTY0zcWfDEYxq1YZkXoFmQYRA=">AAACG3icbVDLTsJAFJ3iC/GFunRhIzFxRVqj6BLDhoUmmPBKSkOmwxRGpo/M3BpI06Wf4Re41S9wZ9y68AP8DwfoQsAzmeTknPvKcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHTRlEgtAGCXgg2g6WlDOfNoABp+1QUOw5nLacYWXitx6pkCzw6zAOqe3hvs9cRjAoqZs/7gAdwXSOVa3f3drxZWXykjiHuw+5pJsvGEVjCn2ZmCkpoBS1bv6n0wtI5FEfCMdSWqYRgh1jAYxwmuQ6kaQhJkPcp5aiPvaotOPpAYl+qpSe7gZCfR/0qfq3I8aelGPPUZUehoFc9Cbif54VgXttx8wPI6A+mS1yI65DoE9S0XtMUAJ8rAgmgqlbdTLAAhNQ2c1tGc1OVbmYiyksk+Z50SwVS/cXhfJNmlAWHaETdIZMdIXKqIpqqIEIekIv6BW9ac/au/ahfc5KM1rac4jmoH39AmS8oSQ=</latexit>aj
<latexit sha1_base64="1L8Z6TxZk4i1hoJJoaCT4XdlLnQ=">AAACG3icbVDLTsJAFJ3iC/FVdenCRmLiirRG0SWGDQtNMOGVQNNMhwFGpo/M3BpIw9LP8Avc6he4M25d+AH+h9PCQsAzmeTknPvKcUPOJJjmt5ZZWV1b38hu5ra2d3b39P2DhgwiQWidBDwQLRdLyplP68CA01YoKPZcTpvusJz4zUcqJAv8GoxDanu477MeIxiU5OjHHaAjSOe0K7W7Wzu+LCdvEudc5yE3cfS8WTBTGMvEmpE8mqHq6D+dbkAij/pAOJaybZkh2DEWwAink1wnkjTEZIj7tK2ojz0q7Tg9YGKcKqVr9AKhvg9Gqv7tiLEn5dhzVaWHYSAXvUT8z2tH0Lu2Y+aHEVCfTBf1Im5AYCSpGF0mKAE+VgQTwdStBhlggQmo7Oa2jKanqlysxRSWSeO8YBULxfuLfOlmllAWHaETdIYsdIVKqIKqqI4IekIv6BW9ac/au/ahfU5LM9qs5xDNQfv6BWZXoSU=</latexit>

bj
<latexit sha1_base64="Qqgufq77W+EpZ0M50cd/XrhRwtQ=">AAACInicbVDLTgIxFO34RHyhLt00Eg1uyIxRdIlhw0ITTABJYCSdUrTS6UzaOwYymT/wM/wCt/oF7owrE7f+h+WxUPA0TU7Oua8cLxRcg21/WnPzC4tLy6mV9Ora+sZmZmu7roNIUVajgQhUwyOaCS5ZDTgI1ggVI74n2LXXKw396wemNA9kFQYhc31yK3mXUwJGamcOWsD6MJrTLFcvL9z4pDR8SZwut+9v4pw8THA6aWeydt4eAc8SZ0KyaIJKO/Pd6gQ08pkEKojWTccOwY2JAk4FS9KtSLOQ0B65ZU1DJfGZduPRHQneN0oHdwNlvgQ8Un93xMTXeuB7ptIncKenvaH4n9eMoHvmxlyGETBJx4u6kcAQ4GE4uMMVoyAGhhCquLkV0zuiCAUT4Z8t/fGpJhdnOoVZUj/KO4V84eo4WzyfJJRCu2gP5ZCDTlERlVEF1RBFj+gZvaBX68l6s96tj3HpnDXp2UF/YH39ABdCo4Y=</latexit>

H
(n)
j

<latexit sha1_base64="dndFZ1hJY3AtQQHQHdfZRLtfo5A=">AAACJXicbVDLSgMxFM3Ud31VXboJFkFByoz42ggVNy4UFKwttMOQSdM2NpMZkjvSMsw3+Bl+gVv9AnciuHLlf5hOu9DWEwKHc+6L40eCa7DtTys3NT0zOze/kF9cWl5ZLayt3+kwVpRVaChCVfOJZoJLVgEOgtUixUjgC1b1u+cDv/rAlOahvIV+xNyAtCVvcUrASF5htwGsB9mc+sXt1aWbHJ4PXprk215yvydTfIrbnsynXqFol+wMeJI4I1JEI1x7he9GM6RxwCRQQbSuO3YEbkIUcCpYmm/EmkWEdkmb1Q2VJGDaTbJTUrxtlCZuhcp8CThTf3ckJNC6H/imMiDQ0ePeQPzPq8fQOnETLqMYmKTDRa1YYAjxIB/c5IpREH1DCFXc3IpphyhCwaT4Z0tveKrJxRlPYZLc7Zeco9LRzUGxfDZKaB5toi20gxx0jMroAl2jCqLoET2jF/RqPVlv1rv1MSzNWaOeDfQH1tcPj8mk0Q==</latexit>gj,n = gn

<latexit sha1_base64="P4ounPefQIBCHDH80Umawvpy6Oc="></latexit>

Hf =
X

n

LX

j=1

gj,nH
(n)
j



Symmetric     and     Hamiltonians
We assume the Hamiltonian is local: 

1.                                                   invariance requires                     
a.    to not have terms mixing     and    and 

2. Under the        transformation 

 Only allowed       are⟹

<latexit sha1_base64="OxfrX6VjeMvN8Z0mB9aCGuP03pM="></latexit>

e�i⇡2 QA

ei
⇡
2 QV

: (aj , bj) ! (aj�1, bj+1)

<latexit sha1_base64="AnXYng9EHp+d3nYf4vto06A+QfA=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFEzjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718EgqZC</latexit>

QV
<latexit sha1_base64="KByP07jzaGyOD23/QJSjXqGw1Ac=">AAACJnicbVDLTsJAFJ3iC/FVdemmkZgYF6Q1ii4hbFhoAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6O7Ozu7d/oB8eNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RqVEbz5SIZnv1WASUNvFA4/1GcGgqK5+0QE6humedrl2f2dH16XkxVGm+hB1XAxD4UbFOM7EXT1r5sxpGavAmoMsmlelq/90ej4JXeoB4VjKtmUGYEdYACOcxplOKGmAyQgPaFtBD7tU2tHUS2ycKaZn9H2hvgfGlP07EWFXyonrqM7EpFzWEvI/rR1C/9aOmBeEQD0yO9QPuQG+kQRk9JigBPhEAUwEU14NMsQCE1AxLlwZz6yqXKzlFFZB4zJn5XP56lW2UJwnlEYn6BSdIwvdoAIqowqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C4rymLQ==</latexit>

QA

<latexit sha1_base64="LCrTY0zcWfDEYxq1YZkXoFmQYRA=">AAACG3icbVDLTsJAFJ3iC/GFunRhIzFxRVqj6BLDhoUmmPBKSkOmwxRGpo/M3BpI06Wf4Re41S9wZ9y68AP8DwfoQsAzmeTknPvKcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHTRlEgtAGCXgg2g6WlDOfNoABp+1QUOw5nLacYWXitx6pkCzw6zAOqe3hvs9cRjAoqZs/7gAdwXSOVa3f3drxZWXykjiHuw+5pJsvGEVjCn2ZmCkpoBS1bv6n0wtI5FEfCMdSWqYRgh1jAYxwmuQ6kaQhJkPcp5aiPvaotOPpAYl+qpSe7gZCfR/0qfq3I8aelGPPUZUehoFc9Cbif54VgXttx8wPI6A+mS1yI65DoE9S0XtMUAJ8rAgmgqlbdTLAAhNQ2c1tGc1OVbmYiyksk+Z50SwVS/cXhfJNmlAWHaETdIZMdIXKqIpqqIEIekIv6BW9ac/au/ahfc5KM1rac4jmoH39AmS8oSQ=</latexit>aj
<latexit sha1_base64="1L8Z6TxZk4i1hoJJoaCT4XdlLnQ=">AAACG3icbVDLTsJAFJ3iC/FVdenCRmLiirRG0SWGDQtNMOGVQNNMhwFGpo/M3BpIw9LP8Avc6he4M25d+AH+h9PCQsAzmeTknPvKcUPOJJjmt5ZZWV1b38hu5ra2d3b39P2DhgwiQWidBDwQLRdLyplP68CA01YoKPZcTpvusJz4zUcqJAv8GoxDanu477MeIxiU5OjHHaAjSOe0K7W7Wzu+LCdvEudc5yE3cfS8WTBTGMvEmpE8mqHq6D+dbkAij/pAOJaybZkh2DEWwAink1wnkjTEZIj7tK2ojz0q7Tg9YGKcKqVr9AKhvg9Gqv7tiLEn5dhzVaWHYSAXvUT8z2tH0Lu2Y+aHEVCfTBf1Im5AYCSpGF0mKAE+VgQTwdStBhlggQmo7Oa2jKanqlysxRSWSeO8YBULxfuLfOlmllAWHaETdIYsdIVKqIKqqI4IekIv6BW9ac/au/ahfU5LM9qs5xDNQfv6BWZXoSU=</latexit>

bj
<latexit sha1_base64="8yQPON+M3GEQIl3irpkh5EpJCsY="></latexit>

ei�Q
V

<latexit sha1_base64="Qqgufq77W+EpZ0M50cd/XrhRwtQ=">AAACInicbVDLTgIxFO34RHyhLt00Eg1uyIxRdIlhw0ITTABJYCSdUrTS6UzaOwYymT/wM/wCt/oF7owrE7f+h+WxUPA0TU7Oua8cLxRcg21/WnPzC4tLy6mV9Ora+sZmZmu7roNIUVajgQhUwyOaCS5ZDTgI1ggVI74n2LXXKw396wemNA9kFQYhc31yK3mXUwJGamcOWsD6MJrTLFcvL9z4pDR8SZwut+9v4pw8THA6aWeydt4eAc8SZ0KyaIJKO/Pd6gQ08pkEKojWTccOwY2JAk4FS9KtSLOQ0B65ZU1DJfGZduPRHQneN0oHdwNlvgQ8Un93xMTXeuB7ptIncKenvaH4n9eMoHvmxlyGETBJx4u6kcAQ4GE4uMMVoyAGhhCquLkV0zuiCAUT4Z8t/fGpJhdnOoVZUj/KO4V84eo4WzyfJJRCu2gP5ZCDTlERlVEF1RBFj+gZvaBX68l6s96tj3HpnDXp2UF/YH39ABdCo4Y=</latexit>

H
(n)
j

<latexit sha1_base64="dndFZ1hJY3AtQQHQHdfZRLtfo5A=">AAACJXicbVDLSgMxFM3Ud31VXboJFkFByoz42ggVNy4UFKwttMOQSdM2NpMZkjvSMsw3+Bl+gVv9AnciuHLlf5hOu9DWEwKHc+6L40eCa7DtTys3NT0zOze/kF9cWl5ZLayt3+kwVpRVaChCVfOJZoJLVgEOgtUixUjgC1b1u+cDv/rAlOahvIV+xNyAtCVvcUrASF5htwGsB9mc+sXt1aWbHJ4PXprk215yvydTfIrbnsynXqFol+wMeJI4I1JEI1x7he9GM6RxwCRQQbSuO3YEbkIUcCpYmm/EmkWEdkmb1Q2VJGDaTbJTUrxtlCZuhcp8CThTf3ckJNC6H/imMiDQ0ePeQPzPq8fQOnETLqMYmKTDRa1YYAjxIB/c5IpREH1DCFXc3IpphyhCwaT4Z0tveKrJxRlPYZLc7Zeco9LRzUGxfDZKaB5toi20gxx0jMroAl2jCqLoET2jF/RqPVlv1rv1MSzNWaOeDfQH1tcPj8mk0Q==</latexit>gj,n = gn

<latexit sha1_base64="P4ounPefQIBCHDH80Umawvpy6Oc="></latexit>

Hf =
X

n

LX

j=1

gj,nH
(n)
j

<latexit sha1_base64="x8Pg2KgP+6OhQNxHQaEv79yCcKo="></latexit>

aj ! cos(�) aj + sin(�) bj
<latexit sha1_base64="DTaQwWgnGZmxzwnAbdcp/cyDpF8="></latexit>

bj ! cos(�) bj � sin(�) aj
<latexit sha1_base64="YqE72yy5g7k6sWNcdWakH1C+xuI=">AAACInicbVDLSsNAFJ34rPFVdekmWAp1UxLR6lLppguFCq0KbSyT6aQdO5mEmRuxhHyBv+EPuNU/cCeuBNd+h9M2C209w8DhnPvieBFnCmz705ibX1hcWs6tmKtr6xub+a3tKxXGktAmCXkobzysKGeCNoEBpzeRpDjwOL32BtWRf31PpWKhaMAwom6Ae4L5jGDQUidfbAN9gPGcVq1xce4mR9XRSxOz1rm7TUpiPzXTTr5gl+0xrFniZKSAMtQ7+e92NyRxQAUQjpVqOXYEboIlMMJparZjRSNMBrhHW5oKHFDlJuMzUquola7lh1J/AdZY/d2R4ECpYeDpygBDX017I/E/rxWDf+ImTEQxUEEmi/yYWxBao2ysLpOUAB9qgolk+laL9LHEBHSCf7Y8TE41dTDOdAyz5Oqg7FTKlcvDwulZFlEO7aI9VEIOOkanqIbqqIkIekTP6AW9Gk/Gm/FufExK54ysZwf9gfH1A0oio2w=</latexit>

H
(n)
j

<latexit sha1_base64="0lDsjsUO13h1slZWeaUDme//9vw="></latexit>

H
(n)
j = iajaj+n + ibjbj+n



Enforced gaplessness

The      and      symmetric Hamiltonians are always gapless 

➤ In momentum space: 

<latexit sha1_base64="KByP07jzaGyOD23/QJSjXqGw1Ac=">AAACJnicbVDLTsJAFJ3iC/FVdemmkZgYF6Q1ii4hbFhoAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6O7Ozu7d/oB8eNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RqVEbz5SIZnv1WASUNvFA4/1GcGgqK5+0QE6humedrl2f2dH16XkxVGm+hB1XAxD4UbFOM7EXT1r5sxpGavAmoMsmlelq/90ej4JXeoB4VjKtmUGYEdYACOcxplOKGmAyQgPaFtBD7tU2tHUS2ycKaZn9H2hvgfGlP07EWFXyonrqM7EpFzWEvI/rR1C/9aOmBeEQD0yO9QPuQG+kQRk9JigBPhEAUwEU14NMsQCE1AxLlwZz6yqXKzlFFZB4zJn5XP56lW2UJwnlEYn6BSdIwvdoAIqowqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C4rymLQ==</latexit>

QA
<latexit sha1_base64="AnXYng9EHp+d3nYf4vto06A+QfA=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFEzjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718EgqZC</latexit>

QV

<latexit sha1_base64="G8zmIZD2gtaCldgVZ956j6CX4oM="></latexit>

Hf =
X

k2BZ

!k c
†
kck, !k = 4

X

n

gn sin(2⇡kn/L)

<latexit sha1_base64="fJk2XSaS3E7E228fxTfuMGDldso="></latexit>

Hf = i
X

n

LX

j=1

gn(ajaj+n + bjbj+n)



Enforced gaplessness

The      and      symmetric Hamiltonians are always gapless 

➤ In momentum space: 

Bosonization: one-to-one correspondence between      and 
qubit Hamiltonians commuting with      and 

➤ Bosonization maps implemented by gauging 

➤ Because      is gapless,      and      enforce gaplessness 

<latexit sha1_base64="KByP07jzaGyOD23/QJSjXqGw1Ac=">AAACJnicbVDLTsJAFJ3iC/FVdemmkZgYF6Q1ii4hbFhoAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6O7Ozu7d/oB8eNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RqVEbz5SIZnv1WASUNvFA4/1GcGgqK5+0QE6humedrl2f2dH16XkxVGm+hB1XAxD4UbFOM7EXT1r5sxpGavAmoMsmlelq/90ej4JXeoB4VjKtmUGYEdYACOcxplOKGmAyQgPaFtBD7tU2tHUS2ycKaZn9H2hvgfGlP07EWFXyonrqM7EpFzWEvI/rR1C/9aOmBeEQD0yO9QPuQG+kQRk9JigBPhEAUwEU14NMsQCE1AxLlwZz6yqXKzlFFZB4zJn5XP56lW2UJwnlEYn6BSdIwvdoAIqowqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C4rymLQ==</latexit>

QA
<latexit sha1_base64="AnXYng9EHp+d3nYf4vto06A+QfA=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFEzjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718EgqZC</latexit>

QV

<latexit sha1_base64="G8zmIZD2gtaCldgVZ956j6CX4oM="></latexit>

Hf =
X

k2BZ

!k c
†
kck, !k = 4

X

n

gn sin(2⇡kn/L)

<latexit sha1_base64="2HWr5FGEDYW+8bZuFAJI2QwPG5M=">AAACG3icbVDLSsNAFJ34rPUVdenCYBFclUS0uqx004VChb6gDWEynbRDJw9mbqQlZOln+AVu9QvciVsXfoD/4aTtwraeYeBwzn1x3IgzCab5ra2srq1vbOa28ts7u3v7+sFhU4axILRBQh6Ktosl5SygDWDAaTsSFPsupy13WMn81iMVkoVBHcYRtX3cD5jHCAYlOfpJF+gIJnM61fr9nZ1cVbKXJvmq4+VTRy+YRXMCY5lYM1JAM9Qc/afbC0ns0wAIx1J2LDMCO8ECGOE0zXdjSSNMhrhPO4oG2KfSTiYHpMaZUnqGFwr1AzAm6t+OBPtSjn1XVfoYBnLRy8T/vE4M3o2dsCCKgQZkusiLuQGhkaVi9JigBPhYEUwEU7caZIAFJqCym9symp6qcrEWU1gmzYuiVSqWHi4L5dtZQjl0jE7RObLQNSqjKqqhBiLoCb2gV/SmPWvv2of2OS1d0WY9R2gO2tcvNjWhBw==</latexit>

Hf
<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM
<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW

<latexit sha1_base64="hJWrLHwZ8n4r7692is07sUmsoXQ=">AAACHnicbVDLTgIxFO3gC/GFunQzgZjgQjJjFF1iSAwLTTDhlcBIOqVAQ+eR9o6BTNj7GX6BW/0Cd8atfoD/YWdgIeBpmpycc185ts+ZBMP41hIrq2vrG8nN1Nb2zu5eev+gLr1AEFojHvdE08aScubSGjDgtOkLih2b04Y9LEV+45EKyTy3CmOfWg7uu6zHCAYlddKZNtARxHNa5erdrRVelKI3CVO5U/Pk4SY16aSzRt6IoS8Tc0ayaIZKJ/3T7nokcKgLhGMpW6bhgxViAYxwOkm1A0l9TIa4T1uKutih0grjGyb6sVK6es8T6rugx+rfjhA7Uo4dW1U6GAZy0YvE/7xWAL0rK2SuHwB1yXRRL+A6eHoUjN5lghLgY0UwEUzdqpMBFpiAim9uy2h6qsrFXExhmdTP8mYhX7g/zxavZwkl0RHKoBwy0SUqojKqoBoi6Am9oFf0pj1r79qH9jktTWiznkM0B+3rFzMcoWs=</latexit>

(�1)F

<latexit sha1_base64="2HWr5FGEDYW+8bZuFAJI2QwPG5M=">AAACG3icbVDLSsNAFJ34rPUVdenCYBFclUS0uqx004VChb6gDWEynbRDJw9mbqQlZOln+AVu9QvciVsXfoD/4aTtwraeYeBwzn1x3IgzCab5ra2srq1vbOa28ts7u3v7+sFhU4axILRBQh6Ktosl5SygDWDAaTsSFPsupy13WMn81iMVkoVBHcYRtX3cD5jHCAYlOfpJF+gIJnM61fr9nZ1cVbKXJvmq4+VTRy+YRXMCY5lYM1JAM9Qc/afbC0ns0wAIx1J2LDMCO8ECGOE0zXdjSSNMhrhPO4oG2KfSTiYHpMaZUnqGFwr1AzAm6t+OBPtSjn1XVfoYBnLRy8T/vE4M3o2dsCCKgQZkusiLuQGhkaVi9JigBPhYEUwEU7caZIAFJqCym9symp6qcrEWU1gmzYuiVSqWHi4L5dtZQjl0jE7RObLQNSqjKqqhBiLoCb2gV/SmPWvv2of2OS1d0WY9R2gO2tcvNjWhBw==</latexit>

Hf

<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM
<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW

<latexit sha1_base64="fJk2XSaS3E7E228fxTfuMGDldso="></latexit>

Hf = i
X

n

LX

j=1

gn(ajaj+n + bjbj+n)



Enforced gaplessness

The      and      symmetric Hamiltonians are always gapless 

➤ In momentum space: 

Bosonization: one-to-one correspondence between      and 
qubit Hamiltonians commuting with      and 

➤ Bosonization maps implemented by gauging 

➤ Because      is gapless,      and      enforce gaplessness 

<latexit sha1_base64="KByP07jzaGyOD23/QJSjXqGw1Ac=">AAACJnicbVDLTsJAFJ3iC/FVdemmkZgYF6Q1ii4hbFhoAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6O7Ozu7d/oB8eNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RqVEbz5SIZnv1WASUNvFA4/1GcGgqK5+0QE6humedrl2f2dH16XkxVGm+hB1XAxD4UbFOM7EXT1r5sxpGavAmoMsmlelq/90ej4JXeoB4VjKtmUGYEdYACOcxplOKGmAyQgPaFtBD7tU2tHUS2ycKaZn9H2hvgfGlP07EWFXyonrqM7EpFzWEvI/rR1C/9aOmBeEQD0yO9QPuQG+kQRk9JigBPhEAUwEU14NMsQCE1AxLlwZz6yqXKzlFFZB4zJn5XP56lW2UJwnlEYn6BSdIwvdoAIqowqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C4rymLQ==</latexit>

QA
<latexit sha1_base64="AnXYng9EHp+d3nYf4vto06A+QfA=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFEzjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718EgqZC</latexit>

QV

<latexit sha1_base64="G8zmIZD2gtaCldgVZ956j6CX4oM="></latexit>

Hf =
X

k2BZ

!k c
†
kck, !k = 4

X

n

gn sin(2⇡kn/L)

<latexit sha1_base64="2HWr5FGEDYW+8bZuFAJI2QwPG5M=">AAACG3icbVDLSsNAFJ34rPUVdenCYBFclUS0uqx004VChb6gDWEynbRDJw9mbqQlZOln+AVu9QvciVsXfoD/4aTtwraeYeBwzn1x3IgzCab5ra2srq1vbOa28ts7u3v7+sFhU4axILRBQh6Ktosl5SygDWDAaTsSFPsupy13WMn81iMVkoVBHcYRtX3cD5jHCAYlOfpJF+gIJnM61fr9nZ1cVbKXJvmq4+VTRy+YRXMCY5lYM1JAM9Qc/afbC0ns0wAIx1J2LDMCO8ECGOE0zXdjSSNMhrhPO4oG2KfSTiYHpMaZUnqGFwr1AzAm6t+OBPtSjn1XVfoYBnLRy8T/vE4M3o2dsCCKgQZkusiLuQGhkaVi9JigBPhYEUwEU7caZIAFJqCym9symp6qcrEWU1gmzYuiVSqWHi4L5dtZQjl0jE7RObLQNSqjKqqhBiLoCb2gV/SmPWvv2of2OS1d0WY9R2gO2tcvNjWhBw==</latexit>

Hf
<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM
<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW

<latexit sha1_base64="hJWrLHwZ8n4r7692is07sUmsoXQ=">AAACHnicbVDLTgIxFO3gC/GFunQzgZjgQjJjFF1iSAwLTTDhlcBIOqVAQ+eR9o6BTNj7GX6BW/0Cd8atfoD/YWdgIeBpmpycc185ts+ZBMP41hIrq2vrG8nN1Nb2zu5eev+gLr1AEFojHvdE08aScubSGjDgtOkLih2b04Y9LEV+45EKyTy3CmOfWg7uu6zHCAYlddKZNtARxHNa5erdrRVelKI3CVO5U/Pk4SY16aSzRt6IoS8Tc0ayaIZKJ/3T7nokcKgLhGMpW6bhgxViAYxwOkm1A0l9TIa4T1uKutih0grjGyb6sVK6es8T6rugx+rfjhA7Uo4dW1U6GAZy0YvE/7xWAL0rK2SuHwB1yXRRL+A6eHoUjN5lghLgY0UwEUzdqpMBFpiAim9uy2h6qsrFXExhmdTP8mYhX7g/zxavZwkl0RHKoBwy0SUqojKqoBoi6Am9oFf0pj1r79qH9jktTWiznkM0B+3rFzMcoWs=</latexit>

(�1)F

<latexit sha1_base64="2HWr5FGEDYW+8bZuFAJI2QwPG5M=">AAACG3icbVDLSsNAFJ34rPUVdenCYBFclUS0uqx004VChb6gDWEynbRDJw9mbqQlZOln+AVu9QvciVsXfoD/4aTtwraeYeBwzn1x3IgzCab5ra2srq1vbOa28ts7u3v7+sFhU4axILRBQh6Ktosl5SygDWDAaTsSFPsupy13WMn81iMVkoVBHcYRtX3cD5jHCAYlOfpJF+gIJnM61fr9nZ1cVbKXJvmq4+VTRy+YRXMCY5lYM1JAM9Qc/afbC0ns0wAIx1J2LDMCO8ECGOE0zXdjSSNMhrhPO4oG2KfSTiYHpMaZUnqGFwr1AzAm6t+OBPtSjn1XVfoYBnLRy8T/vE4M3o2dsCCKgQZkusiLuQGhkaVi9JigBPhYEUwEU7caZIAFJqCym9symp6qcrEWU1gmzYuiVSqWHi4L5dtZQjl0jE7RObLQNSqjKqqhBiLoCb2gV/SmPWvv2of2OS1d0WY9R2gO2tcvNjWhBw==</latexit>

Hf

<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM
<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW

<latexit sha1_base64="fJk2XSaS3E7E228fxTfuMGDldso="></latexit>

Hf = i
X

n

LX

j=1

gn(ajaj+n + bjbj+n)

The perturbative anomaly of the compact boson CFT 
is matched by the Onsager algebra 



Enforced gaplessness

The      and      symmetric Hamiltonians are always gapless 

➤ In momentum space: 

Bosonization: one-to-one correspondence between      and 
qubit Hamiltonians commuting with      and 

➤ Bosonization maps implemented by gauging 

➤ Because      is gapless,      and      enforce gaplessness 

<latexit sha1_base64="KByP07jzaGyOD23/QJSjXqGw1Ac=">AAACJnicbVDLTsJAFJ3iC/FVdemmkZgYF6Q1ii4hbFhoAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6O7Ozu7d/oB8eNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RqVEbz5SIZnv1WASUNvFA4/1GcGgqK5+0QE6humedrl2f2dH16XkxVGm+hB1XAxD4UbFOM7EXT1r5sxpGavAmoMsmlelq/90ej4JXeoB4VjKtmUGYEdYACOcxplOKGmAyQgPaFtBD7tU2tHUS2ycKaZn9H2hvgfGlP07EWFXyonrqM7EpFzWEvI/rR1C/9aOmBeEQD0yO9QPuQG+kQRk9JigBPhEAUwEU14NMsQCE1AxLlwZz6yqXKzlFFZB4zJn5XP56lW2UJwnlEYn6BSdIwvdoAIqowqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C4rymLQ==</latexit>

QA
<latexit sha1_base64="AnXYng9EHp+d3nYf4vto06A+QfA=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFEzjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718EgqZC</latexit>

QV

<latexit sha1_base64="G8zmIZD2gtaCldgVZ956j6CX4oM="></latexit>

Hf =
X

k2BZ

!k c
†
kck, !k = 4

X

n

gn sin(2⇡kn/L)

<latexit sha1_base64="2HWr5FGEDYW+8bZuFAJI2QwPG5M=">AAACG3icbVDLSsNAFJ34rPUVdenCYBFclUS0uqx004VChb6gDWEynbRDJw9mbqQlZOln+AVu9QvciVsXfoD/4aTtwraeYeBwzn1x3IgzCab5ra2srq1vbOa28ts7u3v7+sFhU4axILRBQh6Ktosl5SygDWDAaTsSFPsupy13WMn81iMVkoVBHcYRtX3cD5jHCAYlOfpJF+gIJnM61fr9nZ1cVbKXJvmq4+VTRy+YRXMCY5lYM1JAM9Qc/afbC0ns0wAIx1J2LDMCO8ECGOE0zXdjSSNMhrhPO4oG2KfSTiYHpMaZUnqGFwr1AzAm6t+OBPtSjn1XVfoYBnLRy8T/vE4M3o2dsCCKgQZkusiLuQGhkaVi9JigBPhYEUwEU7caZIAFJqCym9symp6qcrEWU1gmzYuiVSqWHi4L5dtZQjl0jE7RObLQNSqjKqqhBiLoCb2gV/SmPWvv2of2OS1d0WY9R2gO2tcvNjWhBw==</latexit>

Hf
<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM
<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW

<latexit sha1_base64="hJWrLHwZ8n4r7692is07sUmsoXQ=">AAACHnicbVDLTgIxFO3gC/GFunQzgZjgQjJjFF1iSAwLTTDhlcBIOqVAQ+eR9o6BTNj7GX6BW/0Cd8atfoD/YWdgIeBpmpycc185ts+ZBMP41hIrq2vrG8nN1Nb2zu5eev+gLr1AEFojHvdE08aScubSGjDgtOkLih2b04Y9LEV+45EKyTy3CmOfWg7uu6zHCAYlddKZNtARxHNa5erdrRVelKI3CVO5U/Pk4SY16aSzRt6IoS8Tc0ayaIZKJ/3T7nokcKgLhGMpW6bhgxViAYxwOkm1A0l9TIa4T1uKutih0grjGyb6sVK6es8T6rugx+rfjhA7Uo4dW1U6GAZy0YvE/7xWAL0rK2SuHwB1yXRRL+A6eHoUjN5lghLgY0UwEUzdqpMBFpiAim9uy2h6qsrFXExhmdTP8mYhX7g/zxavZwkl0RHKoBwy0SUqojKqoBoi6Am9oFf0pj1r79qH9jktTWiznkM0B+3rFzMcoWs=</latexit>

(�1)F

<latexit sha1_base64="2HWr5FGEDYW+8bZuFAJI2QwPG5M=">AAACG3icbVDLSsNAFJ34rPUVdenCYBFclUS0uqx004VChb6gDWEynbRDJw9mbqQlZOln+AVu9QvciVsXfoD/4aTtwraeYeBwzn1x3IgzCab5ra2srq1vbOa28ts7u3v7+sFhU4axILRBQh6Ktosl5SygDWDAaTsSFPsupy13WMn81iMVkoVBHcYRtX3cD5jHCAYlOfpJF+gIJnM61fr9nZ1cVbKXJvmq4+VTRy+YRXMCY5lYM1JAM9Qc/afbC0ns0wAIx1J2LDMCO8ECGOE0zXdjSSNMhrhPO4oG2KfSTiYHpMaZUnqGFwr1AzAm6t+OBPtSjn1XVfoYBnLRy8T/vE4M3o2dsCCKgQZkusiLuQGhkaVi9JigBPhYEUwEU7caZIAFJqCym9symp6qcrEWU1gmzYuiVSqWHi4L5dtZQjl0jE7RObLQNSqjKqqhBiLoCb2gV/SmPWvv2of2OS1d0WY9R2gO2tcvNjWhBw==</latexit>

Hf

<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM
<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW

<latexit sha1_base64="fJk2XSaS3E7E228fxTfuMGDldso="></latexit>

Hf = i
X

n

LX

j=1

gn(ajaj+n + bjbj+n)

When                 , there is a unitary frame in which 

➤ Any qubit chain commuting with          and                    
a               is gapless

<latexit sha1_base64="qM6u5tvg4OejZE3/pJZyCkN1vpo=">AAACJHicbVC7TgJBFJ3FF64v1NJmIjFakV2DaGOCoaHABBNeCWzI7DDAhNlHZu4ayIZP8Df8AVv9AztjYWPpdzg8CgHPZJKTc+4rxw0FV2BZX0ZibX1jcyu5be7s7u0fpA6PaiqIJGVVGohANlyimOA+qwIHwRqhZMRzBau7g8LErz8yqXjgV2AUMscjPZ93OSWgpXbqvAVsCNM5zWLlvuTEV4XJG8dm6dbCLdcLOjhrjtuptJWxpsCrxJ6TNJqj3E79tDoBjTzmAxVEqaZtheDERAKngo3NVqRYSOiA9FhTU594TDnx9JAxPtNKB3cDqb8PeKr+7YiJp9TIc3WlR6Cvlr2J+J/XjKB748TcDyNgPp0t6kYCQ4An6eAOl4yCGGlCqOT6Vkz7RBIKOsOFLcPZqaYOxl6OYZXULjN2LpN7yKbzd/OIkugEnaILZKNrlEdFVEZVRNETekGv6M14Nt6ND+NzVpow5j3HaAHG9y+x7KOF</latexit>

L = 0 mod 4
<latexit sha1_base64="fr+6xn0e2bXW+PTaPikOSj7RQ3w="></latexit>

QM = �1

2

LX

j=1

Zj

<latexit sha1_base64="iz04tyEyyWucwWp6xKZND1ZswB0="></latexit>

QW = �1

4

LX

j=1

XjXj+1

<latexit sha1_base64="cJTJ9H1Pl3JtiLtD0IRmthXvHnI="></latexit>X

j

XjXj+1

<latexit sha1_base64="Uj/L0nMT+WbfHbZfenLJdq3BEtc=">AAACJHicbVA5TgMxFPWwhmEboKSxiBBU0QyCQAlKkwKkIGUTyWjkcZzEiWeR/QcRjXIErsEFaOEGdIiChpJz4CwFCTzL0tN7f9PzY8EV2PansbC4tLyymlkz1zc2t7atnd2qihJJWYVGIpJ1nygmeMgqwEGweiwZCXzBan6/MPJr90wqHoVlGMTMDUgn5G1OCWjJs46awB5gPKdRLN9cu+lZYfSGqYmbKgm8Hr7zeubQs7J2zh4D/yXOlGTRFCXP+m62IpoELAQqiFINx47BTYkETgUbms1EsZjQPumwhqYhCZhy0/EhQ3yolRZuR1L/EPBY/d2RkkCpQeDryoBAV817I/E/r5FA+8JNeRgnwEI6WdROBIYIj9LBLS4ZBTHQhFDJ9a2YdokkFHSGM1seJqeaOhhnPoa/pHqSc/K5/O1p9vJqGlEG7aMDdIwcdI4uURGVUAVR9Iie0Qt6NZ6MN+Pd+JiULhjTnj00A+PrB9JipDc=</latexit>X

j

Zj



Symmetric deformations
Can find          and          symmetric deformations of the 
XX model by bosonizing  

<latexit sha1_base64="mxHtc5T365bBcGBxOTo84CGKHWM=">AAACHHicbVDLSsNAFJ34rPEVdenCYBFclUS0uix204VChb6gDWUynbRDJw9mbqQldOlv+ANu9Q/ciVvBH/A7nKZZ2NYzDBzOuS+OG3EmwbK+tZXVtfWNzdyWvr2zu7dvHBw2ZBgLQusk5KFouVhSzgJaBwactiJBse9y2nSH5anffKRCsjCowTiijo/7AfMYwaCkrnHSATqCdE67Uru/c5Kr8vRNEr3S9fRJ18hbBSuFuUzsjORRhmrX+On0QhL7NADCsZRt24rASbAARjid6J1Y0giTIe7TtqIB9ql0kvSAiXmmlJ7phUL9AMxU/duRYF/Kse+qSh/DQC56U/E/rx2Dd+MkLIhioAGZLfJibkJoTlMxe0xQAnysCCaCqVtNMsACE1DZzW0ZzU7VVTD2YgzLpHFRsIuF4sNlvnSbRZRDx+gUnSMbXaMSqqAqqiOCntALekVv2rP2rn1on7PSFS3rOUJz0L5+Acv5oRg=</latexit>

Hf

<latexit sha1_base64="sSp//QdeHiL4ogKiqVu1q3eq78I="></latexit>

U(1)M
<latexit sha1_base64="aVeZTIrLFmiuiu4EDEZjs+UY8OY="></latexit>

U(1)W

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

<latexit sha1_base64="u8pZu6g9lHLy7IikbxsOTAN37gg="></latexit>

H
(1)
j

bosonize������! XjXj+1 + YjYj+1

<latexit sha1_base64="7sFCfwhVmMPKW4575YKPdlWd1D8="></latexit>

H
(3)
j

bosonize������! XjZj+1Zj+2Xj+3 + YjZj+1Zj+2Yj+3

<latexit sha1_base64="bTv3LYKrqFcns1doljA9Cc0qJtE="></latexit>

H
(2)
j

bosonize������! YjZj+1Xj+2 �XjZj+1Yj+2



Symmetric deformations
Can find          and          symmetric deformations of the 
XX model by bosonizing  

Non-invertible symmetry    arises from  

➤          and          guarantee the non-invertible symmetry 
and a lattice T-duality

<latexit sha1_base64="mxHtc5T365bBcGBxOTo84CGKHWM=">AAACHHicbVDLSsNAFJ34rPEVdenCYBFclUS0uix204VChb6gDWUynbRDJw9mbqQldOlv+ANu9Q/ciVvBH/A7nKZZ2NYzDBzOuS+OG3EmwbK+tZXVtfWNzdyWvr2zu7dvHBw2ZBgLQusk5KFouVhSzgJaBwactiJBse9y2nSH5anffKRCsjCowTiijo/7AfMYwaCkrnHSATqCdE67Uru/c5Kr8vRNEr3S9fRJ18hbBSuFuUzsjORRhmrX+On0QhL7NADCsZRt24rASbAARjid6J1Y0giTIe7TtqIB9ql0kvSAiXmmlJ7phUL9AMxU/duRYF/Kse+qSh/DQC56U/E/rx2Dd+MkLIhioAGZLfJibkJoTlMxe0xQAnysCCaCqVtNMsACE1DZzW0ZzU7VVTD2YgzLpHFRsIuF4sNlvnSbRZRDx+gUnSMbXaMSqqAqqiOCntALekVv2rP2rn1on7PSFS3rOUJz0L5+Acv5oRg=</latexit>

Hf

<latexit sha1_base64="sSp//QdeHiL4ogKiqVu1q3eq78I="></latexit>

U(1)M

<latexit sha1_base64="sSp//QdeHiL4ogKiqVu1q3eq78I="></latexit>

U(1)M
<latexit sha1_base64="aVeZTIrLFmiuiu4EDEZjs+UY8OY="></latexit>

U(1)W

<latexit sha1_base64="aVeZTIrLFmiuiu4EDEZjs+UY8OY="></latexit>

U(1)W

<latexit sha1_base64="E4LXILmQC8womWfet/ijrMYHbWU=">AAACI3icbVDLTsJAFJ3iC+sLdemmkWhckdYousTggoUmmPBKoCHTYQoTpo/M3BpI0z/wN/wBt/oH7owbF279DofCQsA7meTknPs4OU7ImQTT/NIyK6tr6xvZTX1re2d3L7d/0JBBJAitk4AHouVgSTnzaR0YcNoKBcWew2nTGZYnevORCskCvwbjkNoe7vvMZQSDorq50w7QEaR72pXa/Z0dX5YnL4n1jodhIN34NtGTbi5vFsy0jGVgzUAezarazf10egGJPOoD4VjKtmWGYMdYACOcJnonkjTEZIj7tK2gjz0q7Tj1kRgniukZbiDU98FI2b8TMfakHHuO6kw9LmoT8j+tHYF7bcfMDyOgPpkeciNuQGBMwjF6TFACfKwAJoIprwYZYIEJqAjnroymVnUVjLUYwzJonBesYqH4cJEv3cwiyqIjdIzOkIWuUAlVUBXVEUFP6AW9ojftWXvXPrTPaWtGm80cornSvn8BBsKkaw==</latexit>

D
<latexit sha1_base64="5fBVo2mfYdutgUjQ5qX7s/TcokI="></latexit>

e�i⇡2 QV

Ta

<latexit sha1_base64="4zGwhiTl1p+v+/p9pXDMbbMye/Y=">AAACHnicbVDLSsNAFJ3UV42vqEs3oUVwVRLR6rLSTRcKFfqCJpTJZNoOnTyYuZGWkL2f4Re41S9wJ271A/wPp4+FrZ5h4HDOfXG8mDMJlvWl5dbWNza38tv6zu7e/oFxeNSSUSIIbZKIR6LjYUk5C2kTGHDaiQXFgcdp2xtVp377gQrJorABk5i6AR6ErM8IBiX1jIIDdAyzOd1a4+7WTS+r05elukP8CKSe9YyiVbJmMP8Se0GKaIF6z/h2/IgkAQ2BcCxl17ZicFMsgBFOM91JJI0xGeEB7Soa4oBKN53dkJmnSvHNfiTUD8Gcqb87UhxIOQk8VRlgGMpVbyr+53UT6F+7KQvjBGhI5ov6CTchMqfBmD4TlACfKIKJYOpWkwyxwARUfEtbxvNTVS72agp/Seu8ZJdL5fuLYuVmkVAenaACOkM2ukIVVEN11EQEPaJn9IJetSftTXvXPualOW3Rc4yWoH3+AAwHopE=</latexit> ··
·

<latexit sha1_base64="u8pZu6g9lHLy7IikbxsOTAN37gg="></latexit>

H
(1)
j

bosonize������! XjXj+1 + YjYj+1

<latexit sha1_base64="7sFCfwhVmMPKW4575YKPdlWd1D8="></latexit>

H
(3)
j

bosonize������! XjZj+1Zj+2Xj+3 + YjZj+1Zj+2Yj+3

<latexit sha1_base64="bTv3LYKrqFcns1doljA9Cc0qJtE="></latexit>

H
(2)
j

bosonize������! YjZj+1Xj+2 �XjZj+1Yj+2



Simplest 2-parameter phase diagram

<latexit sha1_base64="ZnxpIXvPCpK+t6OsXLhWMO6q4rE=">AAACGnicbVDLSsNAFJ34rPVVdSlCsAquSmK1dSMU3HShUKEvSEOZTCft0MmDmRtpDV35G/6AW/0Dd+LWjT/gdzhts7CtBwYO59w753KckDMJhvGtLS2vrK6tpzbSm1vbO7uZvf26DCJBaI0EPBBNB0vKmU9rwIDTZigo9hxOG07/Zuw3HqiQLPCrMAyp7eGuz1xGMCipnTlqAR3A5B+rXL27tePiZdFw8qP48To/ameyRs6YQF8kZkKyKEGlnflpdQISedQHwrGUlmmEYMdYACOcjtKtSNIQkz7uUktRH3tU2vEkfqSfKqWju4FQzwd9ov7diLEn5dBz1KSHoSfnvbH4n2dF4F7ZMfPDCKhPpkFuxHUI9HEneocJSoAPFcFEMHWrTnpYYAKquZmUwfTUtCrGnK9hkdTPc2YhV7i/yJZOkopS6BAdozNkoiIqoTKqoBoi6Am9oFf0pj1r79qH9jkdXdKSnQM0A+3rFw1QoK8=</latexit>z
=
3

<latexit sha1_base64="l5XMdkyzv8QWua4TQZoWUZHinpo=">AAACGnicbVDLSsNAFJ34tr6iLkUIVsFVSUSsLgTBjQsFBWsLaSiT6Y0OTiZh5kasoSt/wx9wq3/gTty68Qf8DqdpFr4ODBzOuXfO5YSp4Bpd98MaGR0bn5icmq7MzM7NL9iLSxc6yRSDBktEoloh1SC4hAZyFNBKFdA4FNAMrw8HfvMGlOaJPMdeCkFMLyWPOKNopI692ka4xeIf/+j85DjIvXAP6vV+fre/1e/YVbfmFnD+Eq8kVVLitGN/trsJy2KQyATV2vfcFIOcKuRMQL/SzjSklF3TS/ANlTQGHeRFfN/ZMErXiRJlnkSnUL9v5DTWuheHZjKmeKV/ewPxP8/PMNoNci7TDEGyYVCUCQcTZ9CJ0+UKGIqeIZQpbm512BVVlKFp7kfK7fDUiinG+13DX3KxVfN2ajtn29WD9bKiKbJC1sgm8UidHJAjckoahJF78kieyLP1YL1Yr9bbcHTEKneWyQ9Y719lhKDl</latexit>

z = 2

<latexit sha1_base64="tie4FiUqP7MGpWTO6TSGdV/eycY=">AAAB/HicbVDLTgIxFL2DL8QX6tJNI5q4IjPGoEsSNy4hETCBCemUCzR0OpO2YyQT/AG3+gfujFv/xR/wOywwCwFP0uTknHtzT08QC66N6347ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkIvUQUI2CS2wYbgQ+xAppGAhsBaPbqd96RKV5JO/NOEY/pAPJ+5xRY6W62y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50FnZBzq/RIP1L2SUNm6t+NlIZaj8PATobUDPWyNxX/89qJ6d/4KZdxYlCy+aF+IoiJyPTXpMcVMiPGllCmuM1K2JAqyoztZuHK0zxqwRbjLdewSpqXZa9SrtSvStWzrKI8nMApXIAH11CFO6hBAxggvMArvDnPzrvz4XzOR3NOtnMMC3C+fgGUWJUn</latexit>

0

<latexit sha1_base64="gpT50LPd74SK3Z29ckQFaBFeJzg=">AAACAnicbVDLTgIxFL3jE/GFunTTiCauyIxRdEnixiUm8khgQjrlDjR0OpO2YySEnT/gVv/AnXHrj/gDfocFZiHgSZqcnHNv7ukJEsG1cd1vZ2V1bX1jM7eV397Z3dsvHBzWdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4nfiNR1Sax/LBDBP0I9qTPOSMGis12qGizLvqFIpuyZ2CLBMvI0XIUO0UftrdmKURSsME1brluYnxR1QZzgSO8+1UY0LZgPawZamkEWp/NI07JmdW6ZIwVvZJQ6bq340RjbQeRoGdjKjp60VvIv7ntVIT3vgjLpPUoGSzQ2EqiInJ5O+kyxUyI4aWUKa4zUpYn9oGjG1o7srTLGreFuMt1rBM6hclr1wq318WK6dZRTk4hhM4Bw+uoQJ3UIUaMBjAC7zCm/PsvDsfzudsdMXJdo5gDs7XL/Pal5E=</latexit>

1

5

<latexit sha1_base64="y587cKkWPL1ELffl6Ry7Ky/aeYQ=">AAAB/HicbVDLTgIxFL2DL8QX6tJNI5q4IjPGoEsSNy4hETCBCemUCzR0OpO2YyQT/AG3+gfujFv/xR/wOywwCwFP0uTknHtzT08QC66N6347ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkIvUQUI2CS2wYbgQ+xAppGAhsBaPbqd96RKV5JO/NOEY/pAPJ+5xRY6W61y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50FnZBzq/RIP1L2SUNm6t+NlIZaj8PATobUDPWyNxX/89qJ6d/4KZdxYlCy+aF+IoiJyPTXpMcVMiPGllCmuM1K2JAqyoztZuHK0zxqwRbjLdewSpqXZa9SrtSvStWzrKI8nMApXIAH11CFO6hBAxggvMArvDnPzrvz4XzOR3NOtnMMC3C+fgGV8JUo</latexit>

1

<latexit sha1_base64="UXBjk71l7JYH6bfrh9nxH80bVuk=">AAACGnicbVDLSsNAFJ34rPVVdSlCsAquSlJs1YVQcNOFQoW+IA1lMp20QycPZm6kNXTlb/gDbvUP3IlbN/6A3+E07cK2Hhg4nHPvnMtxQs4kGMa3trS8srq2ntpIb25t7+xm9vbrMogEoTUS8EA0HSwpZz6tAQNOm6Gg2HM4bTj9m7HfeKBCssCvwjCktoe7PnMZwaCkduaoBXQAyT9WuXp3a8edq4Jr5Efx43Vh1M5kjZyRQF8k5pRk0RSVduan1QlI5FEfCMdSWqYRgh1jAYxwOkq3IklDTPq4Sy1FfexRacdJ/Eg/VUpHdwOhng96ov7diLEn5dBz1KSHoSfnvbH4n2dF4F7aMfPDCKhPJkFuxHUI9HEneocJSoAPFcFEMHWrTnpYYAKquZmUweTUtCrGnK9hkdTzObOYK96fZ0sn04pS6BAdozNkogtUQmVUQTVE0BN6Qa/oTXvW3rUP7XMyuqRNdw7QDLSvX2KDoOM=</latexit>

z = 5

<latexit sha1_base64="cS2R9MloavQo6/fDNA0cHakDMFo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBqPgxbCrEj0GvHiMYB6QhDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj26nffEKleSQfzDjGbkgHkgecUWOl1nknUJR5l71iyS27M5Bl4mWkBBlqveJXpx+xJERpmKBatz03Nt2UKsOZwEmhk2iMKRvRAbYtlTRE3U1n907IqVX6JIiULWnITP09kdJQ63Ho286QmqFe9Kbif147McFNN+UyTgxKNl8UJIKYiEyfJ32ukBkxtoQyxe2thA2pTcDYiAo2BG/x5WXSuCh7lXLl/qpUPcniyMMRHMMZeHANVbiDGtSBgYBneIU359F5cd6dj3lrzslmDuEPnM8fDn2PQA==</latexit>

�1

3

<latexit sha1_base64="y587cKkWPL1ELffl6Ry7Ky/aeYQ=">AAAB/HicbVDLTgIxFL2DL8QX6tJNI5q4IjPGoEsSNy4hETCBCemUCzR0OpO2YyQT/AG3+gfujFv/xR/wOywwCwFP0uTknHtzT08QC66N6347ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkIvUQUI2CS2wYbgQ+xAppGAhsBaPbqd96RKV5JO/NOEY/pAPJ+5xRY6W61y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50FnZBzq/RIP1L2SUNm6t+NlIZaj8PATobUDPWyNxX/89qJ6d/4KZdxYlCy+aF+IoiJyPTXpMcVMiPGllCmuM1K2JAqyoztZuHK0zxqwRbjLdewSpqXZa9SrtSvStWzrKI8nMApXIAH11CFO6hBAxggvMArvDnPzrvz4XzOR3NOtnMMC3C+fgGV8JUo</latexit>

1

<latexit sha1_base64="iqh7pAWY74ps/NtzErJwtWnLrc0=">AAACAnicbVDLTgIxFL3FF+ILdemmEU1ckRmD6JLEjUtM5JHAhHRKBxo6nUnbMZIJO3/Arf6BO+PWH/EH/A4LzELAkzQ5Oefe3NPjx4Jr4zjfKLe2vrG5ld8u7Ozu7R8UD4+aOkoUZQ0aiUi1faKZ4JI1DDeCtWPFSOgL1vJHt1O/9ciU5pF8MOOYeSEZSB5wSoyVWt1AEVq56hVLTtmZAa8SNyMlyFDvFX+6/YgmIZOGCqJ1x3Vi46VEGU4FmxS6iWYxoSMyYB1LJQmZ9tJZ3Ak+t0ofB5GyTxo8U/9upCTUehz6djIkZqiXvan4n9dJTHDjpVzGiWGSzg8FicAmwtO/4z5XjBoxtoRQxW1WTIfENmBsQwtXnuZRC7YYd7mGVdK8LLvVcvW+UqqdZRXl4QRO4QJcuIYa3EEdGkBhBC/wCm/oGb2jD/Q5H82hbOcYFoC+fgH4pZeU</latexit>

4

5

<latexit sha1_base64="tie4FiUqP7MGpWTO6TSGdV/eycY=">AAAB/HicbVDLTgIxFL2DL8QX6tJNI5q4IjPGoEsSNy4hETCBCemUCzR0OpO2YyQT/AG3+gfujFv/xR/wOywwCwFP0uTknHtzT08QC66N6347ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkIvUQUI2CS2wYbgQ+xAppGAhsBaPbqd96RKV5JO/NOEY/pAPJ+5xRY6W62y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50FnZBzq/RIP1L2SUNm6t+NlIZaj8PATobUDPWyNxX/89qJ6d/4KZdxYlCy+aF+IoiJyPTXpMcVMiPGllCmuM1K2JAqyoztZuHK0zxqwRbjLdewSpqXZa9SrtSvStWzrKI8nMApXIAH11CFO6hBAxggvMArvDnPzrvz4XzOR3NOtnMMC3C+fgGUWJUn</latexit>

0

<latexit sha1_base64="vL8Zwzb77UZer84jACif4iUC+ns=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkmR6rHgxWNF+wFtKJvtJF262YTdjVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SjGafoxzSSPOSMGis9RP1qv1R2K+4cZJV4OSlDjka/9NUbJCyLURomqNZdz02NP6HKcCZwWuxlGlPKRjTCrqWSxqj9yfzUKbmwyoCEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MeONPuEwzg5ItFoWZICYhs7/JgCtkRowtoUxxeythQ6ooMzadog3BW355lbSqFa9Wqd1flevneRwFOIUzuAQPrqEOd9CAJjCI4Ble4c0Rzovz7nwsWtecfOYE/sD5/AHty419</latexit>g2

<latexit sha1_base64="4Q3FoAQfMI8lOxCb218J4qwS20Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KolK9Vjw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9DHqXvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeONnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJoXFa9aqd5flWuneRwFOIYTOAcPrqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPvT41+</latexit>g3

<latexit sha1_base64="QTjg3UnK+ksACZbHy8Y33GEPcns="></latexit>1<latexit sha1_base64="Gjvm4BwzwtVA+ZfvCd1EBl3e61E=">AAACFXicbVBNS8NAFNzU7/hV9ehlsRYUtCQiKp4KBfFYodFCU8pmu2kXN5uw+yKW0D/hxb/ixYMiXgVv/hu3NQdtHVgYZt7j7UyQCK7Bcb6swszs3PzC4pK9vLK6tl7c2LzWcaoo82gsYtUMiGaCS+YBB8GaiWIkCgS7CW5rI//mjinNY9mAQcLaEelJHnJKwEid4kHZjwj0VZR5e+7+sHNsl31g95DVLho4ibkEfT60D30uQxh0iiWn4oyBp4mbkxLKUe8UP/1uTNOISaCCaN1ynQTaGVHAqWBD2081Swi9JT3WMlSSiOl2Nk41xGWjdHEYK/Mk4LH6eyMjkdaDKDCTowh60huJ/3mtFMKzdsZlkgKT9OdQmAoMMR5VhLtcMQpiYAihipu/YtonilAwRdqmBHcy8jS5Pqq4J5WTq+NSdTevYxFtox20h1x0iqroEtWRhyh6QE/oBb1aj9az9Wa9/4wWrHxnC/2B9fENRqadlQ==</latexit>�1

<latexit sha1_base64="QTjg3UnK+ksACZbHy8Y33GEPcns="></latexit>1

<latexit sha1_base64="ZnxpIXvPCpK+t6OsXLhWMO6q4rE=">AAACGnicbVDLSsNAFJ34rPVVdSlCsAquSmK1dSMU3HShUKEvSEOZTCft0MmDmRtpDV35G/6AW/0Dd+LWjT/gdzhts7CtBwYO59w753KckDMJhvGtLS2vrK6tpzbSm1vbO7uZvf26DCJBaI0EPBBNB0vKmU9rwIDTZigo9hxOG07/Zuw3HqiQLPCrMAyp7eGuz1xGMCipnTlqAR3A5B+rXL27tePiZdFw8qP48To/ameyRs6YQF8kZkKyKEGlnflpdQISedQHwrGUlmmEYMdYACOcjtKtSNIQkz7uUktRH3tU2vEkfqSfKqWju4FQzwd9ov7diLEn5dBz1KSHoSfnvbH4n2dF4F7ZMfPDCKhPpkFuxHUI9HEneocJSoAPFcFEMHWrTnpYYAKquZmUwfTUtCrGnK9hkdTPc2YhV7i/yJZOkopS6BAdozNkoiIqoTKqoBoi6Am9oFf0pj1r79qH9jkdXdKSnQM0A+3rFw1QoK8=</latexit> z
=
3

<latexit sha1_base64="sqiyiVhqY7DXJvMgtCMNSgqvDgQ="></latexit>

phase

<latexit sha1_base64="K8R1v+x65hil/eJCX/ehIdm4AIA="></latexit>

C = 3

<latexit sha1_base64="sqiyiVhqY7DXJvMgtCMNSgqvDgQ="></latexit>

phase

<latexit sha1_base64="K8R1v+x65hil/eJCX/ehIdm4AIA="></latexit>

C = 3
<latexit sha1_base64="sqiyiVhqY7DXJvMgtCMNSgqvDgQ="></latexit>

phase

<latexit sha1_base64="XsJnkUGeP4hJekS7c3FcJQkilaQ="></latexit>

C = 1

<latexit sha1_base64="sqiyiVhqY7DXJvMgtCMNSgqvDgQ="></latexit>

phase

<latexit sha1_base64="UGRSvflZMRLtvj23+y28WQzSmS0="></latexit>

C = 2

<latexit sha1_base64="04daRhqlXIyHHfPgz0aZ4cbK5Q0=">AAACJXicbVDLTsJAFJ36RHxVXbppRBPYkNYQZEnihoUmmFAgAUKm0wEmTB+ZuTWQpt/gZ/gFbvUL3BkTV678D6fAQsCTTHJyzr1zT44TcibBNL+0jc2t7Z3dzF52/+Dw6Fg/OW3KIBKE2iTggWg7WFLOfGoDA07boaDYczhtOePb1G89UiFZ4DdgGtKeh4c+GzCCQUl9vdAFOoHZP51a4/6uFxPHqlhuEnc9DCPhxXbeKiT9UtLXc2bRnMFYJ9aC5NAC9b7+03UDEnnUB8KxlB3LDKEXYwGMcJpku5GkISZjPKQdRX3sUanOp1ES40oprjEIhHo+GDP170aMPSmnnqMm05xy1UvF/7xOBINKL2Z+GAH1yfzQIOIGBEbaj+EyQQnwqSKYCKayGmSEBSagWly6MplHVb1Yqy2sk+Z10SoXyw+lXPVy0VAGnaMLlEcWukFVVEN1ZCOCntALekVv2rP2rn1on/PRDW2xc4aWoH3/Aljqpc8=</latexit>

U(1)4
<latexit sha1_base64="DiY1tTypx3dXI9jyfBzAIwSCxi8="></latexit>

Spin(6)1
<latexit sha1_base64="DiY1tTypx3dXI9jyfBzAIwSCxi8="></latexit>

Spin(6)1

<latexit sha1_base64="ICid3O/RFf8c78B6vWaVbOPSOHQ="></latexit>

Spin(4)1

<latexit sha1_base64="TCjgTOV9byxqj1r+xChArlADqhs="></latexit>

H (g2, g3) = HXX +
LX

j=1

⇣
g2H

(2)
j + g3H

(3)
j

⌘



Recap and outlook
Many aspects of the compact boson CFT surprisingly exist 
exactly in the XX model 

1. Lattice T-duality and non-invertible symmetry 

2. Lattice winding symmetry and ’t Hooft anomalies 

3. Symmetric deformations of the XX model



Recap and outlook
Many aspects of the compact boson CFT surprisingly exist 
exactly in the XX model 

1. Lattice T-duality and non-invertible symmetry 

2. Lattice winding symmetry and ’t Hooft anomalies 

3. Symmetric deformations of the XX model 

Tip of an iceberg? 

1. T-duality for other radii? S-duality in D qubit models? 

2. General relationship between perturbative anomalies and 
algebras? Between exact dualities of QFTs and unitary 
transformations in quantum lattice models?

3 + 1



Back-up slides



Non-invertible symmetry action
Hamiltonians are unitarily equivalent: 

➤ There is a non-invertible symmetry operator  

➤ Implies that

<latexit sha1_base64="MOlemFz1NaZ17dE+bZOwtkvofQc=">AAACInicbVDLSsNAFJ3UV62vqEs3waK4KolodVmpiy4UKvQFbSiT6aQdOnkwcyMtIX/gZ/gFbvUL3Ikrwa3/4TTtwrbeYeBwzn0cjhNyJsE0v7TMyura+kZ2M7e1vbO7p+8fNGQQCULrJOCBaDlYUs58WgcGnLZCQbHncNp0huWJ3nykQrLAr8E4pLaH+z5zGcGgqK5+2gE6gnRPu1K7v7Pjy/LkJXGu42EYSDe+TXJJV8+bBTMtYxlYM5BHs6p29Z9OLyCRR30gHEvZtswQ7BgLYITTJNeJJA0xGeI+bSvoY49KO059JMaJYnqGGwj1fTBS9u9EjD0px56jOlOPi9qE/E9rR+Be2zHzwwioT6aH3IgbEBiTcIweE5QAHyuAiWDKq0EGWGACKsK5K6OpVZWLtZjCMmicF6xiofhwkS/dzBLKoiN0jM6Qha5QCVVQFdURQU/oBb2iN+1Ze9c+tM9pa0abzRyiudK+fwFuJ6Rb</latexit>

D

<latexit sha1_base64="VMe8DH6rsKycGc6i3az9kK7ulIE="></latexit>

HXX = UTHXX/ZM
2
U

�1
T

<latexit sha1_base64="OFNoHbzsTFMp6H8x4Ha+W4Tsz6Q="></latexit>0
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X2n�1X2n
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0
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CCA
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BB@
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1

CCA

<latexit sha1_base64="a8Y7MOzEw6IERg87ESh/HzSqzEw="></latexit>

DZj =

(
(XjYj+1)D j odd ,

(�YjXj+1)D j even ,

<latexit sha1_base64="IcADk5/MtwiuKk59VTyLTAuf6Fw="></latexit>

DXjXj+1 =

(
(Xj+1Xj+2)D j odd

(YjYj+1)D j even

<latexit sha1_base64="WJ3rtFtNeTK1rflfzgOaPLXFODU="></latexit>

D2 = (1 + ei⇡Q
M

)T e�i⇡2 QM

, D ei⇡Q
M

= ei⇡Q
M

D = D,

TDT�1 = ei
⇡
2 QM

ei⇡Q
W

D, D† = DT�1ei
⇡
2 QM



   as an Matrix Product Operator
<latexit sha1_base64="MOlemFz1NaZ17dE+bZOwtkvofQc=">AAACInicbVDLSsNAFJ3UV62vqEs3waK4KolodVmpiy4UKvQFbSiT6aQdOnkwcyMtIX/gZ/gFbvUL3Ikrwa3/4TTtwrbeYeBwzn0cjhNyJsE0v7TMyura+kZ2M7e1vbO7p+8fNGQQCULrJOCBaDlYUs58WgcGnLZCQbHncNp0huWJ3nykQrLAr8E4pLaH+z5zGcGgqK5+2gE6gnRPu1K7v7Pjy/LkJXGu42EYSDe+TXJJV8+bBTMtYxlYM5BHs6p29Z9OLyCRR30gHEvZtswQ7BgLYITTJNeJJA0xGeI+bSvoY49KO059JMaJYnqGGwj1fTBS9u9EjD0px56jOlOPi9qE/E9rR+Be2zHzwwioT6aH3IgbEBiTcIweE5QAHyuAiWDKq0EGWGACKsK5K6OpVZWLtZjCMmicF6xiofhwkS/ dzBLKoiN0jM6Qha5QCVVQFdURQU/oBb2iN+1Ze9c+tM9pa0abzRyiudK+fwFuJ6Rb</latexit>

D

where the MPO tensor



Emergence of TY(   ,   )
The XX model has a continuous family of non-invertible 
symmetries 

➤ a 

<latexit sha1_base64="w342AwOQNAzeUEJLNKMuUBoDVAc=">AAACJHicbVDLTsJAFJ36RHyhLt00EhNWpCWKLjFsWGiCCa/YNmQ6DDBh+sjMrYE0/QU/wy9wq1/gzrhw487/cAosBLyTSU7OuY+T44acSTCML21tfWNzazuzk93d2z84zB0dt2QQCUKbJOCB6LhYUs582gQGnHZCQbHnctp2R9VUbz9SIVngN2ASUsfDA5/1GcGgqG6uYAMdw3SPVWvc3TrxZTV9SZy1PQxD140fkm4pm3RzeaNoTEtfBeYc5NG86t3cj90LSORRHwjHUlqmEYITYwGMcJpk7UjSEJMRHlBLQR97VDrx1Eminyump/cDob4P+pT9OxFjT8qJ56rO1KVc1lLyP82KoH/txMwPI6A+mR3qR1yHQE/j0XtMUAJ8ogAmgimvOhligQmoEBeujGdWVS7mcgqroFUqmuVi+f4iX7mZJ5RBp+gMFZCJrlAF1VAdNRFBT+gFvaI37Vl71z60z1nrmjafOUELpX3/Ary7pQE=</latexit>

Z2

<latexit sha1_base64="+T4/F0aXTsXEzYHhLnKwdgxnVSo="></latexit>

D�,✓ = ei�Q
M

ei✓Q
W

D
<latexit sha1_base64="JUEZr2NCTIzv86iwlUVXDZ/pWu8="></latexit>

(D�,✓)
2 = (1 + ei⇡Q

M

)ei�Q
M

ei(2�+✓)QW

e
i
2 (✓�⇡)QM

T

<latexit sha1_base64="Zm5E1GnOLjEeiEYpjxK8D81CeDU=">AAACGnicbVDLSsNAFJ3UV42vqEsRgkUQhJKIVpfFbrpQqNAXpKFMptN26OTBzI20hK78DX/Arf6BO3Hrxh/wO5ymXdjWOwwczrn3nsvxIs4kWNa3lllZXVvfyG7qW9s7u3vG/kFdhrEgtEZCHoqmhyXlLKA1YMBpMxIU+x6nDW9QmuiNRyokC4MqjCLq+rgXsC4jGBTVNo5bQIeQ7nHK1fs7N7kqTd440c/1cdvIWXkrLXMZ2DOQQ7OqtI2fVicksU8DIBxL6dhWBG6CBTDC6VhvxZJGmAxwjzoKBtin0k1S+7F5qpiO2Q2F+gGYKft3IsG+lCPfU50+hr5c1Cbkf5oTQ/fGTVgQxUADMjXqxtyE0JxkYnaYoAT4SAFMBFO3mqSPBSagkptzGU5P1VUw9mIMy6B+kbcL+cLDZa54O4soi47QCTpDNrpGRVRGFVRDBD2hF/SK3rRn7V370D6nrRltNnOI5kr7+gUEQ6Ai</latexit>

+



Emergence of TY(   ,   )
The XX model has a continuous family of non-invertible 
symmetries 

➤ a 

The            compact boson CFT has an    -family of     
TY(Z2,  ) symmetry operators      [Thorngren, Wang ’21] 

<latexit sha1_base64="w342AwOQNAzeUEJLNKMuUBoDVAc=">AAACJHicbVDLTsJAFJ36RHyhLt00EhNWpCWKLjFsWGiCCa/YNmQ6DDBh+sjMrYE0/QU/wy9wq1/gzrhw487/cAosBLyTSU7OuY+T44acSTCML21tfWNzazuzk93d2z84zB0dt2QQCUKbJOCB6LhYUs582gQGnHZCQbHnctp2R9VUbz9SIVngN2ASUsfDA5/1GcGgqG6uYAMdw3SPVWvc3TrxZTV9SZy1PQxD140fkm4pm3RzeaNoTEtfBeYc5NG86t3cj90LSORRHwjHUlqmEYITYwGMcJpk7UjSEJMRHlBLQR97VDrx1Eminyump/cDob4P+pT9OxFjT8qJ56rO1KVc1lLyP82KoH/txMwPI6A+mR3qR1yHQE/j0XtMUAJ8ogAmgimvOhligQmoEBeujGdWVS7mcgqroFUqmuVi+f4iX7mZJ5RBp+gMFZCJrlAF1VAdNRFBT+gFvaI37Vl71z60z1nrmjafOUELpX3/Ary7pQE=</latexit>

Z2

<latexit sha1_base64="+T4/F0aXTsXEzYHhLnKwdgxnVSo="></latexit>

D�,✓ = ei�Q
M

ei✓Q
W

D
<latexit sha1_base64="JUEZr2NCTIzv86iwlUVXDZ/pWu8="></latexit>

(D�,✓)
2 = (1 + ei⇡Q

M

)ei�Q
M

ei(2�+✓)QW

e
i
2 (✓�⇡)QM

T

<latexit sha1_base64="CE/QE9PS+KXI05JSPo7rzIMpLaE=">AAACG3icbVDLTsJAFJ36xPqqunRhIzFxRVqj6BLDhoUmGHklUMl0GGDC9JGZWwNpWPoZfoFb/QJ3xq0LP8D/cFpYCHgmk5ycc185bsiZBMv61paWV1bX1jMb+ubW9s6usbdfk0EkCK2SgAei4WJJOfNpFRhw2ggFxZ7Lad0dFBO//kiFZIFfgVFIHQ/3fNZlBIOS2sZRC+gQ0jnNUuX2xokviskbx/r9g62P20bWylkpzEViT0kWTVFuGz+tTkAij/pAOJayaVshODEWwAinY70VSRpiMsA92lTUxx6VTpweMDZPlNIxu4FQ3wczVf92xNiTcuS5qtLD0JfzXiL+5zUj6F45MfPDCKhPJou6ETchMJNUzA4TlAAfKYKJYOpWk/SxwARUdjNbhpNTVS72fAqLpHaWs/O5/N15tnA9TSiDDtExOkU2ukQFVEJlVEUEPaEX9IretGftXfvQPielS9q05wDNQPv6BfGIoNw=</latexit>

S1

<latexit sha1_base64="w342AwOQNAzeUEJLNKMuUBoDVAc=">AAACJHicbVDLTsJAFJ36RHyhLt00EhNWpCWKLjFsWGiCCa/YNmQ6DDBh+sjMrYE0/QU/wy9wq1/gzrhw487/cAosBLyTSU7OuY+T44acSTCML21tfWNzazuzk93d2z84zB0dt2QQCUKbJOCB6LhYUs582gQGnHZCQbHnctp2R9VUbz9SIVngN2ASUsfDA5/1GcGgqG6uYAMdw3SPVWvc3TrxZTV9SZy1PQxD140fkm4pm3RzeaNoTEtfBeYc5NG86t3cj90LSORRHwjHUlqmEYITYwGMcJpk7UjSEJMRHlBLQR97VDrx1Eminyump/cDob4P+pT9OxFjT8qJ56rO1KVc1lLyP82KoH/txMwPI6A+mR3qR1yHQE/j0XtMUAJ8ogAmgimvOhligQmoEBeujGdWVS7mcgqroFUqmuVi+f4iX7mZJ5RBp+gMFZCJrlAF1VAdNRFBT+gFvaI37Vl71z60z1nrmjafOUELpX3/Ary7pQE=</latexit>

Z2

<latexit sha1_base64="Hims02w0whhfnIigav8XKi2vvRc=">AAACInicbVDLTsJAFJ3iC/GFunTTSDSuSEsU3Zhg2LDQBA0Pk9KQ6TDAhOnDmVsDafoHfoZf4Fa/wJ1xZeLW/3AoLAQ8k0lOzrmvHCfgTIJhfGmppeWV1bX0emZjc2t7J7u715B+KAitE5/74t7BknLm0Tow4PQ+EBS7DqdNZ1Ae+81HKiTzvRqMAmq7uOexLiMYlNTOHreADiGZY1VqN9d2dFYevzjK3F225IOAqBBn4nY2Z+SNBPoiMackh6aotrM/rY5PQpd6QDiW0jKNAOwIC2CE0zjTCiUNMBngHrUU9bBLpR0ld8T6kVI6etcX6nugJ+rfjgi7Uo5cR1W6GPpy3huL/3lWCN0LO2JeEAL1yGRRN+Q6+Po4HL3DBCXAR4pgIpi6VSd9LDABFeHMluHkVJWLOZ/CImkU8mYxX7w9zZWupgml0QE6RCfIROeohCqoiuqIoCf0gl7Rm/asvWsf2uekNKVNe/bRDLTvXwyJpB8=</latexit>

R =
p
2

<latexit sha1_base64="Zm5E1GnOLjEeiEYpjxK8D81CeDU=">AAACGnicbVDLSsNAFJ3UV42vqEsRgkUQhJKIVpfFbrpQqNAXpKFMptN26OTBzI20hK78DX/Arf6BO3Hrxh/wO5ymXdjWOwwczrn3nsvxIs4kWNa3lllZXVvfyG7qW9s7u3vG/kFdhrEgtEZCHoqmhyXlLKA1YMBpMxIU+x6nDW9QmuiNRyokC4MqjCLq+rgXsC4jGBTVNo5bQIeQ7nHK1fs7N7kqTd440c/1cdvIWXkrLXMZ2DOQQ7OqtI2fVicksU8DIBxL6dhWBG6CBTDC6VhvxZJGmAxwjzoKBtin0k1S+7F5qpiO2Q2F+gGYKft3IsG+lCPfU50+hr5c1Cbkf5oTQ/fGTVgQxUADMjXqxtyE0JxkYnaYoAT4SAFMBFO3mqSPBSagkptzGU5P1VUw9mIMy6B+kbcL+cLDZa54O4soi47QCTpDNrpGRVRGFVRDBD2hF/SK3rRn7V370D6nrRltNnOI5kr7+gUEQ6Ai</latexit>

+

<latexit sha1_base64="Zm5E1GnOLjEeiEYpjxK8D81CeDU=">AAACGnicbVDLSsNAFJ3UV42vqEsRgkUQhJKIVpfFbrpQqNAXpKFMptN26OTBzI20hK78DX/Arf6BO3Hrxh/wO5ymXdjWOwwczrn3nsvxIs4kWNa3lllZXVvfyG7qW9s7u3vG/kFdhrEgtEZCHoqmhyXlLKA1YMBpMxIU+x6nDW9QmuiNRyokC4MqjCLq+rgXsC4jGBTVNo5bQIeQ7nHK1fs7N7kqTd440c/1cdvIWXkrLXMZ2DOQQ7OqtI2fVicksU8DIBxL6dhWBG6CBTDC6VhvxZJGmAxwjzoKBtin0k1S+7F5qpiO2Q2F+gGYKft3IsG+lCPfU50+hr5c1Cbkf5oTQ/fGTVgQxUADMjXqxtyE0JxkYnaYoAT4SAFMBFO3mqSPBSagkptzGU5P1VUw9mIMy6B+kbcL+cLDZa54O4soi47QCTpDNrpGRVRGFVRDBD2hF/SK3rRn7V370D6nrRltNnOI5kr7+gUEQ6Ai</latexit>

+
<latexit sha1_base64="IF9Pq3oMKqlgGuYVbd7BLsmDUSY=">AAACK3icbVDLTsJAFJ3iC/GFunTTSExcYWsUXWJwwUITTHgltCHTYYAJ00dmbgmk6Wf4GX6BW/0CVxq3/IdT6ELQO5nk5Jz7ODlOwJkEw/jUMmvrG5tb2e3czu7e/kH+8Kgp/VAQ2iA+90XbwZJy5tEGMOC0HQiKXYfTljOqJHprTIVkvleHaUBtFw881mcEg6K6+QsL6ATmezrV+uODHV1XkhdHOcvFMCSYR/dx1xpjEQxZLu7mC0bRmJf+F5gpKKC0at38zOr5JHSpB4RjKTumEYAdYQGMcBrnrFDSAJMRHtCOgh52qbSjuaFYP1NMT+/7Qn0P9Dn7eyLCrpRT11GdiVm5qiXkf1onhP6tHTEvCIF6ZHGoH3IdfD1JSe8xQQnwqQKYCKa86mSIBSagsly6MllYVbmYqyn8Bc3Lolkqlp6uCuW7NKEsOkGn6ByZ6AaVURXVUAMR9Ixe0Rt61160D+1L+160ZrR05hgtlTb7AQelqFE=</latexit>

D'



Emergence of TY(   ,   )
The XX model has a continuous family of non-invertible 
symmetries 

➤ a 

The            compact boson CFT has an    -family of     
TY(Z2,  ) symmetry operators      [Thorngren, Wang ’21] 

In the IR,                                      [Metlitski, Thorngren ’17; Cheng, Seiberg ’22] 

<latexit sha1_base64="w342AwOQNAzeUEJLNKMuUBoDVAc=">AAACJHicbVDLTsJAFJ36RHyhLt00EhNWpCWKLjFsWGiCCa/YNmQ6DDBh+sjMrYE0/QU/wy9wq1/gzrhw487/cAosBLyTSU7OuY+T44acSTCML21tfWNzazuzk93d2z84zB0dt2QQCUKbJOCB6LhYUs582gQGnHZCQbHnctp2R9VUbz9SIVngN2ASUsfDA5/1GcGgqG6uYAMdw3SPVWvc3TrxZTV9SZy1PQxD140fkm4pm3RzeaNoTEtfBeYc5NG86t3cj90LSORRHwjHUlqmEYITYwGMcJpk7UjSEJMRHlBLQR97VDrx1Eminyump/cDob4P+pT9OxFjT8qJ56rO1KVc1lLyP82KoH/txMwPI6A+mR3qR1yHQE/j0XtMUAJ8ogAmgimvOhligQmoEBeujGdWVS7mcgqroFUqmuVi+f4iX7mZJ5RBp+gMFZCJrlAF1VAdNRFBT+gFvaI37Vl71z60z1nrmjafOUELpX3/Ary7pQE=</latexit>

Z2

<latexit sha1_base64="+T4/F0aXTsXEzYHhLnKwdgxnVSo="></latexit>

D�,✓ = ei�Q
M

ei✓Q
W

D
<latexit sha1_base64="JUEZr2NCTIzv86iwlUVXDZ/pWu8="></latexit>

(D�,✓)
2 = (1 + ei⇡Q

M

)ei�Q
M

ei(2�+✓)QW

e
i
2 (✓�⇡)QM

T

<latexit sha1_base64="x8+HmtMGb+3fPh2OPtlapLm1+No="></latexit>

T
IR limit�������! ei⇡(Q

M+QW)

<latexit sha1_base64="CE/QE9PS+KXI05JSPo7rzIMpLaE=">AAACG3icbVDLTsJAFJ36xPqqunRhIzFxRVqj6BLDhoUmGHklUMl0GGDC9JGZWwNpWPoZfoFb/QJ3xq0LP8D/cFpYCHgmk5ycc185bsiZBMv61paWV1bX1jMb+ubW9s6usbdfk0EkCK2SgAei4WJJOfNpFRhw2ggFxZ7Lad0dFBO//kiFZIFfgVFIHQ/3fNZlBIOS2sZRC+gQ0jnNUuX2xokviskbx/r9g62P20bWylkpzEViT0kWTVFuGz+tTkAij/pAOJayaVshODEWwAinY70VSRpiMsA92lTUxx6VTpweMDZPlNIxu4FQ3wczVf92xNiTcuS5qtLD0JfzXiL+5zUj6F45MfPDCKhPJou6ETchMJNUzA4TlAAfKYKJYOpWk/SxwARUdjNbhpNTVS72fAqLpHaWs/O5/N15tnA9TSiDDtExOkU2ukQFVEJlVEUEPaEX9IretGftXfvQPielS9q05wDNQPv6BfGIoNw=</latexit>

S1

<latexit sha1_base64="w342AwOQNAzeUEJLNKMuUBoDVAc=">AAACJHicbVDLTsJAFJ36RHyhLt00EhNWpCWKLjFsWGiCCa/YNmQ6DDBh+sjMrYE0/QU/wy9wq1/gzrhw487/cAosBLyTSU7OuY+T44acSTCML21tfWNzazuzk93d2z84zB0dt2QQCUKbJOCB6LhYUs582gQGnHZCQbHnctp2R9VUbz9SIVngN2ASUsfDA5/1GcGgqG6uYAMdw3SPVWvc3TrxZTV9SZy1PQxD140fkm4pm3RzeaNoTEtfBeYc5NG86t3cj90LSORRHwjHUlqmEYITYwGMcJpk7UjSEJMRHlBLQR97VDrx1Eminyump/cDob4P+pT9OxFjT8qJ56rO1KVc1lLyP82KoH/txMwPI6A+mR3qR1yHQE/j0XtMUAJ8ogAmgimvOhligQmoEBeujGdWVS7mcgqroFUqmuVi+f4iX7mZJ5RBp+gMFZCJrlAF1VAdNRFBT+gFvaI37Vl71z60z1nrmjafOUELpX3/Ary7pQE=</latexit>

Z2
<latexit sha1_base64="IF9Pq3oMKqlgGuYVbd7BLsmDUSY=">AAACK3icbVDLTsJAFJ3iC/GFunTTSExcYWsUXWJwwUITTHgltCHTYYAJ00dmbgmk6Wf4GX6BW/0CVxq3/IdT6ELQO5nk5Jz7ODlOwJkEw/jUMmvrG5tb2e3czu7e/kH+8Kgp/VAQ2iA+90XbwZJy5tEGMOC0HQiKXYfTljOqJHprTIVkvleHaUBtFw881mcEg6K6+QsL6ATmezrV+uODHV1XkhdHOcvFMCSYR/dx1xpjEQxZLu7mC0bRmJf+F5gpKKC0at38zOr5JHSpB4RjKTumEYAdYQGMcBrnrFDSAJMRHtCOgh52qbSjuaFYP1NMT+/7Qn0P9Dn7eyLCrpRT11GdiVm5qiXkf1onhP6tHTEvCIF6ZHGoH3IdfD1JSe8xQQnwqQKYCKa86mSIBSagsly6MllYVbmYqyn8Bc3Lolkqlp6uCuW7NKEsOkGn6ByZ6AaVURXVUAMR9Ixe0Rt61160D+1L+160ZrR05hgtlTb7AQelqFE=</latexit>

D'

<latexit sha1_base64="Hims02w0whhfnIigav8XKi2vvRc=">AAACInicbVDLTsJAFJ3iC/GFunTTSDSuSEsU3Zhg2LDQBA0Pk9KQ6TDAhOnDmVsDafoHfoZf4Fa/wJ1xZeLW/3AoLAQ8k0lOzrmvHCfgTIJhfGmppeWV1bX0emZjc2t7J7u715B+KAitE5/74t7BknLm0Tow4PQ+EBS7DqdNZ1Ae+81HKiTzvRqMAmq7uOexLiMYlNTOHreADiGZY1VqN9d2dFYevzjK3F225IOAqBBn4nY2Z+SNBPoiMackh6aotrM/rY5PQpd6QDiW0jKNAOwIC2CE0zjTCiUNMBngHrUU9bBLpR0ld8T6kVI6etcX6nugJ+rfjgi7Uo5cR1W6GPpy3huL/3lWCN0LO2JeEAL1yGRRN+Q6+Po4HL3DBCXAR4pgIpi6VSd9LDABFeHMluHkVJWLOZ/CImkU8mYxX7w9zZWupgml0QE6RCfIROeohCqoiuqIoCf0gl7Rm/asvWsf2uekNKVNe/bRDLTvXwyJpB8=</latexit>

R =
p
2

<latexit sha1_base64="Zd67FnPrp4a0geWp0TYc/qpSNk0="></latexit>

D�,⇡�2�
IR limit�������! D�

<latexit sha1_base64="Zm5E1GnOLjEeiEYpjxK8D81CeDU=">AAACGnicbVDLSsNAFJ3UV42vqEsRgkUQhJKIVpfFbrpQqNAXpKFMptN26OTBzI20hK78DX/Arf6BO3Hrxh/wO5ymXdjWOwwczrn3nsvxIs4kWNa3lllZXVvfyG7qW9s7u3vG/kFdhrEgtEZCHoqmhyXlLKA1YMBpMxIU+x6nDW9QmuiNRyokC4MqjCLq+rgXsC4jGBTVNo5bQIeQ7nHK1fs7N7kqTd440c/1cdvIWXkrLXMZ2DOQQ7OqtI2fVicksU8DIBxL6dhWBG6CBTDC6VhvxZJGmAxwjzoKBtin0k1S+7F5qpiO2Q2F+gGYKft3IsG+lCPfU50+hr5c1Cbkf5oTQ/fGTVgQxUADMjXqxtyE0JxkYnaYoAT4SAFMBFO3mqSPBSagkptzGU5P1VUw9mIMy6B+kbcL+cLDZa54O4soi47QCTpDNrpGRVRGFVRDBD2hF/SK3rRn7V370D6nrRltNnOI5kr7+gUEQ6Ai</latexit>

+

<latexit sha1_base64="Zm5E1GnOLjEeiEYpjxK8D81CeDU=">AAACGnicbVDLSsNAFJ3UV42vqEsRgkUQhJKIVpfFbrpQqNAXpKFMptN26OTBzI20hK78DX/Arf6BO3Hrxh/wO5ymXdjWOwwczrn3nsvxIs4kWNa3lllZXVvfyG7qW9s7u3vG/kFdhrEgtEZCHoqmhyXlLKA1YMBpMxIU+x6nDW9QmuiNRyokC4MqjCLq+rgXsC4jGBTVNo5bQIeQ7nHK1fs7N7kqTd440c/1cdvIWXkrLXMZ2DOQQ7OqtI2fVicksU8DIBxL6dhWBG6CBTDC6VhvxZJGmAxwjzoKBtin0k1S+7F5qpiO2Q2F+gGYKft3IsG+lCPfU50+hr5c1Cbkf5oTQ/fGTVgQxUADMjXqxtyE0JxkYnaYoAT4SAFMBFO3mqSPBSagkptzGU5P1VUw9mIMy6B+kbcL+cLDZa54O4soi47QCTpDNrpGRVRGFVRDBD2hF/SK3rRn7V370D6nrRltNnOI5kr7+gUEQ6Ai</latexit>

+



Expressions of the Onsager charges 1
➤ The Onsager algebra. Formed by conserved charges                          

The Onsager charges      in terms of      and      are 

➤ Where                 ,                ,                           ,     

➤  are the pivots of Onsager algebra [Jones, Prakash, Fendley ’24]

⋯

S

<latexit sha1_base64="d7R/+M/B3vEaFL+EGfR9y9UBXus="></latexit>

[Qn, Qm] = iGm�n
<latexit sha1_base64="Q69vnO8u0yyUC/xhceU71f2YtLs="></latexit>

[Gn, Gm] = 0

<latexit sha1_base64="xSajmaV0DbnzDP9p65bmkXVARjY="></latexit>

[Qn, Gm] = 2i (Qn�m �Qn+m)

<latexit sha1_base64="z9CWmqIQMVyBq8ufztPZYksmszQ=">AAACI3icbVDLSsNAFJ3UV62vqks3wSK6kJKIVpeVLuxCQaGthSaEyXRqh04mYeZGWkI+wc/wC9zqF7gTNy5c+h9OHwvbeoaBwzn3xfEjzhRY1peRWVhcWl7JrubW1jc2t/LbOw0VxpLQOgl5KJs+VpQzQevAgNNmJCkOfE7v/V5l6N8/UqlYKGowiKgb4AfBOoxg0JKXP3SA9mE0p1Wt3Vy7yVll+NIk5yR3nji+8oST5lIvX7CK1gjmPLEnpIAmuPXyP047JHFABRCOlWrZVgRugiUwwmmac2JFI0x6+IG2NBU4oMpNRoek5oFW2mYnlPoLMEfq344EB0oNAl9XBhi6atYbiv95rRg6F27CRBQDFWS8qBNzE0JzmI7ZZpIS4ANNMJFM32qSLpaYgM5wakt/fKrOxZ5NYZ40Top2qVi6Oy2ULycJZdEe2kdHyEbnqIyq6BbVEUFP6AW9ojfj2Xg3PozPcWnGmPTsoikY37+JfqRY</latexit>

{Qn, Gn}

<latexit sha1_base64="nuMCPSy05XO/AaE6PS5YDvNmj+E=">AAACG3icbVDLTsJAFJ3iC+sLdenCRmLiirRG0SWGDQtNIOGVlIZMhwEmTKfNzK2BNCz9DL/ArX6BO+PWhR/gfzg8FgKeySQn59xXjh9xpsC2v43U2vrG5lZ629zZ3ds/yBwe1VUYS0JrJOShbPpYUc4ErQEDTpuRpDjwOW34g+LEbzxSqVgoqjCKqBfgnmBdRjBoqZ05bQEdwnSOW6o+3HvJdXHyxolZaQtz3M5k7Zw9hbVKnDnJojnK7cxPqxOSOKACCMdKuY4dgZdgCYxwOjZbsaIRJgPco66mAgdUecn0gLF1rpWO1Q2l/gKsqfq3I8GBUqPA15UBhr5a9ibif54bQ/fWS5iIYqCCzBZ1Y25BaE1SsTpMUgJ8pAkmkulbLdLHEhPQ2S1sGc5O1bk4yymskvplzsnn8pWrbOFunlAanaAzdIEcdIMKqITKqIYIekIv6BW9Gc/Gu/FhfM5KU8a85xgtwPj6BVFwoRg=</latexit>

Qn

<latexit sha1_base64="77c4UZbhABIxEDGr/Xt1ZPit0iM=">AAACJnicbVDLSsNAFJ34rPVVdekmWARxURLR6rLSTRcKLfQFTSyT6bQdOnkwcyMtIf/gZ/gFbvUL3Im4c+N/OEm7sK13GDiccx+H4wScSTCML21ldW19YzOzld3e2d3bzx0cNqUfCkIbxOe+aDtYUs482gAGnLYDQbHrcNpyRuVEbz1SIZnv1WESUNvFA4/1GcGgqG7u3AI6hnRPp1K/v7Ojq3Ly4ihbe4gsF8NQuFErjrNxN5c3CkZa+jIwZyCPZlXt5n6snk9Cl3pAOJayYxoB2BEWwAincdYKJQ0wGeEB7SjoYZdKO0q9xPqpYnp63xfqe6Cn7N+JCLtSTlxHdSYm5aKWkP9pnRD6N3bEvCAE6pHpoX7IdfD1JCC9xwQlwCcKYCKY8qqTIRaYgIpx7sp4alXlYi6msAyaFwWzWCjWLvOl21lCGXSMTtAZMtE1KqEKqqIGIugJvaBX9KY9a+/ah/Y5bV3RZjNHaK60718GHaZD</latexit>

QW
<latexit sha1_base64="yLHBmZLjAA/kIjBgwELASvGuexk=">AAACJnicbVDLTsJAFJ3iC+sLdemmkZgYF6Q1ii4xbFhIAgmvBCqZDgNMmD4yc2sgTf/Bz/AL3OoXuDPGnRv/wymwEPBOJjk55z5OjhNwJsE0v7TU2vrG5lZ6W9/Z3ds/yBweNaQfCkLrxOe+aDlYUs48WgcGnLYCQbHrcNp0RsVEbz5SIZnv1WASUNvFA4/1GcGgqG7mogN0DNM97VKtfG9H18XkxZFefYg6LoahcKNyHOtxN5M1c+a0jFVgzUEWzavSzfx0ej4JXeoB4VjKtmUGYEdYACOcxnonlDTAZIQHtK2gh10q7WjqJTbOFNMz+r5Q3wNjyv6diLAr5cR1VGdiUi5rCfmf1g6hf2tHzAtCoB6ZHeqH3ADfSAIyekxQAnyiACaCKa8GGWKBCagYF66MZ1ZVLtZyCqugcZmz8rl89SpbuJsnlEYn6BSdIwvdoAIqoQqqI4Ke0At6RW/as/aufWifs9aUNp85Rgulff8C9gCmOQ==</latexit>

QM

<latexit sha1_base64="9gPj98s5VoFahSrRFJBDpPS9q9U="></latexit>

Qn =

⇢
2SnQWS�1

n n odd
SnQMS�1

n n even

<latexit sha1_base64="QMLYUAQMOTBI3p69401yC2rZxj4=">AAACIXicbVDLTsJAFJ3iC/GFunTTSEhckdYouiHBsGGhCYZnAk0zHaYwYfrIzK2BNHyBn+EXuNUvcGfcGdf+h0NhIeiZTHJyzn3lOCFnEgzjU0utrW9sbqW3Mzu7e/sH2cOjlgwiQWiTBDwQHQdLyplPm8CA004oKPYcTtvOqDLz2w9USBb4DZiE1PLwwGcuIxiUZGfzPaBjSOZ0q427Wyu+rMzeNM7UbaNUt82SmZna2ZxRMBLof4m5IDm0QM3Ofvf6AYk86gPhWMquaYRgxVgAI5xOM71I0hCTER7QrqI+9qi04uSMqZ5XSl93A6G+D3qi/u6IsSflxHNUpYdhKFe9mfif143AvbZi5ocRUJ/MF7kR1yHQZ9nofSYoAT5RBBPB1K06GWKBCagEl7aM56eqXMzVFP6S1nnBLBaK9xe58s0ioTQ6QafoDJnoCpVRFdVQExH0iJ7RC3rVnrQ37V37mJemtEXPMVqC9vUDjZ6ipg==</latexit>

S0 = S1 = 1
<latexit sha1_base64="vE81SkAZF2mzEHOPDazwRuzqAzs="></latexit>

S3 = ei⇡Q
W

ei
⇡
2 QM

<latexit sha1_base64="h3O2fJWazP+ua5X9QwgleZFSWXc="></latexit>

S2 = ei⇡Q
W



Expressions of the Onsager charges 2



Fermionizing by gauging
Gauss law

Unitary transformation

Qubits now polarized Zj = 1



Bosonizing by gauging
Gauss law

Unitary transformation

Fermions now polarized iajbj = 1


