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Quantum Systems
Two primary frameworks for describing quantum systems:  

Quantum lattice models (QLMs)* 

Quantum field theories (QFTs) 

➤ Incredibly successful: cond-mat, hep, quant-ph, & math. 

Different frameworks, but intimately related: 

{QLMs}  {QFTs} 

➤ Currently, more like a guiding philosophy.  

➤ Important to make this relation precise.

infrared limit

*Discrete space, continuous time 1/13
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1. What is {symmetries} for QLMs and QFTs?  

2. Given a fixed QLM symmetry, which QFT symmetries can 
it become? 

3. Which QFT symmetries can arise from a QLM symmetry? 

Here, we focus on invertible 0-form symmetries. 

➤ Which QFT anomalies can arise from QLM anomalies in 
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The theory of anomalies of ordinary symmetries in 
QFT is by now a mature subject. 

Understanding anomalies in QLMs is an increasingly 
active direction!
[Bols, Carvalho, Chatterjee, Chen, Cheng, Czajka, De Roeck, De Wilde, Else, Feng, Geiko, Hsin, Ji, 
Kapustin, Kawagoe, Kim, [Kobayashi, Levin, Liu, Long, SP, Ryu, Seiberg, Seifnashri, Shao, Shirley, 
Sopenko, Spodyneiko, Thorngren, Tu, Xu, Yi, Zhang, [Zou, ]⋯



From the UV to the IR and Back
Given a UV        symmetry group with anomaly       :
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From the UV to the IR and Back
Given a UV        symmetry group with anomaly       : 

Taking the IR limit induces a homomorphism 

                                  

➤ Implies a homomorphism                                           ,  
with              the group of inequivalent    anomalies. 
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From the UV to the IR and Back
Given a UV        symmetry group with anomaly       : 

Taking the IR limit induces a homomorphism 

                                  

➤ Implies a homomorphism                                           ,  
with              the group of inequivalent    anomalies. 

Anomaly matching:            

➤ A nontrivial UV anomaly implies a nontrivial IR anomaly:                               

                              

➤ When the UV and IR symmetry groups are the same:
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The Order of an Anomaly
A key property of an anomaly    is its order   

➤ Smallest positive integer n such that              diagonal    
G symmetry of the n-copy system is anomaly-free.  
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The Order of an Anomaly
A key property of an anomaly    is its order   

➤ Smallest positive integer for which                    diagonal 
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➤                if and only if G is anomaly free. 
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<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)

<latexit sha1_base64="445G8NCG2IHvqVmeiQYsWjmWmLw="></latexit>

ord(ω) = 1

<latexit sha1_base64="Iw+0HeFNLAQKGseSO58bOmDuadA="></latexit>

=→ ω

<latexit sha1_base64="mGNeuz0ZZTCP27iqKpf4UjRS55I="></latexit>

ω : GUV → GIR

<latexit sha1_base64="BPN41WVyXagFv2C4/9nFX7R0+IE="></latexit>

ω→ : Anom(GIR) → Anom(GUV)
<latexit sha1_base64="F8L9/VTr9zIO3NQCguDK3aVm74o="></latexit>

Anom(G)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="7yuqxyN1XOUp7pw928T8W5LImLg="></latexit>

ω→(εIR) = εUV

<latexit sha1_base64="8qMmMpe1MsboQeyF0OXH1G9d0Ms="></latexit>

ωUV = ε→(ωIR) →= 0 =↑ ωIR →= 0

<latexit sha1_base64="su/ZJWDW9lCAWtylFJxQMkDlTvk="></latexit>

GUV
→= GIR & ω = id =↑ εIR = εUV

         example: two qubits with  

➤                generated by           ,           , and           :  

         

<latexit sha1_base64="Ngmzd5YOuGL9HWI++ShYxqB3yl0="></latexit>

0 + 1d
<latexit sha1_base64="T5FGGFKI9XQbkmZzmDlsQ9JV0e0="></latexit>

H = (3→X1)(1 + Z2)
<latexit sha1_base64="vKJUkNkUvVpwalIO/m0c0gF4AU0="></latexit>

GUV = D8
<latexit sha1_base64="qNg1IaaabXC+rCZc9XDheFO2F/Y="></latexit>

A = CZ
<latexit sha1_base64="ZfKVTsbcEy4BZJxx8w3FIiFnE5c="></latexit>

B = X1
<latexit sha1_base64="3yhF6KSpxsXhCmVbnOcGJGkA03s="></latexit>

C = Z2
<latexit sha1_base64="pdscCazasPm+URvHN6GJMuzoLw0="></latexit>

A2 = B2 = C2 = 1, AB = CBA.
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The Order of an Anomaly
A key property of an anomaly    is its order   

➤ Smallest positive integer for which                    diagonal 
G symmetry of the          -copy system is anomaly-free.  

➤                if and only if G is anomaly free. 

If           exists          is a finite-order anomaly. 

➤ Otherwise,  is an infinite-order anomaly. 

An anomaly’s order can change under the IR limit 

➤ Easy to show from anomaly matching that 

⟹

<latexit sha1_base64="ShO/Oi7WILQUctR3EDEC4P7EMow=">AAACOHicbVC7TgJBFJ31ifhCLW02EowV2TWKliQ0FJpgwiuBDZkd7sKE2Udm7hrIhj/wayzVH7GzM7a2Ns4Chah3MsnJuY9zctxIcIWW9WqsrK6tb2xmtrLbO7t7+7mDw6YKY8mgwUIRyrZLFQgeQAM5CmhHEqjvCmi5o0rab92DVDwM6jiJwPHpIOAeZxQ11cuddhHGOLvTqdZvb5zkspK+aZItZLuhDwOqwbSXy1tFa1bmX2AvQJ4sqtbLfXX7IYt9CJAJqlTHtiJ0EiqRMwHTbDdWEFE2ogPoaBhQH5STzHxMzYJm+qYXSv0DNGfsz42E+kpNfFdP+hSH6ncvJf/rdWL0rp2EB1GMELC5kBcLE0MzDcfscwkMxUQDyiTXXk02pJIy1BEuqYznVpe4VE8qT6Vp2b+z+Qua50W7VCzdXeTL5UVuGXJMTsgZsckVKZMqqZEGYeSBPJJn8mI8GW/Gu/ExH10xFjtHZKmMz2+Uhaxl</latexit>ω

<latexit sha1_base64="oUgDjS+KlJmi5efiSfp6Ip9gG00="></latexit>

ord(ωUV) → ord(ωIR)

<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)<latexit sha1_base64="ShO/Oi7WILQUctR3EDEC4P7EMow=">AAACOHicbVC7TgJBFJ31ifhCLW02EowV2TWKliQ0FJpgwiuBDZkd7sKE2Udm7hrIhj/wayzVH7GzM7a2Ns4Chah3MsnJuY9zctxIcIWW9WqsrK6tb2xmtrLbO7t7+7mDw6YKY8mgwUIRyrZLFQgeQAM5CmhHEqjvCmi5o0rab92DVDwM6jiJwPHpIOAeZxQ11cuddhHGOLvTqdZvb5zkspK+aZItZLuhDwOqwbSXy1tFa1bmX2AvQJ4sqtbLfXX7IYt9CJAJqlTHtiJ0EiqRMwHTbDdWEFE2ogPoaBhQH5STzHxMzYJm+qYXSv0DNGfsz42E+kpNfFdP+hSH6ncvJf/rdWL0rp2EB1GMELC5kBcLE0MzDcfscwkMxUQDyiTXXk02pJIy1BEuqYznVpe4VE8qT6Vp2b+z+Qua50W7VCzdXeTL5UVuGXJMTsgZsckVKZMqqZEGYeSBPJJn8mI8GW/Gu/ExH10xFjtHZKmMz2+Uhaxl</latexit>ω
<latexit sha1_base64="uoC8epfGlG791dyEph0kMuSO5cY="></latexit>

ord(ω)ω = 0
<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)

<latexit sha1_base64="445G8NCG2IHvqVmeiQYsWjmWmLw="></latexit>

ord(ω) = 1

<latexit sha1_base64="Iw+0HeFNLAQKGseSO58bOmDuadA="></latexit>

=→ ω

<latexit sha1_base64="mGNeuz0ZZTCP27iqKpf4UjRS55I="></latexit>

ω : GUV → GIR

<latexit sha1_base64="BPN41WVyXagFv2C4/9nFX7R0+IE="></latexit>

ω→ : Anom(GIR) → Anom(GUV)
<latexit sha1_base64="F8L9/VTr9zIO3NQCguDK3aVm74o="></latexit>

Anom(G)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="7yuqxyN1XOUp7pw928T8W5LImLg="></latexit>

ω→(εIR) = εUV

<latexit sha1_base64="8qMmMpe1MsboQeyF0OXH1G9d0Ms="></latexit>

ωUV = ε→(ωIR) →= 0 =↑ ωIR →= 0

<latexit sha1_base64="su/ZJWDW9lCAWtylFJxQMkDlTvk="></latexit>

GUV
→= GIR & ω = id =↑ εIR = εUV

         example: two qubits with  

➤                generated by           ,           , and           :  

           

➤ The IR (ground state space) is the             eigenspace 

                              with a nontrivial anomaly

<latexit sha1_base64="Ngmzd5YOuGL9HWI++ShYxqB3yl0="></latexit>

0 + 1d
<latexit sha1_base64="T5FGGFKI9XQbkmZzmDlsQ9JV0e0="></latexit>

H = (3→X1)(1 + Z2)
<latexit sha1_base64="vKJUkNkUvVpwalIO/m0c0gF4AU0="></latexit>

GUV = D8
<latexit sha1_base64="qNg1IaaabXC+rCZc9XDheFO2F/Y="></latexit>

A = CZ
<latexit sha1_base64="ZfKVTsbcEy4BZJxx8w3FIiFnE5c="></latexit>

B = X1
<latexit sha1_base64="3yhF6KSpxsXhCmVbnOcGJGkA03s="></latexit>

C = Z2
<latexit sha1_base64="pdscCazasPm+URvHN6GJMuzoLw0="></latexit>

A2 = B2 = C2 = 1, AB = CBA.

<latexit sha1_base64="KiIHnQRa7Zc7RQedRcabRgsi7co="></latexit>

=→ GIR ↑ Z2 ↓ Z2

<latexit sha1_base64="hzIWuCTYFduBm4lh1KpeUsDbrcs="></latexit>

Z2 = →1
<latexit sha1_base64="27yvPz7vC46yk3jaVUBetV1T1Og="></latexit>

A2
IR = B2

IR = 1, AIRBIR = →BIRAIR
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The Order of an Anomaly
A key property of an anomaly    is its order   

➤ Smallest positive integer for which                    diagonal 
G symmetry of the          -copy system is anomaly-free.  

➤                if and only if G is anomaly free. 

If           exists          is a finite-order anomaly. 

➤ Otherwise,  is an infinite-order anomaly. 

An anomaly’s order can change under the IR limit 

➤ Easy to show from anomaly matching that 

⟹

<latexit sha1_base64="ShO/Oi7WILQUctR3EDEC4P7EMow=">AAACOHicbVC7TgJBFJ31ifhCLW02EowV2TWKliQ0FJpgwiuBDZkd7sKE2Udm7hrIhj/wayzVH7GzM7a2Ns4Chah3MsnJuY9zctxIcIWW9WqsrK6tb2xmtrLbO7t7+7mDw6YKY8mgwUIRyrZLFQgeQAM5CmhHEqjvCmi5o0rab92DVDwM6jiJwPHpIOAeZxQ11cuddhHGOLvTqdZvb5zkspK+aZItZLuhDwOqwbSXy1tFa1bmX2AvQJ4sqtbLfXX7IYt9CJAJqlTHtiJ0EiqRMwHTbDdWEFE2ogPoaBhQH5STzHxMzYJm+qYXSv0DNGfsz42E+kpNfFdP+hSH6ncvJf/rdWL0rp2EB1GMELC5kBcLE0MzDcfscwkMxUQDyiTXXk02pJIy1BEuqYznVpe4VE8qT6Vp2b+z+Qua50W7VCzdXeTL5UVuGXJMTsgZsckVKZMqqZEGYeSBPJJn8mI8GW/Gu/ExH10xFjtHZKmMz2+Uhaxl</latexit>ω

<latexit sha1_base64="oUgDjS+KlJmi5efiSfp6Ip9gG00="></latexit>

ord(ωUV) → ord(ωIR)

<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)<latexit sha1_base64="ShO/Oi7WILQUctR3EDEC4P7EMow=">AAACOHicbVC7TgJBFJ31ifhCLW02EowV2TWKliQ0FJpgwiuBDZkd7sKE2Udm7hrIhj/wayzVH7GzM7a2Ns4Chah3MsnJuY9zctxIcIWW9WqsrK6tb2xmtrLbO7t7+7mDw6YKY8mgwUIRyrZLFQgeQAM5CmhHEqjvCmi5o0rab92DVDwM6jiJwPHpIOAeZxQ11cuddhHGOLvTqdZvb5zkspK+aZItZLuhDwOqwbSXy1tFa1bmX2AvQJ4sqtbLfXX7IYt9CJAJqlTHtiJ0EiqRMwHTbDdWEFE2ogPoaBhQH5STzHxMzYJm+qYXSv0DNGfsz42E+kpNfFdP+hSH6ncvJf/rdWL0rp2EB1GMELC5kBcLE0MzDcfscwkMxUQDyiTXXk02pJIy1BEuqYznVpe4VE8qT6Vp2b+z+Qua50W7VCzdXeTL5UVuGXJMTsgZsckVKZMqqZEGYeSBPJJn8mI8GW/Gu/ExH10xFjtHZKmMz2+Uhaxl</latexit>ω
<latexit sha1_base64="uoC8epfGlG791dyEph0kMuSO5cY="></latexit>

ord(ω)ω = 0
<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)

<latexit sha1_base64="445G8NCG2IHvqVmeiQYsWjmWmLw="></latexit>

ord(ω) = 1

<latexit sha1_base64="Iw+0HeFNLAQKGseSO58bOmDuadA="></latexit>

=→ ω

<latexit sha1_base64="mGNeuz0ZZTCP27iqKpf4UjRS55I="></latexit>

ω : GUV → GIR

<latexit sha1_base64="BPN41WVyXagFv2C4/9nFX7R0+IE="></latexit>

ω→ : Anom(GIR) → Anom(GUV)
<latexit sha1_base64="F8L9/VTr9zIO3NQCguDK3aVm74o="></latexit>

Anom(G)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="7yuqxyN1XOUp7pw928T8W5LImLg="></latexit>

ω→(εIR) = εUV

<latexit sha1_base64="8qMmMpe1MsboQeyF0OXH1G9d0Ms="></latexit>

ωUV = ε→(ωIR) →= 0 =↑ ωIR →= 0

<latexit sha1_base64="su/ZJWDW9lCAWtylFJxQMkDlTvk="></latexit>

GUV
→= GIR & ω = id =↑ εIR = εUV

         example: two qubits with  

➤                generated by           ,           , and           :  

           

➤ The IR (ground state space) is the             eigenspace 

                              with a nontrivial anomaly 

➤                        with                          

➤ Emergent anomaly:             but 

<latexit sha1_base64="Ngmzd5YOuGL9HWI++ShYxqB3yl0="></latexit>

0 + 1d
<latexit sha1_base64="T5FGGFKI9XQbkmZzmDlsQ9JV0e0="></latexit>

H = (3→X1)(1 + Z2)
<latexit sha1_base64="vKJUkNkUvVpwalIO/m0c0gF4AU0="></latexit>

GUV = D8
<latexit sha1_base64="qNg1IaaabXC+rCZc9XDheFO2F/Y="></latexit>

A = CZ
<latexit sha1_base64="ZfKVTsbcEy4BZJxx8w3FIiFnE5c="></latexit>

B = X1
<latexit sha1_base64="3yhF6KSpxsXhCmVbnOcGJGkA03s="></latexit>

C = Z2
<latexit sha1_base64="pdscCazasPm+URvHN6GJMuzoLw0="></latexit>

A2 = B2 = C2 = 1, AB = CBA.

<latexit sha1_base64="KiIHnQRa7Zc7RQedRcabRgsi7co="></latexit>

=→ GIR ↑ Z2 ↓ Z2

<latexit sha1_base64="aiFgsFlVlNdyxp7qNTKar54qwMU="></latexit>

ω(D8) = Z2 → Z2
<latexit sha1_base64="dfc9RvwHWB72dPOUFZF0B6URVaw="></latexit>

ker(ω) = →C↑ ↓= Z2

<latexit sha1_base64="hzIWuCTYFduBm4lh1KpeUsDbrcs="></latexit>

Z2 = →1

<latexit sha1_base64="UE775s8Z1dmrgAAtVGj3AowA8ts="></latexit>

ωIR →= 0
<latexit sha1_base64="eIZv/BrNz67TqhQBKZAAeTVncFk="></latexit>

ω→(εIR) = εUV = 0
<latexit sha1_base64="1b2fqLhuXZIhQcB47D8JBrV0i4c="></latexit>

ord(ωUV) = 1 → ord(ωIR) = 2

<latexit sha1_base64="27yvPz7vC46yk3jaVUBetV1T1Og="></latexit>

A2
IR = B2

IR = 1, AIRBIR = →BIRAIR



tl;dr
Infinite-order anomalies are elusive in QLMs.  

➤ No-go theorems for compact locality-preserving symmetries 

➤ In contrast, infinite-order anomalies are ubiquitous in QFT 
(e.g., perturbative anomalies) and imply gaplessness
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tl;dr
Infinite-order anomalies are elusive in QLMs.  

➤ No-go theorems for compact locality-preserving symmetries 

➤ In contrast, infinite-order anomalies are ubiquitous in QFT 
(e.g., perturbative anomalies) and imply gaplessness 

Here, we consider          fermionic QLMs and show that: 

Onsager symmetry  lattice CPT  infinite-order anomaly 

➤ The Onsager symmetry is a lattice realization of the chiral 
symmetry of massless Dirac fermion                                                   

➤ Its symmetry group is a non-compact, infinite-dimensional Lie 
group.

+ ⟹

<latexit sha1_base64="wcVcsfqLgyN2lwUSH6HY4xehucI="></latexit>

1 + 1d

<latexit sha1_base64="8/j4kOXA4oJ2F0gGw5Sacz2fy6s=">AAACM3icbVDLSsNAFJ3UV62vqks30VIQhJKIVpeFbrpQqNAXpKFMppN26OTBzI20hKz9Gpfqt4g7cesXuHHSdmFb73DhcM69cw/HCTmTYBjvWmZtfWNzK7ud29nd2z/IHx61ZBAJQpsk4IHoOFhSznzaBAacdkJBsedw2nZG1VRvP1IhWeA3YBJS28MDn7mMYFBUL3/aBTqG6T9WrXF/Z8fX1fQlca6Yu1Cd9PIFo2RMS18F5hwU0LzqvfxPtx+QyKM+EI6ltEwjBDvGAhjhNMl1I0lDTEZ4QC0FfexRacdTC4leVExfdwOh2gd9yv7diLEn5cRz1KSHYSiXtZT8T7MicG/tmPlhBNQns0NuxHUI9DQXvc8EJcAnCmAimPKqkyEWmIBKb+HKeGZ1gUvvCenKNC1zOZtV0LosmeVS+eGqUKnMc8uiE3SGzpGJblAF1VAdNRFBT+gZvaI37UX70D61r9loRpvvHKOF0r5/AeCrqfk=</latexit>

+

[Chatterjee, SP, Shao ’24]

[Lew-Smith, SP, Shao ’26]
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[Kapustin, Sopenko ’24; Liu ‘26]



A Simple Lattice Model
Consider a finite lattice on a ring with even    sites 

                                           

<latexit sha1_base64="yCH+drMdTTd10QcwLf2CxQruXsU=">AAACM3icbVDLTsJAFJ3iC/GFunRTJSSuSGsUXZKwYYEJJrwSaMh0mMKE6SMztwbSdO3XuFS/xbgzbv0CN06hCwHv5CYn59w79+TYAWcSDONdy2xsbm3vZHdze/sHh0f545O29ENBaIv43BddG0vKmUdbwIDTbiAodm1OO/akmuidRyok870mzAJquXjkMYcRDIoa5M/7QKcw/6dXa97Xreimmrw4yhVzddXxIF8wSsa89HVgpqCA0moM8j/9oU9Cl3pAOJayZxoBWBEWwAinca4fShpgMsEj2lPQwy6VVjS3EOtFxQx1xxeqPdDn7N+NCLtSzlxbTboYxnJVS8j/tF4Izp0VMS8IgXpkccgJuQ6+nuSiD5mgBPhMAUwEU151MsYCE1DpLV2ZLqwucck9IR2ZpGWuZrMO2lcls1wqP1wXKpU0tyw6QxfoEpnoFlVQDTVQCxH0hJ7RK3rTXrQP7VP7WoxmtHTnFC2V9v0LGIuqGg==</latexit>

L

<latexit sha1_base64="XA4RVpDahRfEfh1FvF+r8I6C5Tk=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEmhECEvSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMy6nefGZS8cCvwThktkf6Pnc5JaCpbu6sA2wE0z3tSu3xwY5vyulL4qyVTbq5vFkwp4VXgTUHeTSvajf30+kFNPKYD1QQpdqWGYIdEwmcCpZkO5FiIaFD0mdtDX3iMWXHU/sEX2imh91A6u8DnrJ/J2LiKTX2HN3pERioZS0l/9PaEbh3dsz9MALm05mRGwkMAU4zwT0uGQUx1oBQyfWtmA6IJBR0cgsuo9mpC1zqJ5WrEqzjspbDWQWNq4JVLBSfrvOl+3lwGXSKztElstAtKqEKqqI6ougFvaIJejMmxrvxaXzNWteM+cwJWijj+xc456mb</latexit>

1
<latexit sha1_base64="9t1SxwzsCW/xr0GM1tUqKCXnsj0=">AAACMHicbVC7SgNBFJ31bXytWoowGASrsBs0WlgEbFIoRMhDSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HjQRXYFkfxsrq2vrG5tZ2bmd3b//APDxqqDCWlNVpKEL55BLFBA9YHTgI9hRJRnxXsKY7uMv05jOTiodBDUYRc3zSC7jHKQFNdczTNrAhTPa0KrWHeye5ustemuSKubRj5q2CNSm8DOwZyKNZVTvmT7sb0thnAVBBlGrZVgROQiRwKliaa8eKRYQOSI+1NAyIz5STTOxTfK6ZLvZCqX8AeML+nUiIr9TId3WnT6CvFrWM/E9rxeDdOAkPohhYQKdGXiwwhDjLBHe5ZBTESANCJde3YtonklDQyc25DKenznGZn1SeSrGOy14MZxk0igW7VCg9XubLt7PgttAJOkMXyEbXqIwqqIrqiKIX9IrG6M0YG+/Gp/E1bV0xZjPHaK6M7186l6mc</latexit>

2
<latexit sha1_base64="OzX5bjknhBr7j5PDzhhE+IjV6JE=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEkRIUJekCxhdjKbDM4+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqiCSlDVoIALZdohigvusARwEa4eSEc8RrOU8lVO99cyk4oFfh3HIbI8MfO5ySkBTvdxZF9gIpns6lfpD1Y5vyulL4mw1m/RyebNgTguvAmsO8mhetV7up9sPaOQxH6ggSnUsMwQ7JhI4FSzJdiPFQkKfyIB1NPSJx5QdT+0TfKGZPnYDqb8PeMr+nYiJp9TYc3SnR2ColrWU/E/rRODe2TH3wwiYT2dGbiQwBDjNBPe5ZBTEWANCJde3YjokklDQyS24jGanLnCpn1SuSrCOy1oOZxU0rwpWsVB8vM6X7ufBZdApOkeXyEK3qIQqqIYaiKIX9Iom6M2YGO/Gp/E1a10z5jMnaKGM719md6m2</latexit>

L ⋯⋯

<latexit sha1_base64="IXI7Z1cfP3kInDWILLD+4H4pNPM="></latexit>

{cj , c†j→} = ωj,j→ {cj , cj→} = 0

Fermion operator    at each site <latexit sha1_base64="qolIsdYudFnVZ0zK3ZQy10oLI5U=">AAACNXicbVC7TsMwFHV4lvAqMLJEVJWYqgRBYazUpQNIRepLaqPKcZ3W1HnIvkGtonwAX8MIfAoDG2LlA1hw2gy05Vq2js491+fqOCFnEkzzXVtb39jc2s7t6Lt7+weH+aPjlgwiQWiTBDwQHQdLyplPm8CA004oKPYcTtvOuJr2249USBb4DZiG1Pbw0GcuIxgU1c8XekAnMPunW2vc3drxVTU9SawXddJ/UG+iVGbJnJWxCqwMFFBW9X7+pzcISORRHwjHUnYtMwQ7xgIY4TTRe5GkISZjPKRdBX3sUWnHsyUSo6iYgeEGQl0fjBn7dyLGnpRTz1FKD8NILvdS8r9eNwL3xo6ZH0ZAfTI3ciNuQGCkyRgDJigBPlUAE8HUrgYZYYEJqPwWXCbzVRe41E9IV6ZpWcvZrILWRckql8r3l4VKJcsth07RGTpHFrpGFVRDddREBD2hZ/SK3rQX7UP71L7m0jUtmzlBC6V9/wLx+6sO</latexit>cj
<latexit sha1_base64="huH3jWBXJiYgURec9nsEOXzlPxM=">AAACM3icbVDLTsJAFJ3iC+sLdemmSkhckdYouiRhw0ITTHgl0JDpMIWR6SMztwbSsPZrXKrfYtwZt36BG6eFhYB3cpOTc+6de3KckDMJpvmuZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbwZJy5tMGMOC0HQqKPYfTljOqJHrrkQrJAr8Ok5DaHh74zGUEg6J6udMu0DGk/3Sq9btbO76qJG8a6wX9QfW0l8ubRTMtYxVYc5BH86r1cj/dfkAij/pAOJayY5kh2DEWwAinU70bSRpiMsID2lHQxx6VdpxamBoFxfQNNxCqfTBS9u9GjD0pJ56jJj0MQ7msJeR/WicC98aOmR9GQH0yO+RG3IDASHIx+kxQAnyiACaCKa8GGWKBCaj0Fq6MZ1YXuOSekK5M0rKWs1kFzYuiVSqW7i/z5fI8tyw6QWfoHFnoGpVRFdVQAxH0hJ7RK3rTXrQP7VP7mo1mtPnOMVoo7fsXS0mqOA==</latexit>

j
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A Simple Lattice Model
Consider a finite lattice on a ring with even    sites 

                                           

Staggered fermion Hamiltonian  

➤ H becomes a free, massless Dirac fermion theory in IR

<latexit sha1_base64="yCH+drMdTTd10QcwLf2CxQruXsU=">AAACM3icbVDLTsJAFJ3iC/GFunRTJSSuSGsUXZKwYYEJJrwSaMh0mMKE6SMztwbSdO3XuFS/xbgzbv0CN06hCwHv5CYn59w79+TYAWcSDONdy2xsbm3vZHdze/sHh0f545O29ENBaIv43BddG0vKmUdbwIDTbiAodm1OO/akmuidRyok870mzAJquXjkMYcRDIoa5M/7QKcw/6dXa97Xreimmrw4yhVzddXxIF8wSsa89HVgpqCA0moM8j/9oU9Cl3pAOJayZxoBWBEWwAinca4fShpgMsEj2lPQwy6VVjS3EOtFxQx1xxeqPdDn7N+NCLtSzlxbTboYxnJVS8j/tF4Izp0VMS8IgXpkccgJuQ6+nuSiD5mgBPhMAUwEU151MsYCE1DpLV2ZLqwucck9IR2ZpGWuZrMO2lcls1wqP1wXKpU0tyw6QxfoEpnoFlVQDTVQCxH0hJ7RK3rTXrQP7VP7WoxmtHTnFC2V9v0LGIuqGg==</latexit>

L

<latexit sha1_base64="XA4RVpDahRfEfh1FvF+r8I6C5Tk=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEmhECEvSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMy6nefGZS8cCvwThktkf6Pnc5JaCpbu6sA2wE0z3tSu3xwY5vyulL4qyVTbq5vFkwp4VXgTUHeTSvajf30+kFNPKYD1QQpdqWGYIdEwmcCpZkO5FiIaFD0mdtDX3iMWXHU/sEX2imh91A6u8DnrJ/J2LiKTX2HN3pERioZS0l/9PaEbh3dsz9MALm05mRGwkMAU4zwT0uGQUx1oBQyfWtmA6IJBR0cgsuo9mpC1zqJ5WrEqzjspbDWQWNq4JVLBSfrvOl+3lwGXSKztElstAtKqEKqqI6ougFvaIJejMmxrvxaXzNWteM+cwJWijj+xc456mb</latexit>

1
<latexit sha1_base64="9t1SxwzsCW/xr0GM1tUqKCXnsj0=">AAACMHicbVC7SgNBFJ31bXytWoowGASrsBs0WlgEbFIoRMhDSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HjQRXYFkfxsrq2vrG5tZ2bmd3b//APDxqqDCWlNVpKEL55BLFBA9YHTgI9hRJRnxXsKY7uMv05jOTiodBDUYRc3zSC7jHKQFNdczTNrAhTPa0KrWHeye5ustemuSKubRj5q2CNSm8DOwZyKNZVTvmT7sb0thnAVBBlGrZVgROQiRwKliaa8eKRYQOSI+1NAyIz5STTOxTfK6ZLvZCqX8AeML+nUiIr9TId3WnT6CvFrWM/E9rxeDdOAkPohhYQKdGXiwwhDjLBHe5ZBTESANCJde3YtonklDQyc25DKenznGZn1SeSrGOy14MZxk0igW7VCg9XubLt7PgttAJOkMXyEbXqIwqqIrqiKIX9IrG6M0YG+/Gp/E1bV0xZjPHaK6M7186l6mc</latexit>

2
<latexit sha1_base64="OzX5bjknhBr7j5PDzhhE+IjV6JE=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEkRIUJekCxhdjKbDM4+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqiCSlDVoIALZdohigvusARwEa4eSEc8RrOU8lVO99cyk4oFfh3HIbI8MfO5ySkBTvdxZF9gIpns6lfpD1Y5vyulL4mw1m/RyebNgTguvAmsO8mhetV7up9sPaOQxH6ggSnUsMwQ7JhI4FSzJdiPFQkKfyIB1NPSJx5QdT+0TfKGZPnYDqb8PeMr+nYiJp9TYc3SnR2ColrWU/E/rRODe2TH3wwiYT2dGbiQwBDjNBPe5ZBTEWANCJde3YjokklDQyS24jGanLnCpn1SuSrCOy1oOZxU0rwpWsVB8vM6X7ufBZdApOkeXyEK3qIQqqIYaiKIX9Iom6M2YGO/Gp/E1a10z5jMnaKGM719md6m2</latexit>

L ⋯⋯

<latexit sha1_base64="jyNMs8+CN0cTxwfr1JHT1fPM+DI="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

<latexit sha1_base64="ePES9VyUK6KOk18pAyFx1WAHlvk=">AAACM3icbVDLSsNAFJ34rPUVdekmWgquSiJaXRa66UKhQl+QhjKZTtqhkwczN9ISsvZrXKrfIu7ErV/gxknbhW29w4XDOffOPRw34kyCab5ra+sbm1vbuZ387t7+waF+dNySYSwIbZKQh6LjYkk5C2gTGHDaiQTFvstp2x1VM739SIVkYdCASUQdHw8C5jGCQVE9/awLdAzTf+xa4/7OSa6r2UuTfDFfU5329IJZMqdlrAJrDgpoXvWe/tPthyT2aQCEYylty4zASbAARjhN891Y0giTER5QW8EA+1Q6ydRCahQV0ze8UKgOwJiyfzcS7Es58V016WMYymUtI//T7Bi8WydhQRQDDcjskBdzA0Ijy8XoM0EJ8IkCmAimvBpkiAUmoNJbuDKeWV3gsntCejJLy1rOZhW0LktWuVR+uCpUKvPccugUnaMLZKEbVEE1VEdNRNATekav6E170T60T+1rNrqmzXdO0EJp378Rx6oW</latexit>

H

<latexit sha1_base64="IXI7Z1cfP3kInDWILLD+4H4pNPM="></latexit>

{cj , c†j→} = ωj,j→ {cj , cj→} = 0

Fermion operator    at each site <latexit sha1_base64="qolIsdYudFnVZ0zK3ZQy10oLI5U=">AAACNXicbVC7TsMwFHV4lvAqMLJEVJWYqgRBYazUpQNIRepLaqPKcZ3W1HnIvkGtonwAX8MIfAoDG2LlA1hw2gy05Vq2js491+fqOCFnEkzzXVtb39jc2s7t6Lt7+weH+aPjlgwiQWiTBDwQHQdLyplPm8CA004oKPYcTtvOuJr2249USBb4DZiG1Pbw0GcuIxgU1c8XekAnMPunW2vc3drxVTU9SawXddJ/UG+iVGbJnJWxCqwMFFBW9X7+pzcISORRHwjHUnYtMwQ7xgIY4TTRe5GkISZjPKRdBX3sUWnHsyUSo6iYgeEGQl0fjBn7dyLGnpRTz1FKD8NILvdS8r9eNwL3xo6ZH0ZAfTI3ciNuQGCkyRgDJigBPlUAE8HUrgYZYYEJqPwWXCbzVRe41E9IV6ZpWcvZrILWRckql8r3l4VKJcsth07RGTpHFrpGFVRDddREBD2hZ/SK3rQX7UP71L7m0jUtmzlBC6V9/wLx+6sO</latexit>cj
<latexit sha1_base64="huH3jWBXJiYgURec9nsEOXzlPxM=">AAACM3icbVDLTsJAFJ3iC+sLdemmSkhckdYouiRhw0ITTHgl0JDpMIWR6SMztwbSsPZrXKrfYtwZt36BG6eFhYB3cpOTc+6de3KckDMJpvmuZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbwZJy5tMGMOC0HQqKPYfTljOqJHrrkQrJAr8Ok5DaHh74zGUEg6J6udMu0DGk/3Sq9btbO76qJG8a6wX9QfW0l8ubRTMtYxVYc5BH86r1cj/dfkAij/pAOJayY5kh2DEWwAinU70bSRpiMsID2lHQxx6VdpxamBoFxfQNNxCqfTBS9u9GjD0pJ56jJj0MQ7msJeR/WicC98aOmR9GQH0yO+RG3IDASHIx+kxQAnyiACaCKa8GGWKBCaj0Fq6MZ1YXuOSekK5M0rKWs1kFzYuiVSqW7i/z5fI8tyw6QWfoHFnoGpVRFdVQAxH0hJ7RK3rTXrQP7VP7mo1mtPnOMVoo7fsXS0mqOA==</latexit>

j
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[Banks, Susskind, Kogut ’76]



A Simple Lattice Model
Consider a finite lattice on a ring with even    sites 

                                           

Staggered fermion Hamiltonian  

➤ H becomes a free, massless Dirac fermion theory in IR 

➤ In momentum space 

<latexit sha1_base64="yCH+drMdTTd10QcwLf2CxQruXsU=">AAACM3icbVDLTsJAFJ3iC/GFunRTJSSuSGsUXZKwYYEJJrwSaMh0mMKE6SMztwbSdO3XuFS/xbgzbv0CN06hCwHv5CYn59w79+TYAWcSDONdy2xsbm3vZHdze/sHh0f545O29ENBaIv43BddG0vKmUdbwIDTbiAodm1OO/akmuidRyok870mzAJquXjkMYcRDIoa5M/7QKcw/6dXa97Xreimmrw4yhVzddXxIF8wSsa89HVgpqCA0moM8j/9oU9Cl3pAOJayZxoBWBEWwAinca4fShpgMsEj2lPQwy6VVjS3EOtFxQx1xxeqPdDn7N+NCLtSzlxbTboYxnJVS8j/tF4Izp0VMS8IgXpkccgJuQ6+nuSiD5mgBPhMAUwEU151MsYCE1DpLV2ZLqwucck9IR2ZpGWuZrMO2lcls1wqP1wXKpU0tyw6QxfoEpnoFlVQDTVQCxH0hJ7RK3rTXrQP7VP7WoxmtHTnFC2V9v0LGIuqGg==</latexit>

L

<latexit sha1_base64="XA4RVpDahRfEfh1FvF+r8I6C5Tk=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEmhECEvSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMy6nefGZS8cCvwThktkf6Pnc5JaCpbu6sA2wE0z3tSu3xwY5vyulL4qyVTbq5vFkwp4VXgTUHeTSvajf30+kFNPKYD1QQpdqWGYIdEwmcCpZkO5FiIaFD0mdtDX3iMWXHU/sEX2imh91A6u8DnrJ/J2LiKTX2HN3pERioZS0l/9PaEbh3dsz9MALm05mRGwkMAU4zwT0uGQUx1oBQyfWtmA6IJBR0cgsuo9mpC1zqJ5WrEqzjspbDWQWNq4JVLBSfrvOl+3lwGXSKztElstAtKqEKqqI6ougFvaIJejMmxrvxaXzNWteM+cwJWijj+xc456mb</latexit>

1
<latexit sha1_base64="9t1SxwzsCW/xr0GM1tUqKCXnsj0=">AAACMHicbVC7SgNBFJ31bXytWoowGASrsBs0WlgEbFIoRMhDSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HjQRXYFkfxsrq2vrG5tZ2bmd3b//APDxqqDCWlNVpKEL55BLFBA9YHTgI9hRJRnxXsKY7uMv05jOTiodBDUYRc3zSC7jHKQFNdczTNrAhTPa0KrWHeye5ustemuSKubRj5q2CNSm8DOwZyKNZVTvmT7sb0thnAVBBlGrZVgROQiRwKliaa8eKRYQOSI+1NAyIz5STTOxTfK6ZLvZCqX8AeML+nUiIr9TId3WnT6CvFrWM/E9rxeDdOAkPohhYQKdGXiwwhDjLBHe5ZBTESANCJde3YtonklDQyc25DKenznGZn1SeSrGOy14MZxk0igW7VCg9XubLt7PgttAJOkMXyEbXqIwqqIrqiKIX9IrG6M0YG+/Gp/E1bV0xZjPHaK6M7186l6mc</latexit>

2
<latexit sha1_base64="OzX5bjknhBr7j5PDzhhE+IjV6JE=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEkRIUJekCxhdjKbDM4+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqiCSlDVoIALZdohigvusARwEa4eSEc8RrOU8lVO99cyk4oFfh3HIbI8MfO5ySkBTvdxZF9gIpns6lfpD1Y5vyulL4mw1m/RyebNgTguvAmsO8mhetV7up9sPaOQxH6ggSnUsMwQ7JhI4FSzJdiPFQkKfyIB1NPSJx5QdT+0TfKGZPnYDqb8PeMr+nYiJp9TYc3SnR2ColrWU/E/rRODe2TH3wwiYT2dGbiQwBDjNBPe5ZBTEWANCJde3YjokklDQyS24jGanLnCpn1SuSrCOy1oOZxU0rwpWsVB8vM6X7ufBZdApOkeXyEK3qIQqqIYaiKIX9Iom6M2YGO/Gp/E1a10z5jMnaKGM719md6m2</latexit>

L ⋯⋯

<latexit sha1_base64="jyNMs8+CN0cTxwfr1JHT1fPM+DI="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

<latexit sha1_base64="ePES9VyUK6KOk18pAyFx1WAHlvk=">AAACM3icbVDLSsNAFJ34rPUVdekmWgquSiJaXRa66UKhQl+QhjKZTtqhkwczN9ISsvZrXKrfIu7ErV/gxknbhW29w4XDOffOPRw34kyCab5ra+sbm1vbuZ387t7+waF+dNySYSwIbZKQh6LjYkk5C2gTGHDaiQTFvstp2x1VM739SIVkYdCASUQdHw8C5jGCQVE9/awLdAzTf+xa4/7OSa6r2UuTfDFfU5329IJZMqdlrAJrDgpoXvWe/tPthyT2aQCEYylty4zASbAARjhN891Y0giTER5QW8EA+1Q6ydRCahQV0ze8UKgOwJiyfzcS7Es58V016WMYymUtI//T7Bi8WydhQRQDDcjskBdzA0Ijy8XoM0EJ8IkCmAimvBpkiAUmoNJbuDKeWV3gsntCejJLy1rOZhW0LktWuVR+uCpUKvPccugUnaMLZKEbVEE1VEdNRNATekav6E170T60T+1rNrqmzXdO0EJp378Rx6oW</latexit>

H

<latexit sha1_base64="/LPvq73fCHEzZpYo42/qAO/jfsM="></latexit>

k<latexit sha1_base64="fWEX30Ko/DPo2tK8PWdoE7uhG7Q="></latexit>

!R
<latexit sha1_base64="oYukpF3cQItsOnHtrFXgAz+MPsQ="></latexit>

!L

<latexit sha1_base64="65iQzHCJVVM17Hiz8qW3m7TNHjI="></latexit>

H =
∑

k→BZ

Ek c
†
kck

<latexit sha1_base64="z1TnyPLHcdpfWBUviXcIOJ5iItE="></latexit>

Ek = →2 sin(k)

<latexit sha1_base64="IXI7Z1cfP3kInDWILLD+4H4pNPM="></latexit>

{cj , c†j→} = ωj,j→ {cj , cj→} = 0

Fermion operator    at each site <latexit sha1_base64="qolIsdYudFnVZ0zK3ZQy10oLI5U=">AAACNXicbVC7TsMwFHV4lvAqMLJEVJWYqgRBYazUpQNIRepLaqPKcZ3W1HnIvkGtonwAX8MIfAoDG2LlA1hw2gy05Vq2js491+fqOCFnEkzzXVtb39jc2s7t6Lt7+weH+aPjlgwiQWiTBDwQHQdLyplPm8CA004oKPYcTtvOuJr2249USBb4DZiG1Pbw0GcuIxgU1c8XekAnMPunW2vc3drxVTU9SawXddJ/UG+iVGbJnJWxCqwMFFBW9X7+pzcISORRHwjHUnYtMwQ7xgIY4TTRe5GkISZjPKRdBX3sUWnHsyUSo6iYgeEGQl0fjBn7dyLGnpRTz1FKD8NILvdS8r9eNwL3xo6ZH0ZAfTI3ciNuQGCkyRgDJigBPlUAE8HUrgYZYYEJqPwWXCbzVRe41E9IV6ZpWcvZrILWRckql8r3l4VKJcsth07RGTpHFrpGFVRDddREBD2hZ/SK3rQX7UP71L7m0jUtmzlBC6V9/wLx+6sO</latexit>cj
<latexit sha1_base64="huH3jWBXJiYgURec9nsEOXzlPxM=">AAACM3icbVDLTsJAFJ3iC+sLdemmSkhckdYouiRhw0ITTHgl0JDpMIWR6SMztwbSsPZrXKrfYtwZt36BG6eFhYB3cpOTc+6de3KckDMJpvmuZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbwZJy5tMGMOC0HQqKPYfTljOqJHrrkQrJAr8Ok5DaHh74zGUEg6J6udMu0DGk/3Sq9btbO76qJG8a6wX9QfW0l8ubRTMtYxVYc5BH86r1cj/dfkAij/pAOJayY5kh2DEWwAinU70bSRpiMsID2lHQxx6VdpxamBoFxfQNNxCqfTBS9u9GjD0pJ56jJj0MQ7msJeR/WicC98aOmR9GQH0yO+RG3IDASHIx+kxQAnyiACaCKa8GGWKBCaj0Fq6MZ1YXuOSekK5M0rKWs1kFzYuiVSqW7i/z5fI8tyw6QWfoHFnoGpVRFdVQAxH0hJ7RK3rTXrQP7VP7mo1mtPnOMVoo7fsXS0mqOA==</latexit>

j
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<latexit sha1_base64="jRDaMWAszH2emGg5aRm0wlw3N3U=">AAACNXicbVDLSsNAFJ3UV62vqks3wVJwVRLR6rJQhC4UKvQFbSiT6aQdOnkwcyMtIR/g17hUP8WFO3HrB7hxkmZhq3eY4XDuuXMuxw44k2AYb1pubX1jcyu/XdjZ3ds/KB4edaQfCkLbxOe+6NlYUs482gYGnPYCQbFrc9q1p/Wk332gQjLfa8E8oJaLxx5zGMGgqGGxNAA6g/SffqN1d2tFl/XkxFGhXLgZTtUbK5VRMdLS/wIzAyWUVXNY/B6MfBK61APCsZR90wjAirAARjiNC4NQ0gCTKR7TvoIedqm0onSJWC8rZqQ7vlDXAz1lf09E2JVy7tpK6WKYyNVeQv7X64fgXFsR84IQqEcWRk7IdfD1JBl9xAQlwOcKYCKY2lUnEywwAZXfkstsseoSl/gJ6cgkLXM1m7+gc14xq5Xq/UWpVstyy6MTdIrOkImuUA01UBO1EUGP6Am9oFftWXvXPrTPhTSnZTPHaKm0rx/Asqrx</latexit>

Ek

[Banks, Susskind, Kogut ’76]



Onsager Symmetry I: What is it
The symmetry of 1+1d massless Dirac fermion includes 

     

Does this IR symmetry arise from a UV symmetry of    ? 

➤ i.e.,        such that

<latexit sha1_base64="Vw3Z1iYSg7swsuFUnxGWB3IyWMA="></latexit>

U(1)V : ! →↑ e→iωV!
<latexit sha1_base64="OPH96zxxnNTVMBxm3q7p0Dz3OYA="></latexit>

U(1)A : ! →↑ e→iωAεz

!

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="l10Ini7dZA2FlDAHJqqdYm/ZrbA="></latexit>

ω(GUV) →= [U(1)V ↑U(1)A]/Z2
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<latexit sha1_base64="ePES9VyUK6KOk18pAyFx1WAHlvk=">AAACM3icbVDLSsNAFJ34rPUVdekmWgquSiJaXRa66UKhQl+QhjKZTtqhkwczN9ISsvZrXKrfIu7ErV/gxknbhW29w4XDOffOPRw34kyCab5ra+sbm1vbuZ387t7+waF+dNySYSwIbZKQh6LjYkk5C2gTGHDaiQTFvstp2x1VM739SIVkYdCASUQdHw8C5jGCQVE9/awLdAzTf+xa4/7OSa6r2UuTfDFfU5329IJZMqdlrAJrDgpoXvWe/tPthyT2aQCEYylty4zASbAARjhN891Y0giTER5QW8EA+1Q6ydRCahQV0ze8UKgOwJiyfzcS7Es58V016WMYymUtI//T7Bi8WydhQRQDDcjskBdzA0Ijy8XoM0EJ8IkCmAimvBpkiAUmoNJbuDKeWV3gsntCejJLy1rOZhW0LktWuVR+uCpUKvPccugUnaMLZKEbVEE1VEdNRNATekav6E170T60T+1rNrqmzXdO0EJp378Rx6oW</latexit>

H



Onsager Symmetry I: What is it
The symmetry of 1+1d massless Dirac fermion includes 

     

Does this IR symmetry arise from a UV symmetry of    ? 

➤ i.e.,        such that 

Yes! Let                  and                    

➤ Conserved, quantized charges 

➤ have the IR limit [Chatterjee, SP, Shao ’24]

<latexit sha1_base64="Vw3Z1iYSg7swsuFUnxGWB3IyWMA="></latexit>

U(1)V : ! →↑ e→iωV!
<latexit sha1_base64="OPH96zxxnNTVMBxm3q7p0Dz3OYA="></latexit>

U(1)A : ! →↑ e→iωAεz

!

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="l10Ini7dZA2FlDAHJqqdYm/ZrbA="></latexit>

ω(GUV) →= [U(1)V ↑U(1)A]/Z2
<latexit sha1_base64="mr044zphD/L2QIxW8QliWQaaBDo="></latexit>

aj = c†j + cj
<latexit sha1_base64="ZZnO/NyRlnzHicMcUm7O0bTbLPs="></latexit>

bj = i(c†j → cj)

<latexit sha1_base64="Ou+ygbt41tI66NQvMQ3t1OnnW+0="></latexit>

Q0 =
i

2

L∑

j=1

ajbj

<latexit sha1_base64="iy1/KsARkH4/KQrqlLZMk0WRsns="></latexit>

Q1 =
i

2

L∑

j=1

ajbj+1

<latexit sha1_base64="sJ0f8H4TC6ZVzN5ZEw2e/oP8h2A="></latexit>

Q0
IR→→→→↑ QV

<latexit sha1_base64="XRwJPqjx5Cuo5pdlyF1G6oQeF1E="></latexit>

Q1
IR→→→→↑ QA
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The symmetry of 1+1d massless Dirac fermion includes 

     

Does this IR symmetry arise from a UV symmetry? 

➤ i.e.,        such that 

Yes! Let                  and                    

➤ Conserved, quantized charges 

➤ have IR limit [Chatterjee, SP, Shao ’24]
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ω(GUV) →= [U(1)V ↑U(1)A]/Z2
<latexit sha1_base64="mr044zphD/L2QIxW8QliWQaaBDo="></latexit>

aj = c†j + cj
<latexit sha1_base64="ZZnO/NyRlnzHicMcUm7O0bTbLPs="></latexit>

bj = i(c†j → cj)

<latexit sha1_base64="Ou+ygbt41tI66NQvMQ3t1OnnW+0="></latexit>

Q0 =
i

2

L∑

j=1

ajbj

<latexit sha1_base64="iy1/KsARkH4/KQrqlLZMk0WRsns="></latexit>

Q1 =
i

2

L∑

j=1

ajbj+1

<latexit sha1_base64="sJ0f8H4TC6ZVzN5ZEw2e/oP8h2A="></latexit>

Q0
IR→→→→↑ QV

<latexit sha1_base64="XRwJPqjx5Cuo5pdlyF1G6oQeF1E="></latexit>

Q1
IR→→→→↑ QA

     and     generate the Onsager algebra* [Onsager ’44]  

        

                        

➤                          and  

<latexit sha1_base64="l5yZFXQO2wF6d5pps/sMSfHH4w8="></latexit>

Qn =
i

2

L∑

j=1

ajbj+n

<latexit sha1_base64="52rxzQNtBT8pg3ZaJCFYlpCaJUw=">AAACNXicbVDLTsJAFJ36RHyhLt00EhJXpDWKLknYsNAEEl4JNGQ6TGHC9JGZWwNp+gF+jUv1U1y4M279ADdOSxcC3slMTs49d87NsQPOJBjGu7axubW9s5vby+8fHB4dF05OO9IPBaFt4nNf9GwsKWcebQMDTnuBoNi1Oe3a01rS7z5SIZnvtWAeUMvFY485jGBQ1LBQHACdQfpPv956uLeim1py4ihfyjeHhnpjpTLKRlr6OjAzUERZNYaFn8HIJ6FLPSAcS9k3jQCsCAtghNM4PwglDTCZ4jHtK+hhl0orSpeI9ZJiRrrjC3U90FP270SEXSnnrq2ULoaJXO0l5H+9fgjOnRUxLwiBemRh5IRcB19PktFHTFACfK4AJoKpXXUywQITUPktucwWqy5xiZ+QjkzSMlezWQedq7JZKVea18VqNcsth87RBbpEJrpFVVRHDdRGBD2hZ/SK3rQX7UP71L4W0g0tmzlDS6V9/wJxS6rC</latexit>

Q0
<latexit sha1_base64="sEHtMKd0oPPo1WCPFZ9sd3I0mXg=">AAACNXicbVDLTsJAFJ36xPpCXbppJCSuSGsUXZKwYaEJJLyS0pDpMIUJ00dmbg2k6Qf4NS7VT3Hhzrj1A9w4BRYC3slMTs49d87NcSPOJJjmu7axubW9s5vb0/cPDo+O8yenbRnGgtAWCXkoui6WlLOAtoABp91IUOy7nHbccTXrdx6pkCwMmjCNqOPjYcA8RjAoqp8v9IBOYPaPXWs+3DvJTTU7aaIX9UbfUm+qVGbJnJWxDqwFKKBF1fv5n94gJLFPAyAcS2lbZgROggUwwmmq92JJI0zGeEhtBQPsU+kksyVSo6iYgeGFQt0AjBn7dyLBvpRT31VKH8NIrvYy8r+eHYN35yQsiGKgAZkbeTE3IDSyZIwBE5QAnyqAiWBqV4OMsMAEVH5LLpP5qktc5iekJ7O0rNVs1kH7qmSVS+XGdaFSWeSWQ+foAl0iC92iCqqhOmohgp7QM3pFb9qL9qF9al9z6Ya2mDlDS6V9/wJy/KrD</latexit>

Q1

*Strictly speaking, this is the Onsager algebra only when
<latexit sha1_base64="QP+SGiRXQ/S8/6G73fZQmzCnTlE="></latexit>

L → ↑

<latexit sha1_base64="LcW82c70bhvHScntgUftLJdbhnM="></latexit>

Gn =
i

2

L∑

j=1

(ajaj+n → bjbj+n)

<latexit sha1_base64="roNmUAgBR88NWq2se/PQEndW+YI="></latexit>

[Qn, Qm] = iGm→n

<latexit sha1_base64="1AuDUBzb56aCmtXYrlhUN5P/aZ8="></latexit>

[Gn, Gm] = 0
<latexit sha1_base64="nUfPk21xUnJ4N7VakbAlqrdXVVA="></latexit>

[Qn, Gm] = 2i(Qn→m→Qn+m)
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     and     generate the Onsager algebra* [Onsager ’44]  

        

                        

➤                          and  

UV to IR symmetry map 

➤ Implies 

<latexit sha1_base64="roNmUAgBR88NWq2se/PQEndW+YI="></latexit>

[Qn, Qm] = iGm→n

<latexit sha1_base64="1AuDUBzb56aCmtXYrlhUN5P/aZ8="></latexit>

[Gn, Gm] = 0
<latexit sha1_base64="nUfPk21xUnJ4N7VakbAlqrdXVVA="></latexit>

[Qn, Gm] = 2i(Qn→m→Qn+m)
<latexit sha1_base64="l5yZFXQO2wF6d5pps/sMSfHH4w8="></latexit>

Qn =
i

2

L∑

j=1

ajbj+n

<latexit sha1_base64="52rxzQNtBT8pg3ZaJCFYlpCaJUw=">AAACNXicbVDLTsJAFJ36RHyhLt00EhJXpDWKLknYsNAEEl4JNGQ6TGHC9JGZWwNp+gF+jUv1U1y4M279ADdOSxcC3slMTs49d87NsQPOJBjGu7axubW9s5vby+8fHB4dF05OO9IPBaFt4nNf9GwsKWcebQMDTnuBoNi1Oe3a01rS7z5SIZnvtWAeUMvFY485jGBQ1LBQHACdQfpPv956uLeim1py4ihfyjeHhnpjpTLKRlr6OjAzUERZNYaFn8HIJ6FLPSAcS9k3jQCsCAtghNM4PwglDTCZ4jHtK+hhl0orSpeI9ZJiRrrjC3U90FP270SEXSnnrq2ULoaJXO0l5H+9fgjOnRUxLwiBemRh5IRcB19PktFHTFACfK4AJoKpXXUywQITUPktucwWqy5xiZ+QjkzSMlezWQedq7JZKVea18VqNcsth87RBbpEJrpFVVRHDdRGBD2hZ/SK3rQX7UP71L4W0g0tmzlDS6V9/wJxS6rC</latexit>

Q0
<latexit sha1_base64="sEHtMKd0oPPo1WCPFZ9sd3I0mXg=">AAACNXicbVDLTsJAFJ36xPpCXbppJCSuSGsUXZKwYaEJJLyS0pDpMIUJ00dmbg2k6Qf4NS7VT3Hhzrj1A9w4BRYC3slMTs49d87NcSPOJJjmu7axubW9s5vb0/cPDo+O8yenbRnGgtAWCXkoui6WlLOAtoABp91IUOy7nHbccTXrdx6pkCwMmjCNqOPjYcA8RjAoqp8v9IBOYPaPXWs+3DvJTTU7aaIX9UbfUm+qVGbJnJWxDqwFKKBF1fv5n94gJLFPAyAcS2lbZgROggUwwmmq92JJI0zGeEhtBQPsU+kksyVSo6iYgeGFQt0AjBn7dyLBvpRT31VKH8NIrvYy8r+eHYN35yQsiGKgAZkbeTE3IDSyZIwBE5QAnyqAiWBqV4OMsMAEVH5LLpP5qktc5iekJ7O0rNVs1kH7qmSVS+XGdaFSWeSWQ+foAl0iC92iCqqhOmohgp7QM3pFb9qL9qF9al9z6Ya2mDlDS6V9/wJy/KrD</latexit>

Q1

*Strictly speaking, this is the Onsager algebra only when
<latexit sha1_base64="QP+SGiRXQ/S8/6G73fZQmzCnTlE="></latexit>

L → ↑

<latexit sha1_base64="LcW82c70bhvHScntgUftLJdbhnM="></latexit>

Gn =
i

2

L∑

j=1

(ajaj+n → bjbj+n)

<latexit sha1_base64="hprOncTH/4bW1e6E+n4ia3CtRb8="></latexit>

Qn
IR→→↑

{
QV n even
QA n odd

Gn
IR→→↑ 0

<latexit sha1_base64="qw60suXDvAhnAU+dJG1NI3NUwhU="></latexit>

[Q0, Q1] →= 0
IR↑↑↓ [QV,QA] = 0



Onsager Symmetry II: Its Anomaly
The Dirac fermion’s                             symmetry is anomalous 

➤                                     infinite-order anomaly 

Is the Onsager symmetry anomalous? 

<latexit sha1_base64="5013T5YIkkOM56of4CcoFE7fXzE="></latexit>

[U(1)V →U(1)A] /Z2

<latexit sha1_base64="1hxeqAm6eJv0SA12Xmj3RmjNG8g="></latexit>

Sinflow =
i

ω

∫
AVdAA =→
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Onsager Symmetry II: Its Anomaly
The Dirac fermion’s                             symmetry is anomalous 

➤                                     infinite-order anomaly 

Is the Onsager symmetry anomalous? 

<latexit sha1_base64="5013T5YIkkOM56of4CcoFE7fXzE="></latexit>

[U(1)V →U(1)A] /Z2

<latexit sha1_base64="1hxeqAm6eJv0SA12Xmj3RmjNG8g="></latexit>

Sinflow =
i

ω

∫
AVdAA =→

What even is an anomaly in a QLM? 

Here, we view an anomaly as a robust obstruction to a trivial 
symmetric gapped phase 

➤ Avoids having to define gauging  

➤ Sometimes called an LSM-type anomaly 

➤ Commonly used for non-invertible symmetry
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Onsager Symmetry II: Its Anomaly
The Dirac fermion’s                             symmetry is anomalous 

➤                                     infinite-order anomaly 

Is the Onsager symmetry anomalous? Yes! [Chatterjee, SP, Shao ’24] 

➤ Can prove each symmetric local Hamiltonian takes the form 

                                                                  , 

➤ which never has a unique gapped ground state 

➤ Each           is gapless  symmetry-enforced gaplessness⟹

<latexit sha1_base64="5013T5YIkkOM56of4CcoFE7fXzE="></latexit>

[U(1)V →U(1)A] /Z2

<latexit sha1_base64="1hxeqAm6eJv0SA12Xmj3RmjNG8g="></latexit>

Sinflow =
i

ω

∫
AVdAA =→

<latexit sha1_base64="iSKTM+MJAN+CTnMIK0T+dJKCkW4="></latexit>

Hg = i
∑

n

L∑

j=1

gn (ajaj+n + bjbj+n)

<latexit sha1_base64="CW9CAaH1f/DxcR8vjFXLeDjK8XY="></latexit>

Hg →= 0
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Onsager Symmetry II: Its Anomaly
The Dirac fermion’s                             symmetry is anomalous 

➤                                     infinite-order anomaly 

Is the Onsager symmetry anomalous? Yes! [Chatterjee, SP, Shao ’24] 

➤ Can prove each symmetric local Hamiltonian takes the form 

                                                                  , 

➤ which never has a unique gapped ground state 

➤ Each           is gapless  symmetry-enforced gaplessness 

In the original Hamiltonian, the Dirac fermion’s chiral anomaly 
arises from the Onsager symmetry’s lattice anomaly.

⟹

<latexit sha1_base64="5013T5YIkkOM56of4CcoFE7fXzE="></latexit>

[U(1)V →U(1)A] /Z2

<latexit sha1_base64="1hxeqAm6eJv0SA12Xmj3RmjNG8g="></latexit>

Sinflow =
i

ω

∫
AVdAA =→

<latexit sha1_base64="iSKTM+MJAN+CTnMIK0T+dJKCkW4="></latexit>

Hg = i
∑

n

L∑

j=1

gn (ajaj+n + bjbj+n)

<latexit sha1_base64="CW9CAaH1f/DxcR8vjFXLeDjK8XY="></latexit>

Hg →= 0
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Onsager Symmetry III: Anomaly Order
What is the order of the Onsager symmetry’s anomaly? 

It is order two: The diagonal Onsager symmetry of the 2-copy 
system is anomaly-free [Lew-Smith, SP, Shao ’26] 

➤ 2-copy system has two fermion operators          per site  . 

➤ Diagonal Onsager symmetry generated by 

➤ A symmetric Hamiltonian with a unique gapped ground state: 

                          

➤  The                    Onsager symmetry is anomaly-free⟹

<latexit sha1_base64="cr2oXh8xDpoYyoqPaoPOpSTthW8="></latexit>

cIj , c
II
j

<latexit sha1_base64="huH3jWBXJiYgURec9nsEOXzlPxM=">AAACM3icbVDLTsJAFJ3iC+sLdemmSkhckdYouiRhw0ITTHgl0JDpMIWR6SMztwbSsPZrXKrfYtwZt36BG6eFhYB3cpOTc+6de3KckDMJpvmuZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbwZJy5tMGMOC0HQqKPYfTljOqJHrrkQrJAr8Ok5DaHh74zGUEg6J6udMu0DGk/3Sq9btbO76qJG8a6wX9QfW0l8ubRTMtYxVYc5BH86r1cj/dfkAij/pAOJayY5kh2DEWwAinU70bSRpiMsID2lHQxx6VdpxamBoFxfQNNxCqfTBS9u9GjD0pJ56jJj0MQ7msJeR/WicC98aOmR9GQH0yO+RG3IDASHIx+kxQAnyiACaCKa8GGWKBCaj0Fq6MZ1YXuOSekK5M0rKWs1kFzYuiVSqW7i/z5fI8tyw6QWfoHFnoGpVRFdVQAxH0hJ7RK3rTXrQP7VP7mo1mtPnOMVoo7fsXS0mqOA==</latexit>

j

<latexit sha1_base64="PoyjW5Vmy5pgIZBTAwcxnYEPNYM="></latexit>

Qdiag
0 = QI

0 +QII
0 , Qdiag

1 = QI
1 +QII

1

<latexit sha1_base64="9uLKauFkcTbBSMLqYIW07+aRZpI="></latexit>

H =
i

2

L∑

j=1

(aIja
II
j + b

I
jb

II
j )

<latexit sha1_base64="Z4X1pz67carSxM0PUTobm6T/1OU="></latexit>

(Qdiag
0 , Qdiag

1 )
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Onsager Symmetry III: Anomaly Order
What is the order of the Onsager symmetry’s anomaly? 

It is order two: The diagonal Onsager symmetry of the 2-copy 
system is anomaly-free [Lew-Smith, SP, Shao ’26] 

➤ 2-copy system has two fermion operators          per site  . 

➤ Diagonal Onsager symmetry generated by 

➤ A symmetric Hamiltonian with a unique gapped ground state: 

                          

➤  The                    Onsager symmetry is anomaly-free⟹
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II
j
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j

<latexit sha1_base64="PoyjW5Vmy5pgIZBTAwcxnYEPNYM="></latexit>

Qdiag
0 = QI

0 +QII
0 , Qdiag

1 = QI
1 +QII

1

<latexit sha1_base64="9uLKauFkcTbBSMLqYIW07+aRZpI="></latexit>

H =
i

2

L∑

j=1

(aIja
II
j + b

I
jb

II
j )

<latexit sha1_base64="Z4X1pz67carSxM0PUTobm6T/1OU="></latexit>

(Qdiag
0 , Qdiag

1 )

Can the order of the Onsager symmetry’s anomaly be 
enhanced to infinite order? 

➤ One way to increase an anomaly’s order is by 
introducing additional symmetry 

Here, we will add a lattice CPT symmetry 

➤ Natural symmetry to add from the QFT perspective



Lattice CPT Symmetry
Consider the anti-unitary operator  satisfying 

➤ Is a      anti-unitary reflection operator

Π
<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="oA8QkVKAEPOSlDuFRClgvYCBhac="></latexit>

!2 = 1, ! i!† = →i, ! cj !
† = c†→j+1

<latexit sha1_base64="ebv+jYGdvuQ9CckWNwn6Fkfftp0="></latexit>

Z2
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Lattice CPT Symmetry
Consider the anti-unitary operator  satisfying 

➤ Is a      anti-unitary reflection operator 

Is a symmetry of the staggered fermion Hamiltonian 

                                               

➤ In the IR,  becomes the CPT symmetry operator of the 
Dirac fermion QFT 

➤   is a lattice         symmetry operator

Π

Π

⟹ Π

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="oA8QkVKAEPOSlDuFRClgvYCBhac="></latexit>

!2 = 1, ! i!† = →i, ! cj !
† = c†→j+1

<latexit sha1_base64="ebv+jYGdvuQ9CckWNwn6Fkfftp0="></latexit>

Z2

<latexit sha1_base64="jyNMs8+CN0cTxwfr1JHT1fPM+DI="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="2TAhNg9p94h9rKF0HV5YKxyxM+g="></latexit>

ZCPT
2
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Lattice CPT Symmetry
Consider the anti-unitary operator  satisfying 

➤ Is a      anti-unitary reflection operator 

Is a symmetry of the staggered fermion Hamiltonian 

                                               

➤ In the IR,  becomes the CPT symmetry operator of the 
Dirac fermion QFT 

➤   is a lattice         symmetry operator

Π

Π

⟹ Π
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!
<latexit sha1_base64="oA8QkVKAEPOSlDuFRClgvYCBhac="></latexit>

!2 = 1, ! i!† = →i, ! cj !
† = c†→j+1

<latexit sha1_base64="ebv+jYGdvuQ9CckWNwn6Fkfftp0="></latexit>

Z2

<latexit sha1_base64="jyNMs8+CN0cTxwfr1JHT1fPM+DI="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="2TAhNg9p94h9rKF0HV5YKxyxM+g="></latexit>

ZCPT
2

 interplays with the Onsager charge operators as 

             

➤                 form the symmetry group 

                 

Π
<latexit sha1_base64="5Z1Y3Qe23anDyRk5ReIrA1ODg4o="></latexit>

!Qn!
† = →Q→n, !Gn!

† = Gn

<latexit sha1_base64="m37nBaWzLVBW20dfKUMlUIZiObY="></latexit>

(Q0, Q1,!)
<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2
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Lattice CPT Symmetry
Consider the anti-unitary operator  satisfying 

➤ Is a      anti-unitary reflection operator 

Is a symmetry of the staggered fermion Hamiltonian 

                                               

➤ In the IR,  becomes the CPT symmetry operator of the 
Dirac fermion QFT 

➤   is a lattice         symmetry operator

Π
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!2 = 1, ! i!† = →i, ! cj !
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<latexit sha1_base64="ebv+jYGdvuQ9CckWNwn6Fkfftp0="></latexit>

Z2
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H = i
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j=1
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c
†
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†
j+1cj

)

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
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!
<latexit sha1_base64="2TAhNg9p94h9rKF0HV5YKxyxM+g="></latexit>

ZCPT
2

 interplays with the Onsager charge operators as 

             

➤                 form the symmetry group 

                  

➤ In the IR of the staggered fermion Hamiltonian

Π
<latexit sha1_base64="5Z1Y3Qe23anDyRk5ReIrA1ODg4o="></latexit>

!Qn!
† = →Q→n, !Gn!

† = Gn

<latexit sha1_base64="m37nBaWzLVBW20dfKUMlUIZiObY="></latexit>

(Q0, Q1,!)
<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2

<latexit sha1_base64="QEXDSkzUZdG3snCvQY32ME0B5jo="></latexit>

Onsager⊋ ZCPT
2

IR→→→↑ [U(1)V ↓U(1)A]/Z2 ↓ ZCPT
2

<latexit sha1_base64="ecuOkrcYGnFpVHVbs7trPLzMiS0="></latexit>

!Qn!
† = →Q→n

IR→→→↑
{
!IRQV!

†
IR = →QV n even

!IRQA!
†
IR = →QA n odd



Onsager  CPT: Anomaly Order+
The                       symmetry is anomalous

<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2

11/13



Onsager  CPT: Anomaly Order+
The                       symmetry is anomalous 

It’s an infinite-order anomaly: The diagonal symmetry of the N- 
copy system is anomalous for all N. [Lew-Smith, SP, Shao ’26] 

<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2

11/13



Onsager  CPT: Anomaly Order+
The                       symmetry is anomalous 

It’s an infinite-order anomaly: The diagonal symmetry of the N- 
copy system is anomalous for all N. [Lew-Smith, SP, Shao ’26]  

➤ N-copy system has N fermion operators             per site j 

➤ Diagonal                       symmetry generated by 

             

➤ Can prove each symmetric local Hamiltonian takes the form 

                                                                   

➤ which never has a unique gapped ground state
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[Metlitski, Thorngren ’17]
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Future Directions
The role of CPT, and more generally CRT, in QLMs  

➤ Interesting results also noted for invertible phases [Ogata ’22; Sopenko ’25] 

a 

Systematic study of the anomaly’s stability to ancillas 

➤ Preliminary results: the anomaly is robust to a natural class of 
nononsite ancillas [Lew-Smith, SP, Shao ’26] 

Analogous story for Onsager symmetries in  

➤ The anomalies of such Onsager symmetries can realize parity 
anomalies [SP, Kim, Chatterjee, Shao ’25], Witten’s SU(2) anomaly [Gioia, Thorngren ’25], 
and symmetry-enforced Fermi surfaces [Kim, SP, Shao ’25]. 
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