
Symmetry in Quantum Lattice Systems.

Lecture plan

1) Unitary symmetry operators on the lattice
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2) Symmetry defects and anomalies on the lattice
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3) GeneralizedSymmetry on the lattice.
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,
Tachikawa24 ;
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.
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Goal : Introduce basic aspects of the framework with examples

(dess emphasis on applications due to time.

Why care abou the lattice?

1) QFT you : Mathematically controlled setting for non-perturbative physics.

computational study and quantum-simulation

2) Quantum lattice matter: Condensed matter and AMO systems.

Two Slogans :

1) Sometimes the lattice is a regulator. Sometimes it's the physics

2) Sometimes the QFT is the Starting point. .

Sometimes its the answer.

Mutualisti relationship

Knowledge

~
continuum lattice



-> Modern examples

Foliated field theory- Fractions

Generalized Symmetry--New lattice models

with interesting phases andphase

transitions

Hamiltonian lattice system : spatial lattice and continuous time.

Example : Ising Chain (warm up example

Hld lattice system on a ring with a gubit on each

Site j and total # of sites = L ↳aka spin 1/2.
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Onsite tensor product Hilbert Space

に 思々
->Sita j Pauli operators Xj and Zj(JwjtL) :

j
"
= E
,

'

= 1 なEK =
( -10jikEKな

Hamiltonian H =

-&ZjZjt-h
-> locality : Each term involves at most neighboring gubits



General Set ut

A (n +11d lattice system is specified
↑ or other dimensional cells

1) spatial lattice : Discrete set of lattice Sites 1 With an

n-dimensional metri( Space X locally finite, injective mas

1* X

->A gives a notion of spatial dimension and distance

2) Onsite Hilbert Spaces

Hilbert space in finite region 4 : In= M
.

-> for finite 1
,

total Hilbert space isHe

-> For infinite 1 H is ill-defined.
√

2.9., for 14> =④1な > and1PC : & - 14j)
,

the inner-product
jEr jEΛ

[P14) 2 # 1-1) doesn't converge

(Total Hilbert Space found using a reference State : GNS construction

3) Local projectors {PjBjer

4) Hamiltonian H = [ hn 711-
iah

-> Eachhi a Hermition operator ofJr.

-> Strict - locality : hp = 0 if diam(r) > TH With H the
finite range of H.

↳ Independent of 111 for finite 1.



-> For infinite 1
. only [OrH1 = 1870 is a well defined operator.

[O. H1 = Ʃ [O . hr2n1r] JA finite sum
.

M : InSuppC0) Fo

comments :

1) locality baked into theSet up.

2) Infinite 1 is subtle (we'll try to stick to finite 1)

We will assume : (ForSimelicity
1) dimH; < 0

2) Lectures 182 : No nontrivial projectors

3) Lectures 1 & 2 in11d
,

Lecture 3 in Hld andItld

Graplike Symmetry
An operator U is a symmetry operator iff U is

1) Cantif Unitary : UT = U" (we'll restrict to unitaries

Not needed in [2) locality - respecting : U OUT is a local operator for each

Otld QM, loca operato O

-> a grove

A G- Symmetry is a collection [Ugget of Symmetry operators

satisfying

1) Group law : HgUn = ei0C9hUgh.



2) faithfulness :

Uga 1 iff g
=
1 .

The Symmetry of a Hamiltonian H is a G-symmetry
such that

[Ug .
H) =0 v g

-> Note : Symmetry can be stated without a reference symmetric
Hamiltonian in mind .

Ising Chain Symmetry:

Consider th operators

M = 域 ま りなyt
= j け Zより

「
ューも

j
ー

translation operator T TX
,
T

+
= X

j+ TEIT+= Zjti
ー

reflection operator & &XjR
+

= X-j REZRT = Z
.g

-> All ar symmetry operators

->Satisfy
y

'

= 1 T
'
= 1 R의

YT = TY YR = RM RT = T
'

R

=> Generate a &ex & Symmetry
->

satisfy [Y. H 1 = [T.HJ = [R. H 1 = 0

=> Izx Dac Symmetry of the Ising Chain.



Quantum Cellular Automaton (QCA)

A special class of unitary Symmetry operators are QCAs.

-> U is a QCA if for each local operator ㆁ

supported in M

supe (Hout) [ ntr

With Mtr all Sites within a finite distancer 4.

니
^ _

annem manmuumr-

=> Minimal Suchis called the range of U.

->> QCAs generate strictly locality-preserving symmetries.

In the Ising Chain :

ー

Symmetry operator

I
QCA?

に 草 な Yes (range or

translation T Yes (range 1.

reflectio & No

A QCA U with range O is called an onsite unitary
-> e.g. 서 is onsite.



-> U is onsite E U= Up with UjEMCHI

Finite-depth quantum Circuit (FDQC
↑ finite in thermodynamic

A QCA U is a FDQC with deeth & iff limit

U = UCDOUC-O .
- U' .UFTOU

with [UCK) local unitary operators satisfying☆

-> U are called gates.

. 이.
ㅣ 1 …

·T↳ㅣ ' 1 ㅣ

Consite unitaries & < [FDQCs) < [QCAS)

with CEj
」K

“ i ( 「 + Zg +Ea - ZZEKO

Example: CZijt = Twu
.
CEjrat, Tuaj CEjiat ,j의

1

匳↳ [torz
1

.↳ Lezsio
" … 1
( 로 } ↑ { {



Anti-example : Lattic translation T

[Gross-Nesme-Vogts- Werner (GNUW) 2009/

GNVW index

Every QCA U has 때 index ind (U)
-> Measures net transport quantum information across a spatial

cut.

=> For translation TOjTT = Ojt

ind (T) = dimfj.

For bosonic Hld lattice systems
(Won't give full def here

ind(U) = GNVW index of U E¢
x

Group homomoughism ind : GRCA -> Qo

ind (UV) = ind (U) ind (V) ind(4-)) = ind (U)
-

-> Satisfies

ind(U) = 1> U is an FDQC ind (UQV) = ind (U) ind (V)
=> T is not an FDQC

Examples :

1) gubit translations :

2) gutrit translations : ind)[gutrit) = 3
.

ind (gutrit) = 1/3



3H,
= K2K3 : ind (TqubitTgutrit) = 6

, ind (TgubitTutrit) = 2/3

4) For prime dimflj = & Every QCA U admits decomposition
U = T " C with 2 an FD QC

ind(U) = ind (5"ind(C) = 9"

Remarks :

1) For every
QCA U

.
UQH" is an FDQC

→ inl ( uou" ) = indlal indCU)
"

= (

-> Explicit expression :

let UA = UQ H
.

UB = HOU
,

and S = #Sj sways
the two tensor systems.

⇒UBU-= UAUB
'

= UA SUA
'

S = ⑫ UASzUA
"

2 :
↑ in thermodynamic limit

2) For a finite G - Symmetry of QCAs [UglgeG ,
esch Ug

s an FDQC.

-> Every Ug Satisfies yord(9) aHI.

=> ind (Ug) =



Lecture 2

Lastleetwe

- Lattice Hamiltonian Systems
- Unitary Symmetry operators :

onsite<FDQCS CQCAs

Thi lecture : defects and anomalies

Defects

A defect is a localized modification to a theory
.

-> in space

In a Hamiltonian theory ,
a defecta with support [ modifies.̂

1) The Hilbert Space ↑
called defect Hilbert Space

(O
, EO

打。 に 品 な→ .

(D,5)
->Ir = fr

2)Hamiltonian
^

called defeat Hamiltonian.

LEO
H s Ho

-> HCE acts like H
away from 2.

-> If every 11) = In :

H
.

(ε 」
= H + δ 시

.

s」

with Supe (5H,) = 2 th

-> other operators also modified within 2tr



Spacetime for comment

Euclidean theory: (pou of Inaki's lecture

_

trderate ㅂ defect &

->space

-> Both are localized modifications of Euclidean path integral

Hamiltonian interpretation

impurity

。 E operator & on 21
.

Partition function :

Trpos(ePH] Tre [eBH)

Symmetry defects

A symmetry defect is

1) a topological defect :a defect whose support is changed
ン

using Unitary "movement operators

e
.g -

i
1HI d (picture in space ,

not spacetime

uise β

.
£

Unitary ucio has support supp (U) e dirgt

=> HC8 = 448H? UCi



=> EnergySpectrum independent of symmetry defect's location

2) Implements a symmetry transformation across space :

iLE K EE j{
^

Ki or K <> j

=>A is the symmetry defect for the Symmetry operator
&

.

=> 5= Ulti (defect -o

of -> defectFor an FDQC U. a 1-symmetry defect can be inserted{
Using a locality -

preserving Unitary Us satisfyingー

Within B ,

HOUT SuppCo) deep inside of B

UBOUs = { ㆁ suppor far outside of B

CUB is a truncation of U to B
-> Us inserts a U-Symmetry defect at 83.

In ItHd

->Spacetime intuition : truncated operator corresponds to Euclidean

theory defect

¤
->space

-> Example With depth 2 FDQC ,



1 I

O □□□D□ L …1 1 / 1I

□O□Ea
ㅣ 1 / 1
ㅣ S σ 7 8 6 (σ " に 13 4"gates in redremove keep gates in green.

=> truncation of the FDQC to the interval [3 . 12/

-> Fails for a QCA that is not an FDQC : A nontrivial GNUW

index is a obstruction to a locality-preserving . Unitary fruncation.

(Because such QCAs transport information across space.

Ising chain example

Ising chain with a 4- symmetry defect

1) Truncate Y to interval I = [J2
.Jr/

I = 成 な
よ=j し

2) Conjugate H:

YHM = = H + 2 Zie-Zie + 2 =inZiat

3) Defect Hamiltonian : HCOB) = H + 2 7
j26a+

+
-> Movement operator Mj =↑[jnt154 = =*

bn +

⇒ Mi
.

H
彡

µ ょ
,
"

= H
(;
「



Twisted translations :

-> satisfies (2conf)" = 4.

Anomalies

Consider discrete G-Symmetry [UglgeG in Hld with

1) control space X = S

2) every Ug is a FDQC -> automatically true for finite G

With QCA symmetry operators
I

Truncate each U
g

to U
g

with cand

sites jし anah far

UU = ~gin Wan
↳

An operator.

-> seperation of J and In

LIR
with &

gih
local;zeal around JLR.

-> assume U
.

"
=$ ⇒ 2

.og =
2 g,

z =
#

I

U
g

creates a g-defect near Ja auch 9 defect near
J



Rgin
n
"

fsg
"

@ ⑳

! a iti"
Cgh)-1 gh

β
=> Engin is a "Splitting" operator for a gh defect.-

Associativity

=>rgh Erghik = (4 rnk (Ug)t) rgink

=> ~2nk
= Wirhik) (4 rk (Ug) rignk

where W : G-> Usi

Graphically

· "/
*

⑩

ㆀ ㆀ

↑ ↑

The anomaly of the G-symmetry is classified by the

cohomology class

-> From its def
.

W Satisfies the 3-cocycle condition



-> Redefining Rin He ei01gh 22 gry changes w by
a 3-coboundary

Note : Agrees with the classification ofit Hooft anomalies

in QFT
.

(Suprising : The lattice is non-relativistic. No continuum limit needed

Example : CZX symmetry

Consider Ald lattice system of even L sites with a gubit
per site

, and the FDQC

u = 荘 CEii以域 な

-> controlled - Z gate CZjK = [ (1 + zj +Zk-Ejzk)

U Satisfies :

U TIUF = Ej. ,Tj Zitir UEよ
Ut = - Ej

=> U
2

= 1 = U generatesa 7 2 symmatry

A symmetric Hamiltonian :

H= (i+ E :iA: Zit)

Fun facts : 1) IR limit is R =12 Compact boson CFT

2) Critical point between inequiralent [zXKz SPT phases



U-symmetry defect

1) Truncate U to interral I = [J2.Js/

UI= cZist,t
2) Conjugate H:

U . HU = H t δH
.

t δ HR

with
,

e .g.,

SHr = - TorZist(Zirtisnt
- ZinJatint

3) Defect Hamiltonian : HOM = H + SHa
.

-> Movement operator

Min = UsjuntIs UI =

CZiricnti *
bBt

Anomaly of2 Symmetry [U"3nexc
.

I Il1 어

Zjiz =⇒UIFC R
=

( L -OLIHZjiZja 」IR

⇒ rn = E
よrm"

->anomaly 3-cocycle



=> The cohomolgy class of 2W5 is nontrivia.

Since every normalized 3-coboundary satisfies

= U generates an anomalous2 Symmetry.
(becomes the diagual IXK Sym in the continuum

Remarks :

1) The anomaly of a symmetry is not a feature
ofa specific Hamiltonian

2) Onsite symmetries are anomaly-free

-> If every Ug = #U = every Ng .2 & H => Wignik) = 1.

3) For ever QCA W. the anomaly is invariant under

Ug H WUgWt = Ug

-> can use T = WUWT = Rin = WRNt which has

same 3-cocycle was 2gh.

4) The anomaly ofEUgggeG is the product [WS[W

5) F a 271d generalization(Kapustin .
Xu '25 : Kawagoe , Shirley

'25

->classified by 7)%(G .UII



This Itld anomaly on the lattice implies :

1) obstruction to
garging (Seifnashri 2023

2) obstruction to trivially gapped phase (Kapustin & Soyenko 2028)

3) Anomaly inflow with a 2Ald SP+

(Els& Nayak 2018. Kawagoe & Levin 2021)

General QCAs

Suppose discrete G-symmetry [UgigEG
with each Ug

a QCA but not necessarily an FDQC

-> ie. Ug could be lattice translations.

USiThe anomaly can b calculated ng the following trick.

(Kapustin & Sopenko 2024

1) Double the system : 9; Hj9j.

2) Consider symmetry operators

UgQ Eg"

For prime dimflj = > .
each Ug = Th8g .

Let

(Generalizes based on prime factors of dimflj)

=>From GNVW index :

EgYa=Egh UgOTg' is an FDQC



6) The EYggea Symmetry is manifestly anomaly free

=> Anomaly of [UgOtg'gEG is the same as that

Example : LSM anomaly

Infinite lattice with < XG Symmetry operators :

1) lattice translation ↑ (not an FDQC)

2) Onsite G - symmetry operators

with 2-cocycle U : GMUC

-> Each unit-cell associated with projective representation [21

stacking trick :

T→ TOT -
1

4g H-> UgQ1.

can show that the anomaly cocycle is

=> [W1F1 iff [US = (

=> Related to 71'(L
. 71CGUCI) EH(GUI) in the Kunneth

formula of 7)(xG, ucir



=> Finite - System method : Projective representation of [UggEG
at 1 sites differs from that at 1-1 Sites by SUS

called a Lieb-Schultz-Mattis (LSM) anomaly

->Generalization of the LSM theorem,



Lecture 3

Last two leatures : UnitarySymmetry operators ,
their defects.

andanomalies

This leature : generalized symmetry on the lattice

-> Non-invertible and higher-form Symmetry
-> currently lacks a general understanding

=> focus onexamples.

Non-investible Symmetry in 1Hd

Consider lattice on S' with 2 sites and for a

finite groue
G (Called G-guaits)

2g147 = 8qh

-> Hom (G.UCI) Onsite Symmetry operators

g 5 = 1

with g = (91r92192) and XEHom (GrUCI)

e.g . G = L2 : Each Hj is a gubit and

Wtriv = 1 wsim = ※ zj ,

Each7 is a ld reg of G
.

What about general
Unitary irref

GL (dr.4)



Let

-> generalizes the We operators.

-> follows from representation theory

=>EW -Breinca are RepCE) - Symmetry operators.

Non-inventible Symmetry if G i non-abelian :

=> For non-abelian G
,

F an irref" With dry
⇒ Math fact : Every ↑ with dr > 1 has at least one

9 - G with Try (91 = o

=> We with 1 and dri is non-invertible.

↳ simple statement about a matrix.

Example : E = Ss = <N. s / r3 = s = 1
,

Srs" = r) .

->threeirreps:

1) trivial : 生 Cr) = ( IESO = (

2) Sign : β ( 「) = 1 ↑ (S)= - 1

E (r) = Cos(24/3) - Sin (24/31 sin (25/3) cos(25/3)



-> symmetry operators We = 1
. Wo . We satisfy

W
。
^= 4

Non-invertibility: Trz (S) = 0 =>> WE isnon-invertiale

There are infinitely many Rep (G)-symmetric local Hamiltonians.

Example :

let onoigy = 1ng3 .

allg )= Igh") F 1 g > = 8
g,

1g>

Rep (G) Potts model

トに品段孫 -臨 によ
-> For G =

y ,
this is the g-state Potts model

(For g = 2
,

it's the Ising model

-> 4 1: Rep (G) SSB ghase
h 1 : Rey (6) Symmetric ghase.

Rey (G) symmetry defects

↑
dual irreg FCG) = r (g)

*

We insent apair of M4 defects using the truncation

with I = [J2 . 6M1 (Natural when We written as an MPO



-> Not an operator of1 for dp21 .
Instead a linear may

11 --> Ildefect = 11 & Kdo jdr

'

Let (WE) = [rF)+Gap 123(60LpIr(9). The
X
, B, 9

defect insertion may satisfies

-> Note : di WiF is an isometry
->spacetime eicture

IWITWE =f.

(Wrirt

=> de Hgl
.

→ Lattice version of how topological defect lines in Hld Euclidean

QFT satisfy

(Ova) = quantum dim
. of a

Movement operator Mid satisfies

=>Mid = Ʃ
B

,
8.9



-> Is a unitary operator and satisfies

Trdefect (M ?M ... Mi / = Wi (defect- operator

Examele in Rep (G) Potts model

For non-invertible symmetry defects
,

defeat Hamiltonian found by

WIH = HCF Wit

-> HCF) = IQ HOH + SH2 + SHe with
.

e .g.

8Ha =- Ʃ 40(@- *) %皆やHEO

=> act nontrivially on the defects Hilbert space

Rey (G) -

Symmetryaction
Let O be a local operator with support RC1.

for RC I
.

The action of Wr on O is

≡ arCol_

->spacetime picture

IWITTOWE = 1.
(Wert

#Wi



-> Generally. & (0 , 02) #<r (01) <n (02)
=> spacetime picture

M②
~ · VM F amummmms

~

->>- Nontrivial line operator ,

Remarks

1) This Rep (G) example generalizes to RegCH) Symmetry
with H a finite-dim semisimple Hopf algebra
↓ Tia24 ; Lu

, Chatterjee ,
Tantivasadakarn '26]

->Anomaly- free fusion category Symmetry.

2) defining non-invertible symmetry operators is an active topic.

3) For systems with Finite dimf;

^ quantum dims E &

-> tensor product 11 : only integral fusion category symmetries
can be realized (Evans. Jones '25/

quantum dims
^

E1T & Weakly integral fusion cats can be realized

by mixing with QCA sym

JInamura '26 ; Wen . Inamura
_

Schäfer-Nameki (26)

-> general 11 : Any Unitary fusion cat sym realizeable .

(Anyon chains
4) Every unitary fusion cat sym realizeable for tensor

product 19 if dimfl; infinite (Bunner . Jones /26)



Higher-form Symmetry
An n-form Symmetry in a (d+/C Hamiltonian lattice

System has

1) topological operators with support on a din cycle :

-> UIC) = UCE) if C homologous to

In Space!

〜

2) topological defects with support on a d-n-1 cycle.

egud =2 and nal :

·aspace Caneninnt
is

Higher-form symmetry operators do not exist on tensor product
Hilbert Spaces

suppose I=& Hj and C and I have disjoint support.

->UIC) = V,* H
;

and U(C) =1 @ Ve

-> U(C) = UCC) = V, # :
= 1, Ve

=> Uc & 1
, and V.

& HE

What i possible forQHj :

With Bc supported in region between C andC.



→ Suppose E Mutually commuting local projectors [P; Bjer
sit.

. P
=T P

;
Satisfies

[P
,
UCC)) = 0.

dim (Im (P) <O

=> On Subspace IM(P) 271 : U(C1 = UCE

-> [UCC) are higher-form symmetry opeatorson Atog = Im20

=> SUCCI) are "lattice higher-form" symmetry operators with

respect to

(Also called non-topolyical ,
faithful

,
or non-relativistic

higher-form symmetry operators(

-> Lattice higher-form symmetry operators can still give rise

to topological defects on a tensor-product Hilbert Space.

Example

Let 1 be theSquare lattice with a gubit on each edge

ff = Q 02

ech

For each lattice loop 1
,

let

WCL = TT Ze lesecl

->satisfies 7z grove law WCR" = 1.



Denote by fiature
means take product !

- Projector to By = / States
.

βe=i
-> Ever WCR satisfies

=> SWCDS are 12 1- form symmetry operators on

Utuf = Im Tef=
{ 14)ese ( Be ( 4) = 14) e

=> [WCe)) are lattice +form Symmetry operators with respect

The most generalz lattice 1- form Symmetry operator have takes

↓he form

↑2-Valued 1-cycle.

U = [veCeT E Z
,
(1:2)

e

-> The projector #P, implements quotient

z. (1i2)-> Hi(dikur

Symmetri Hamiltonian : Toric Code

H = - & As - [Be with As:
-> [H . WCUPP = 0 F UEZ. (1: 72)



-> Exactly - solvable : [As, By are mutually commuting
.

=> Ground State Space : As = Bg = 1.

=> fgs <Ftog : 22 7form Symmetry arising from [WCU)Pozz
, (1 : 42r

-> can insert symmetry defect by truncating WCU) :

↓ defect

H Hester Hr = H+ 2 Ar
.

-> on Full Hilbert Space.

=> topological defect :

Ho
.

= U
.zHrs Uiz with unitary U. c=, Z.

Outlook of these lectures

We talked about

1) Unitary symmetry operators ,
their defects

,
and anomalies.

onfle lattice

2) Non-invertible and higher-form Symmetry on the lattice

Didn't have time for a lot of cool topics :

operator algebra framework onsiteability , Blendability Families
」 1

of lattice systems. phases of matter
, garging ,

fermionic lattica

systems .
More general crystalline symmetrics and their LSM

anomalies. SubsystemSymmetry and fractors
.

Anomalies of

continous UnitarySymmetry and generalizedSymmetry. Lattia

higher-grou symmetry .
Ancillae,



Lots of exciting open
directions :

In m view , the most exciting frontier of symmetry is symmetry on

the lattice

- use symmetry to clarify relationship between quantum
lattice systems and QFTs.

- use symmetry to characterize
, classify , and constrain

quantum entanglement and quantumphases of matter

Advertisement

Symmetry Seminar : Weekly Virtual Seminar Series each

Thursday & 39m London time.

(Sites.google . com/view/symmetrysemiran)


