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Two primary frameworks for describing quantum systems:
Quantum lattice models (QLMs)*
Quantum field theories (QFTs)

» Incredibly successful: cond-mat, hep, quant-ph, & math.
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Two primary frameworks for describing quantum systems:
Quantum lattice models (QLMs)*
Quantum field theories (QFTs)

» Incredibly successful: cond-mat, hep, quant-ph, & math.

Different frameworks, but intimately related:

infrared limit

{QLMs} » {QFTs}

» (Currently, more like a guiding philosophy.

» Important to make this relation precise.

*Discrete space, continuous time 1/16



Kinematics

A first step is to work at the level of kinematics:

{QLM symmetries} —3 {QFT symmetries}
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Kinematics

A first step is to work at the level of kinematics:
{QLM symmetries} —3 {QFT symmetries}
» Some interesting questions in this arena are:

1. What is {symmetries} for QLMs and QFTs?

2. Given a QLM symmetry, which QFT symmetries can it
become?

3. Given a QFT symmetry, which QLM symmetries can it
arise from?

Here, we focus on invertible O-form symmetries.

» Which QFT anomalies can arise from QLM anomalies in

QLMs with Hilbert space ® 7¢; and finite dim.J7; 7
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Anomalies

't Hooft anomalies = obstruction to gauging a global symmetry
Z|A + df] = Z[A] 0
» (Constrains IR dynamics

IR theory # trivial theory
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Anomalies

't Hooft anomalies = obstruction to gauging a global symmetry
Z|A + df] = Z[A] 0

» (Constrains IR dynamics
IR theory # trivial theory

Anomalies are not merely a binary “yes or no” thing

» The same symmetry group can have different anomalies

» The theory of anomalies of ordinary symmetries in relativistic
QFT is by now a mature subject.

Understanding anomalies in QLMSs is an increasingly active

direction!

|Bols, Carvalho, Chatterjee, Chen, Cheng, Czajka, De Roeck, De Wilde, Else, Feng, Geiko, Hsin, Ji, Kapustin, Kawagoe, Kim,
Kobayashi, Levin, Liu, Long, SP, Ryu, Seiberg, Seifnashri, Shao, Shirley, Sopenko, Spodyneiko, Thorngren, Tu, Xu, Yi, Zhang,
Zou, | 3/16



A key characterization of an anomaly w is its order ord(w)

» Smallest positive integer n such that the diagonal G
symmetry of the n-copy system is anomaly-iree.

CLL T

G . /
Ce—

n

» ord(w) = 1if and only if the G symmetry is anomaly free.
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A key characterization of an anomaly w is its order ord(w)

» Smallest positive integer n such that the diagonal G
symmetry of the n-copy system is anomaly-iree.

CLL T

G . /
Ce—

n

» ord(w) = 1if and only if the G symmetry is anomaly free.

If ord(w) exists = wis a finite-order anomaly.

» Otherwise, w is an infinite-order anomaly: ord(w) = oo
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From the UV to the IR and Back

Given a UV Gyvy symmetry group with anomaly wyy:
Taking the IR limit induces a homomorphism

p: Guv — GIR
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From the UV to the IR and Back

Given a UV Gyvy symmetry group with anomaly wyy:
Taking the IR limit induces a homomorphism
p: Guv — GIR
» In QFT = a homomorphism p*: Anom(Gig) — Anom(Gyv)
with Anom(G) the group of inequivalent GG anomalies.
Anomaly matching: p*(wr) = wuyv
» A nontrivial UV anomaly implies a nontrivial IR anomaly:

wuy = p (Wir) #0 = wir # 0

» When the UV and IR symmetries are the same:

Guv 2GR & p=1d = wir = wyv
5/16



From the UV to the IR and Back

An anomaly’s order can change under the IR limit

| » The anomaly matching condition implies that

ord (wUV ) S ord (wIR)




From the UV to the IR and Back

An anomaly’s order can change under the IR limit
| » The anomaly matching condition implies that
ord(wyy) < ord(wrir)
Proof for finite-order IR anomalies:

p*(WIR) = wyuv

ord(wIR)

— p (WIR)Ord(wIR> — Wuv

ord(wIR) L
— Wyy =1

— Ol‘d(va) ‘ ord(wIR)

—> ord(wyv) < ord(wir)




0 4+ 1d example: two qubits with Hamiltonian
H=03-X1)(1+2)
» Guv = Dg generated by A =CZ; 9, B =X, and C' = Z>:
A =B*=(C*=1, AB = CBA.

6/16



0 + 1d example: two qubits with Hamiltonian
H=3-X1)(1+ %)
» Guv = Dg generated by A =CZ; 9, B =X, and C' = Z>:
A =B*=(C*=1, AB = CBA.
The IR (ground state space) is the Z5 = —1 eigenspace
Ajg = B =1, AirBir = —BirAIr

—> Gir D Zo X Zo with a nontrivial anomaly

6/16



0 + 1d example: two qubits with Hamiltonian
H=3-X1)(1+ %)
» Guv = Dg generated by A =CZ; 9, B =X, and C' = Z>:
A =B*=(C*=1, AB = CBA.
The IR (ground state space) is the Z5 = —1 eigenspace
Ajg = B =1, AirBir = —BirAIr
—> Gir D Zo X Zo with a nontrivial anomaly

> p: Dgs — Gir with p(Dg) = Zo X Zo and ker(p) = (C) = Zs

» Emergent anomaly: wig # 0 but p*(wir) = wyy =0

Ord(va) =1 S ord(wIR) = 2
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Infinite-order anomalies are elusive in QLMs.

» No-go theorems for compact locality-preserving symmetries
| Kapustin, Sopenko ’24; Liu ‘26]

» In contrast, infinite-order anomalies are ubiquitous in QFT
(e.g., perturbative anomalies) and imply gaplessness
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Infinite-order anomalies are elusive in QLMs.

» No-go theorems for compact locality-preserving symmetries
| Kapustin, Sopenko ’24; Liu ‘26]

» In contrast, infinite-order anomalies are ubiquitous in QFT

(e.g., perturbative anomalies) and imply gaplessness

Here, we consider 1 4+ 1d fermionic QLMs and show [zew-smith, SP. shao 26

Anomaly Order
LM UV S t IR S t

Q ymmetry ymmetry UV s IR
Onsager Uy x U()a 2 % 0

Staggered |Chatterjee, SP, Shao '2/] Z2

Fermion

U(1 U(1

Onsager x ZSTT ( )Vg (a x 7§51 00 — 00
2
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Lattice fermions as a playground for conceptual

questions about anomalies in QLMs and QFTs

Here, we consider 1 4+ 1d fermionic QLMs and show [zew-smith, SP. Shao 26

Anomaly Order

QLM UV Symmetry IR Symmetry UV — IR
Onsager Uy x U()a 2 % 0
Sta’ggered |Chatterjee, SP, Shao ’2/] ZZ
Fermion
U(1 U(1
Onsager x ZSTT (v < Ul)a x 7§51 00 — 00

Lo

7/16



Consider a finite lattice on a ring with even L sites

Q Fermion operator ¢; at each site j
165 C;L"} = 05,5 {cj cib =0

L 1 2
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Consider a finite lattice on a ring with even L sites

Fermion operator ¢; at each site 5

{Cj, C;r-,} — 5j,j’ {Cj, Cj/} — ()

L1 2
L
Staggered fermion Hamiltonian H =1 g (C;L-Cj+1 - C;Jrlcj )
| Banks, Susskind, Kogut ’76] ]:1

» H becomes a free, massless Dirac termion theory in IR
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Consider a finite lattice on a ring with even L sites

® Fermion operator ¢; at each site 5
e o® {Cj7C;/} — 5j7j, {Cj,Cj’} — O

L 1 2
L
Staggered fermion Hamiltonian H =1 E (C;Cj+1 — c;r- ch)
| Banks, Susskind, Kogut ’76] ]:1

» H becomes a free, massless Dirac fermion theory in IR

» In momentum space Ey
H= ) Eyclc ,
kEBZ W YR
Ek = —2 Sil’l(k)
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The symmetry of 1+1d massless Dirac fermion includes

Ul)yv: U — e VU U(l)a: U s e 10297

Does this IR symmetry arise from a UV symmetry of H 7
> i.e., Guy such that p(Guv) = [U(1)v x U(1)a]/Zo
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The symmetry of 1+1d massless Dirac fermion includes

Ul)yv: U — e VU U(l)a: U s e 10297

Does this IR symmetry arise from a UV symmetry of H 7
> i.e., Guy such that p(Guv) = [U(1)v x U(1)a]/Zo

Yes! Let a; = cj- +¢; and b; = i(c} —cj)

» (Conserved, quantized charges
L . L

] 1
have the IR 11m1t | Chatterjee, SP, Shao ’24]
IR IR
Qo > Qv (1 > DA
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Qo and ()1 generate the Onsager algebra* (onsaer 14
L

. . L
1 1
@n =3 Y ajbjin  Gn= B > (a;ajn —bjibjin)
j=1

j=1

[Qn’ Gm] o Zi(Qn—m— Qn—i—m)

UV to IR symmetry map

IR Qv n even
@n { Or mn odd

*Strictly speaking, this is the Onsager algebra only when L — oo



The Dirac fermion’s [U(1)y x U(1)a] /Zo symmetry is anomalous
» Sinflow = - / AydAp — infinite-order anomaly
7

Is the Onsager symmetry anomalous?
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The Dirac fermion’s [U(1)y x U(1)a] /Zo symmetry is anomalous
» Sinflow = - / AydAp — infinite-order anomaly
7

Is the Onsager symmetry anomalous?

What even is an anomaly in a QLM?

Here, we view an anomaly as a robust obstruction to a trivial
symmetric gapped phase

» Avoids having to define gauging

» Sometimes called an LSM-type anomaly

» Commonly used for non-invertible symmetry

10/16



The Dirac fermion’s [U(1)y x U(1)a] /Zo symmetry is anomalous
» Sinflow = - / AydAp — infinite-order anomaly
7

Is the Onsager symmetry anomalous?

10/16



The Dirac fermion’s [U(1)y x U(1)a] /Zo symmetry is anomalous
» Sinflow = - / AydAp — infinite-order anomaly
7

Is the Onsager symmetry anomalous? Yes! |cnterjce. 5P, shao 24

» (Can prove each symmetric local Hamiltonian takes the form

L
Hy = iSj S: Gn (@505 4n + bjbjin),

n j7=1

which never has a unique gapped ground state

» BEach H, # 0 is gapless = symmetry-enforced gaplessness
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The Dirac fermion’s [U(1)y x U(1)a] /Zo symmetry is anomalous
» Sinflow = - / AydAp — infinite-order anomaly
7

Is the Onsager symmetry anomalous? Yes! |cnterjce. 5P, shao 24

» (Can prove each symmetric local Hamiltonian takes the form

L
Hy = iSj S:gn (@j@j4n + bbjin),

n j7=1

which never has a unique gapped ground state

» BEach H, # 0 is gapless = symmetry-enforced gaplessness

In the staggered fermion Hamiltonian, the Dirac fermion’s chiral

anomaly arises from the Onsager symmetry’s lattice anomaly.
10/16



What is the order of the Onsager symmetry’s anomaly?
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What is the order of the Onsager symmetry’s anomaly?

It is order two: The diagonal Onsager symmetry of the 2-copy

system is anomaly-free [reuw-smit, 5P, Shao 2
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What is the order of the Onsager symmetry’s anomaly?

It is order two: The diagonal Onsager symmetry of the 2-copy
system is anomaly-free [reuw-smit, 5P, Shao 2

I 11

» 2-copy system has two fermion operators Ci, C; per site 7.
» Diagonal Onsager symmetry generated by
di di
0 F=Qp+ Qg =01+ Q)
» A symmetric Hamiltonian with a unique gapped ground state:
. L
! I 11 | pIg1I
Hgap = 5 Z (ajaj + 0;0; )
j=1
— The (Q5*%, Q%) Onsager symmetry is anomaly-free

11/16



Anomaly Order

IR S t
QLM UV Symmetry R Symmetry UV — IR
Staggered Onsager UM)v x U(1)a 2 s o0
Fermion Lo

| Chatterjee, SP, Shao ’2/]
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QLM UV Symmetry IR Symmetry

Anomaly Order
UV — IR

U(l)v X U(l)A
Lo

Staggered

Onsager

Fermion | Chatterjee, SP, Shao "24]

2 — 00

Deformed 2-copy staggered termion Hamiltoni

all

. L
1 Z T 1 1,1 1T 11 1,11
j=1

> Single-particle dispersions Ei- = —2sin(k) =

IR limit of Hg,p, deformation (¢ < 1)

- g

ip(U) T 4 i (U5) T L + hec.

» (Chemical potential term
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Anomaly Order
LM VS t IR S t
Q UV Symmetry ymmetry UV — IR
Stagge.red Onsager U(1l)y x U(1)a 0
Fermlon | Chatterjee, SP, Shao ’2/] ZZ

Can the order of the Onsager symmetry’s anomaly be
enhanced to infinite order?

| » One way to increase an anomaly’s order is by

introducing additional symmetry
Here, we will add a lattice CPT symmetry

» Natural symmetry to add from the QFT perspective




Consider the anti-unitary operator II satistying

2 . .
M° =1, Tl =—i, HeO=c

» Is a Zo anti-unitary reflection operator
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Consider the anti-unitary operator II satistying
2 . - . o T
> =1, IIllT=—i, TgO =c .,

» Is a Zo anti-unitary reflection operator

It is a symmetry of the staggered fermion Hamiltonian
L

H = iz (C;Cj_|_1 — c;f-ch)

j=1
» In the IR, II becomes the CPT symmetry operator of the
Dirac fermion QFT

— ][ is a lattice ZSPT symmetry operator

13/16



IT interplays with the Onsager charge operators:
QI =—-Q_,,. nG,I = G,

> (Qo, Q1,1I) form the symmetry group

Onsager x Z55 ¢




IT interplays with the Onsager charge operators:
HQnHT — _Q—frm l_IGnl_IJf — Gn
> (Qo, Q1,1I) form the symmetry group

Onsager x Z55 ¢

» In the IR of the staggered fermion Hamiltonian

[

no, = o, ® ITrQviljg = —9Qv n even
Mr Qalljy = —Qa 7 odd

Onsager x ZSFT =25 [U(1)y x U(1)a]/Zo x ZSFT




The Onsager X ZSPT symimetry is anomalous
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The Onsager X ZSPT symimetry is anomalous

It’s an infinite-order anomaly: The diagonal symmetry ot the N-
copy system is anomalous for all N. (zew-smin. sp. shao 24
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CPT
Z%

The Onsager X symimetry is anomalous

It’s an infinite-order anomaly: The diagonal symmetry ot the N-
copy system is anomalous for all N. (zew-smin. sp. shao 24

» N-copy system has N fermion operators{cg-e)}é\[:l per site j

» Diagonal Onsager X ZgPT symmetry generated by

N N
dia 14 dia 14 ia,
=@ ei=d e
(=1 /=1

» (Can prove each symmetric local Hamiltonian takes the form

. N L

1 N\ N\

52 2 o (ajal, +b5bl ) (gf = —gn”)
n ILJ=1j=1

which never has a unique gapped ground state
14/16
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Anomaly Order

LM UV S t IR S t
Q ymmetry ymimetry UV s IR
Onsager Uy x U()a 2 % 0
Staggered Lig
Fermion
U(1 U(1
Onsager x ZSTT (v < Ul)a x 7Z$5T 00 — 00

Lo
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Anomaly Order

LM Uv S et IR Symmetr
« YIELLY y y UV = IR
Onsager Uy x U()a 2 % 0
Staggered Lig
Fermion
U(l)y x U(1
Onsager x ZSTT Ly (La x 7Z$5T 00 — 00
Lo
Ztran ZQ 1 N 2
Heisenberg [Metlitski, Thorngren 17
Chai
o Z7on % Z5PT Zy x ZSPT 252
[Seiberg, Shao, Zhang ’25]
. 7,0 7o 2 — 8
Kitaev [Seiberg, Shao 2
Chain .
72 5 75T Zo x Z5FT 8 — 8

|Seiberg, Shao, Zhang 25|
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Future Directions

The role of CPT, and more generally CRT, in QLMs

» Interesting results also noted for invertible phases [0sta 22: Sopenko 25

Systematic study of the anomaly’s stability to ancillas

» Preliminary results: the anomaly is robust to a natural class of
nononsite ancillas (zewsmith. sp, shao 26

Analogous story for Onsager symmetries in > 1 + 1d

» The anomalies of such Onsager symmetries can realize parity
aIlOmalleS |SP, Kim, Chatterjee, Shao '25], Wltten’s SU(2) anomaly |Gioia, Thorngren 25|,

and symmetry-enforced Fermi surfaces (xin. sp. shao 2.
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