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Quantum Systems
Two primary frameworks for describing quantum systems:  

Quantum lattice models (QLMs)* 

Quantum field theories (QFTs) 

➤ Incredibly wide-reaching: cond-mat, hep, quant-ph, & math.
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Quantum Systems
Two primary frameworks for describing quantum systems:  

Quantum lattice models (QLMs)* 

Quantum field theories (QFTs) 

➤ Incredibly wide-reaching: cond-mat, hep, quant-ph, & math. 

Different frameworks, but intimately related: 

{QLMs}  {QFTs} 

➤ Currently, more like a guiding philosophy.  

➤ Important to make this relation precise.

infrared limit

*Discrete space, continuous time 1/16
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➤ Some interesting questions in this arena are: 

1. What is {symmetries} for QLMs and QFTs?  

2. Given a QLM symmetry, which QFT symmetries can it 
become? 

3. Given a QFT symmetry, which QLM symmetries can it 
arise from? 

Here, we focus on invertible 0-form symmetries. 

➤ Which QFT anomalies can arise from QLM anomalies? 

➤ QLMs with Hilbert space           and finite          
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A first step is to work at the level of kinematics: 

{QLM symmetries}  {QFT symmetries} 

➤ Some interesting questions in this arena are: 

1. What is {symmetries} for QLMs and QFTs?  

2. Given a QLM symmetry, which QFT symmetries can it 
become? 

3. Given a QFT symmetry, which QLM symmetries can it 
arise from? 

Here, we focus on invertible 0-form symmetries. 

➤ Which QFT anomalies can arise from QLM anomalies in 

➤ QLMs with Hilbert space           and finite          ?
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Why care? 

Practical QFT reason: A better “lattice laboratory” for 
QFTs 

Practical QLM reason: Leads to new anomalies in QLMs 
and phases of quantum matter 

Conceptual reason: The interplay between QLMs and 
QFTs continually pushes each other forward.
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Kinematics

Lattice Continuum

Knowledge

Flower

Outline for this talk 

1) A light review of anomalies 

2) The Onsager symmetry: Lattice realization of a 1 1d 
Dirac fermion’s vector and axial symmetries 

3) Anomalies from Onsager  lattice CPT symmetry

+

+
[Chatterjee, SP, Shao ’24]

[Lew-Smith, SP, Shao ’26]



Anomalies
’t Hooft anomalies = obstruction* to gauging a global symmetry 

➤ Constrains IR dynamics: IR theory = trivial theory. 

IR must be gapless, have SSB or topological order, etc 

➤ Not a binary “yes or no” thing: The same symmetry group can 
have many inequivalent ’t Hooft anomalies
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The theory of anomalies of ordinary symmetries in 
relativistic QFT is by now a mature subject. 

Understanding anomalies in QLMs is an increasingly active 
direction!
[Bols, Carvalho, Chatterjee, Chen, Cheng, Czajka, De Roeck, De Wilde, Else, Feng, Geiko, Hsin, Ji, Kapustin, 
Kawagoe, Kim, [Kobayashi, Levin, Liu, Long, SP, Ryu, Seiberg, Seifnashri, Shao, Shirley, Sopenko, Spodyneiko, 
Thorngren, Tu, Xu, Yi, Zhang, [Zou, ]⋯



The Order of an Anomaly
A key characterization of an anomaly    is its order    

➤ Smallest positive integer n such that the diagonal    G 
symmetry of the n-copy system is anomaly-free. 

  

➤                if and only if the G symmetry is anomaly free.
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G

<latexit sha1_base64="zR4NTIblXDQRKSZ1u1ppsmrzLhU=">AAACMHicbVDLSgMxFM3Ud31VXYoQLIKrMiNaXRa6caGg0Be0Q8mkmTY0kxmSO9IyzMqvcas/oytx6ze4MNN2YVtvCBzOufeey/EiwTXY9oeVW1ldW9/Y3Mpv7+zu7RcODhs6jBVldRqKULU8opngktWBg2CtSDESeII1vWE105tPTGkeyhqMI+YGpC+5zykBQ3ULJx1gI5jsad/W7u/c5KqavTTJy3zaLRTtkj0pvAycGSiiWT10Cz+dXkjjgEmggmjdduwI3IQo4FSwNN+JNYsIHZI+axsoScC0m0zsU3xmmB72Q2W+BDxh/04kJNB6HHimMyAw0ItaRv6ntWPwb9yEyygGJunUyI8FhhBnmeAeV4yCGBtAqOLmVkwHRBEKJrk5l9H01Dku81Pa1yk2cTmL4SyDxkXJKZfKj5fFSmUW3CY6RqfoHDnoGlXQLXpAdUTRM3pBr+jNerXerU/ra9qas2YzR2iurO9foQup3A==</latexit>n

<latexit sha1_base64="VziatVjmp6IUypgd+0Q0K1yQJhQ="></latexit> 




<latexit sha1_base64="445G8NCG2IHvqVmeiQYsWjmWmLw="></latexit>

ord(ω) = 1
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The Order of an Anomaly
A key characterization of an anomaly    is its order    

➤ Smallest positive integer n such that the diagonal    G 
symmetry of the n-copy system is anomaly-free. 

  

➤                if and only if the G symmetry is anomaly free. 

If           exists          is a finite-order anomaly. 

➤ Otherwise,  is an infinite-order anomaly:  <latexit sha1_base64="ShO/Oi7WILQUctR3EDEC4P7EMow=">AAACOHicbVC7TgJBFJ31ifhCLW02EowV2TWKliQ0FJpgwiuBDZkd7sKE2Udm7hrIhj/wayzVH7GzM7a2Ns4Chah3MsnJuY9zctxIcIWW9WqsrK6tb2xmtrLbO7t7+7mDw6YKY8mgwUIRyrZLFQgeQAM5CmhHEqjvCmi5o0rab92DVDwM6jiJwPHpIOAeZxQ11cuddhHGOLvTqdZvb5zkspK+aZItZLuhDwOqwbSXy1tFa1bmX2AvQJ4sqtbLfXX7IYt9CJAJqlTHtiJ0EiqRMwHTbDdWEFE2ogPoaBhQH5STzHxMzYJm+qYXSv0DNGfsz42E+kpNfFdP+hSH6ncvJf/rdWL0rp2EB1GMELC5kBcLE0MzDcfscwkMxUQDyiTXXk02pJIy1BEuqYznVpe4VE8qT6Vp2b+z+Qua50W7VCzdXeTL5UVuGXJMTsgZsckVKZMqqZEGYeSBPJJn8mI8GW/Gu/ExH10xFjtHZKmMz2+Uhaxl</latexit>ω

<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)<latexit sha1_base64="ShO/Oi7WILQUctR3EDEC4P7EMow=">AAACOHicbVC7TgJBFJ31ifhCLW02EowV2TWKliQ0FJpgwiuBDZkd7sKE2Udm7hrIhj/wayzVH7GzM7a2Ns4Chah3MsnJuY9zctxIcIWW9WqsrK6tb2xmtrLbO7t7+7mDw6YKY8mgwUIRyrZLFQgeQAM5CmhHEqjvCmi5o0rab92DVDwM6jiJwPHpIOAeZxQ11cuddhHGOLvTqdZvb5zkspK+aZItZLuhDwOqwbSXy1tFa1bmX2AvQJ4sqtbLfXX7IYt9CJAJqlTHtiJ0EiqRMwHTbDdWEFE2ogPoaBhQH5STzHxMzYJm+qYXSv0DNGfsz42E+kpNfFdP+hSH6ncvJf/rdWL0rp2EB1GMELC5kBcLE0MzDcfscwkMxUQDyiTXXk02pJIy1BEuqYznVpe4VE8qT6Vp2b+z+Qua50W7VCzdXeTL5UVuGXJMTsgZsckVKZMqqZEGYeSBPJJn8mI8GW/Gu/ExH10xFjtHZKmMz2+Uhaxl</latexit>ω
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="F+r7ZfX1V0d+fNcWcdUBpQ0MJBI="></latexit>

ord(ω)

<latexit sha1_base64="445G8NCG2IHvqVmeiQYsWjmWmLw="></latexit>

ord(ω) = 1

<latexit sha1_base64="Iw+0HeFNLAQKGseSO58bOmDuadA="></latexit>

=→ ω

<latexit sha1_base64="O0VLNd7IAr3T/dDFYm8oHqwPb2o=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXRa6sAuFCn1BGspkOm2HTiZh5kZaQlZ+hl/gVr/Anbh15Qf4H04fC9t6h4HDOffeczl+xJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCuwlgSWiMhD2XTx4pyJmgNGHDajCTFgc9pwx+UxnrjkUrFQlGFUUS9APcE6zKCQVNt86QFdAiTPW65en/nJVel8UuT7G02bZs5O29PyloGzgzk0KwqbfOn1QlJHFABhGOlXMeOwEuwBEY4TbOtWNEIkwHuUVdDgQOqvGRin1pnmulY3VDqL8CasH8nEhwoNQp83Rlg6KtFbUz+p7kxdG+8hIkoBirI1KgbcwtCa5yJ1WGSEuAjDTCRTN9qkT6WmIBObs5lOD1V5+IsprAM6hd5p5AvPFzmisVZQhl0jE7ROXLQNSqiMqqgGiLoCb2gV/RmPBvvxofxOW1dMWYzR2iujK9fm8OgLA==</latexit>

G

<latexit sha1_base64="O0VLNd7IAr3T/dDFYm8oHqwPb2o=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXRa6sAuFCn1BGspkOm2HTiZh5kZaQlZ+hl/gVr/Anbh15Qf4H04fC9t6h4HDOffeczl+xJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCuwlgSWiMhD2XTx4pyJmgNGHDajCTFgc9pwx+UxnrjkUrFQlGFUUS9APcE6zKCQVNt86QFdAiTPW65en/nJVel8UuT7G02bZs5O29PyloGzgzk0KwqbfOn1QlJHFABhGOlXMeOwEuwBEY4TbOtWNEIkwHuUVdDgQOqvGRin1pnmulY3VDqL8CasH8nEhwoNQp83Rlg6KtFbUz+p7kxdG+8hIkoBirI1KgbcwtCa5yJ1WGSEuAjDTCRTN9qkT6WmIBObs5lOD1V5+IsprAM6hd5p5AvPFzmisVZQhl0jE7ROXLQNSqiMqqgGiLoCb2gV/RmPBvvxofxOW1dMWYzR2iujK9fm8OgLA==</latexit>

G

<latexit sha1_base64="O0VLNd7IAr3T/dDFYm8oHqwPb2o=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXRa6sAuFCn1BGspkOm2HTiZh5kZaQlZ+hl/gVr/Anbh15Qf4H04fC9t6h4HDOffeczl+xJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCuwlgSWiMhD2XTx4pyJmgNGHDajCTFgc9pwx+UxnrjkUrFQlGFUUS9APcE6zKCQVNt86QFdAiTPW65en/nJVel8UuT7G02bZs5O29PyloGzgzk0KwqbfOn1QlJHFABhGOlXMeOwEuwBEY4TbOtWNEIkwHuUVdDgQOqvGRin1pnmulY3VDqL8CasH8nEhwoNQp83Rlg6KtFbUz+p7kxdG+8hIkoBirI1KgbcwtCa5yJ1WGSEuAjDTCRTN9qkT6WmIBObs5lOD1V5+IsprAM6hd5p5AvPFzmisVZQhl0jE7ROXLQNSqiMqqgGiLoCb2gV/RmPBvvxofxOW1dMWYzR2iujK9fm8OgLA==</latexit>

G

<latexit sha1_base64="OBUZu3yC+hhiDFBxg9yFv8wfGeI="></latexit>

ord(ω) = →

<latexit sha1_base64="zR4NTIblXDQRKSZ1u1ppsmrzLhU=">AAACMHicbVDLSgMxFM3Ud31VXYoQLIKrMiNaXRa6caGg0Be0Q8mkmTY0kxmSO9IyzMqvcas/oytx6ze4MNN2YVtvCBzOufeey/EiwTXY9oeVW1ldW9/Y3Mpv7+zu7RcODhs6jBVldRqKULU8opngktWBg2CtSDESeII1vWE105tPTGkeyhqMI+YGpC+5zykBQ3ULJx1gI5jsad/W7u/c5KqavTTJy3zaLRTtkj0pvAycGSiiWT10Cz+dXkjjgEmggmjdduwI3IQo4FSwNN+JNYsIHZI+axsoScC0m0zsU3xmmB72Q2W+BDxh/04kJNB6HHimMyAw0ItaRv6ntWPwb9yEyygGJunUyI8FhhBnmeAeV4yCGBtAqOLmVkwHRBEKJrk5l9H01Dku81Pa1yk2cTmL4SyDxkXJKZfKj5fFSmUW3CY6RqfoHDnoGlXQLXpAdUTRM3pBr+jNerXerU/ra9qas2YzR2iurO9foQup3A==</latexit>n

<latexit sha1_base64="VziatVjmp6IUypgd+0Q0K1yQJhQ="></latexit> 



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From the UV to the IR and Back
Given a UV        symmetry group with anomaly       : 

Taking the IR limit induces a homomorphism 

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="OalehN4GzI09F9BHR2WGaxaZocc="></latexit>ωUV

<latexit sha1_base64="mGNeuz0ZZTCP27iqKpf4UjRS55I="></latexit>

ω : GUV → GIR
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From the UV to the IR and Back
Given a UV        symmetry group with anomaly       : 

Taking the IR limit induces a homomorphism 

                                  

➤ In QFT  a homomorphism                                              
with              the group of inequivalent    anomalies. 

⟹

<latexit sha1_base64="mGNeuz0ZZTCP27iqKpf4UjRS55I="></latexit>

ω : GUV → GIR

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="OalehN4GzI09F9BHR2WGaxaZocc="></latexit>ωUV

<latexit sha1_base64="F8L9/VTr9zIO3NQCguDK3aVm74o="></latexit>

Anom(G)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="BPN41WVyXagFv2C4/9nFX7R0+IE="></latexit>

ω→ : Anom(GIR) → Anom(GUV)
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From the UV to the IR and Back
Given a UV        symmetry group with anomaly       : 

Taking the IR limit induces a homomorphism 

                                  

➤ In QFT  a homomorphism                                              
with              the group of inequivalent    anomalies. 

Anomaly matching:            

➤ A nontrivial UV anomaly implies a nontrivial IR anomaly:                               

                              

➤ When the UV and IR symmetries are the same:

⟹

<latexit sha1_base64="mGNeuz0ZZTCP27iqKpf4UjRS55I="></latexit>

ω : GUV → GIR

<latexit sha1_base64="F8L9/VTr9zIO3NQCguDK3aVm74o="></latexit>

Anom(G)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="7yuqxyN1XOUp7pw928T8W5LImLg="></latexit>

ω→(εIR) = εUV

<latexit sha1_base64="su/ZJWDW9lCAWtylFJxQMkDlTvk="></latexit>

GUV
→= GIR & ω = id =↑ εIR = εUV

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="OalehN4GzI09F9BHR2WGaxaZocc="></latexit>ωUV

<latexit sha1_base64="BPN41WVyXagFv2C4/9nFX7R0+IE="></latexit>

ω→ : Anom(GIR) → Anom(GUV)

<latexit sha1_base64="6Q4bQmYYBjcSS2/8PzachUU7jSE="></latexit>

ωUV = ε→(ωIR) →= 1 =↑ ωIR →= 1

5/16
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<latexit sha1_base64="su/ZJWDW9lCAWtylFJxQMkDlTvk="></latexit>

GUV
→= GIR & ω = id =↑ εIR = εUV

From the UV to the IR and Back
Given a UV        symmetry group with anomaly       : 

Taking the IR limit induces a homomorphism 

                                  

➤ In QFT  a homomorphism                                              
with              the group of inequivalent    anomalies. 

Anomaly matching:            

➤ A nontrivial UV anomaly implies a nontrivial IR anomaly:                               

                              

➤ When the UV and IR symmetry groups are the same:

⟹

<latexit sha1_base64="mGNeuz0ZZTCP27iqKpf4UjRS55I="></latexit>

ω : GUV → GIR

<latexit sha1_base64="F8L9/VTr9zIO3NQCguDK3aVm74o="></latexit>

Anom(G)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="7yuqxyN1XOUp7pw928T8W5LImLg="></latexit>

ω→(εIR) = εUV

<latexit sha1_base64="8qMmMpe1MsboQeyF0OXH1G9d0Ms="></latexit>

ωUV = ε→(ωIR) →= 0 =↑ ωIR →= 0

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="OalehN4GzI09F9BHR2WGaxaZocc="></latexit>ωUV

<latexit sha1_base64="BPN41WVyXagFv2C4/9nFX7R0+IE="></latexit>

ω→ : Anom(GIR) → Anom(GUV)

An anomaly’s order can change under the IR limit 

➤ The anomaly matching condition implies that 

                           

 

<latexit sha1_base64="oUgDjS+KlJmi5efiSfp6Ip9gG00="></latexit>

ord(ωUV) → ord(ωIR)



5/16

<latexit sha1_base64="su/ZJWDW9lCAWtylFJxQMkDlTvk="></latexit>

GUV
→= GIR & ω = id =↑ εIR = εUV

From the UV to the IR and Back
Given a UV        symmetry group with anomaly       : 

Taking the IR limit induces a homomorphism 

                                  

➤ In QFT  a homomorphism                                              
with              the group of inequivalent    anomalies. 

Anomaly matching:            

➤ A nontrivial UV anomaly implies a nontrivial IR anomaly:                               

                              

➤ When the UV and IR symmetry groups are the same:

⟹

<latexit sha1_base64="mGNeuz0ZZTCP27iqKpf4UjRS55I="></latexit>

ω : GUV → GIR

<latexit sha1_base64="F8L9/VTr9zIO3NQCguDK3aVm74o="></latexit>

Anom(G)
<latexit sha1_base64="68omi8cpkIQTDjyWrg6DtSOk9VY=">AAACM3icbVDLSsNAFJ3UV62vqks30VJwVRLR6rLQhV0oVOgL0lAm00k7dPJg5kZaQtZ+jUv1W8SduPUL3Dhpu7Ctd7hwOOfeuYfjhJxJMIx3LbO2vrG5ld3O7ezu7R/kD49aMogEoU0S8EB0HCwpZz5tAgNOO6Gg2HM4bTujaqq3H6mQLPAbMAmp7eGBz1xGMCiqlz/tAh3D9B+r1ri/s+OravqSOFfM3apOevmCUTKmpa8Ccw4KaF71Xv6n2w9I5FEfCMdSWqYRgh1jAYxwmuS6kaQhJiM8oJaCPvaotOOphUQvKqavu4FQ7YM+Zf9uxNiTcuI5atLDMJTLWkr+p1kRuDd2zPwwAuqT2SE34joEepqL3meCEuATBTARTHnVyRALTEClt3BlPLO6wKX3hHRlmpa5nM0qaF2UzHKp/HBZqFTmuWXRCTpD58hE16iCaqiOmoigJ/SMXtGb9qJ9aJ/a12w0o813jtFCad+/EBaqFQ==</latexit>

G

<latexit sha1_base64="7yuqxyN1XOUp7pw928T8W5LImLg="></latexit>

ω→(εIR) = εUV

<latexit sha1_base64="8qMmMpe1MsboQeyF0OXH1G9d0Ms="></latexit>

ωUV = ε→(ωIR) →= 0 =↑ ωIR →= 0

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="OalehN4GzI09F9BHR2WGaxaZocc="></latexit>ωUV

<latexit sha1_base64="BPN41WVyXagFv2C4/9nFX7R0+IE="></latexit>

ω→ : Anom(GIR) → Anom(GUV)

An anomaly’s order can change under the IR limit 

➤ The anomaly matching condition implies that 

                           

Proof for finite-order IR anomalies: 

 

<latexit sha1_base64="oUgDjS+KlJmi5efiSfp6Ip9gG00="></latexit>

ord(ωUV) → ord(ωIR)

<latexit sha1_base64="7yuqxyN1XOUp7pw928T8W5LImLg="></latexit>

ω→(εIR) = εUV
<latexit sha1_base64="0E9X8y/X9nI4hpeHDDm6X4tc74s="></latexit>

=→ ω→(εIR)
ord(ωIR) = εord(ωIR)

UV

<latexit sha1_base64="PeJDuxtnLL6XGGxEeb6l8mSG5hI="></latexit>

=→ ord(ωUV) | ord(ωIR)
<latexit sha1_base64="dGH8yCxZDchyI+qMHjHt2BR1Hrs="></latexit>

=→ ord(ωUV) ↑ ord(ωIR)

<latexit sha1_base64="9zKquZc5h7SDDAvGVZqaYw349bY="></latexit>

=→ 1 = ωord(ωIR)
UV



Quantum Mechanics Example
          example: two qubits with Hamiltonian 

➤                generated by               ,           , and           :  

<latexit sha1_base64="Ngmzd5YOuGL9HWI++ShYxqB3yl0="></latexit>

0 + 1d

<latexit sha1_base64="vKJUkNkUvVpwalIO/m0c0gF4AU0="></latexit>

GUV = D8
<latexit sha1_base64="ZfKVTsbcEy4BZJxx8w3FIiFnE5c="></latexit>

B = X1
<latexit sha1_base64="3yhF6KSpxsXhCmVbnOcGJGkA03s="></latexit>

C = Z2
<latexit sha1_base64="KBFF6ZpNoUTkBCgyg84/4BpIO6A="></latexit>

A = CZ1,2
<latexit sha1_base64="pdscCazasPm+URvHN6GJMuzoLw0="></latexit>

A2 = B2 = C2 = 1, AB = CBA.
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<latexit sha1_base64="I40rnfozSSamD2ku94sno/WRNJk="></latexit>

H = (3→X1)(1 + Z2), Energy spectrum = {0, 0, 4, 8}



Quantum Mechanics Example
          example: two qubits with Hamiltonian 

➤                generated by               ,           , and           :  

The IR (ground state space) is the             eigenspace 

                           with a nontrivial anomaly of 

<latexit sha1_base64="Ngmzd5YOuGL9HWI++ShYxqB3yl0="></latexit>

0 + 1d

<latexit sha1_base64="vKJUkNkUvVpwalIO/m0c0gF4AU0="></latexit>

GUV = D8
<latexit sha1_base64="ZfKVTsbcEy4BZJxx8w3FIiFnE5c="></latexit>

B = X1
<latexit sha1_base64="3yhF6KSpxsXhCmVbnOcGJGkA03s="></latexit>

C = Z2
<latexit sha1_base64="KBFF6ZpNoUTkBCgyg84/4BpIO6A="></latexit>

A = CZ1,2
<latexit sha1_base64="pdscCazasPm+URvHN6GJMuzoLw0="></latexit>

A2 = B2 = C2 = 1, AB = CBA.
<latexit sha1_base64="hzIWuCTYFduBm4lh1KpeUsDbrcs="></latexit>

Z2 = →1
<latexit sha1_base64="27yvPz7vC46yk3jaVUBetV1T1Og="></latexit>

A2
IR = B2

IR = 1, AIRBIR = →BIRAIR
<latexit sha1_base64="KiIHnQRa7Zc7RQedRcabRgsi7co="></latexit>

=→ GIR ↑ Z2 ↓ Z2
<latexit sha1_base64="1b2fqLhuXZIhQcB47D8JBrV0i4c="></latexit>

ord(ωUV) = 1 → ord(ωIR) = 2
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<latexit sha1_base64="I40rnfozSSamD2ku94sno/WRNJk="></latexit>

H = (3→X1)(1 + Z2), Energy spectrum = {0, 0, 4, 8}



Quantum Mechanics Example
          example: two qubits with Hamiltonian 

➤                generated by               ,           , and           :  

The IR (ground state space) is the             eigenspace 

                           with a nontrivial anomaly of 

➤                   with                       and     

➤ Emergent anomaly:             but 

<latexit sha1_base64="Ngmzd5YOuGL9HWI++ShYxqB3yl0="></latexit>

0 + 1d

<latexit sha1_base64="vKJUkNkUvVpwalIO/m0c0gF4AU0="></latexit>

GUV = D8
<latexit sha1_base64="ZfKVTsbcEy4BZJxx8w3FIiFnE5c="></latexit>

B = X1
<latexit sha1_base64="3yhF6KSpxsXhCmVbnOcGJGkA03s="></latexit>

C = Z2
<latexit sha1_base64="KBFF6ZpNoUTkBCgyg84/4BpIO6A="></latexit>

A = CZ1,2
<latexit sha1_base64="pdscCazasPm+URvHN6GJMuzoLw0="></latexit>

A2 = B2 = C2 = 1, AB = CBA.
<latexit sha1_base64="hzIWuCTYFduBm4lh1KpeUsDbrcs="></latexit>

Z2 = →1
<latexit sha1_base64="27yvPz7vC46yk3jaVUBetV1T1Og="></latexit>

A2
IR = B2

IR = 1, AIRBIR = →BIRAIR
<latexit sha1_base64="KiIHnQRa7Zc7RQedRcabRgsi7co="></latexit>

=→ GIR ↑ Z2 ↓ Z2

<latexit sha1_base64="dfc9RvwHWB72dPOUFZF0B6URVaw="></latexit>

ker(ω) = →C↑ ↓= Z2

<latexit sha1_base64="1b2fqLhuXZIhQcB47D8JBrV0i4c="></latexit>

ord(ωUV) = 1 → ord(ωIR) = 2

<latexit sha1_base64="DqLsJdNo+HhYKhhGyBPv5/d0tR4="></latexit>

ω : D8 → GIR

<latexit sha1_base64="aiFgsFlVlNdyxp7qNTKar54qwMU="></latexit>

ω(D8) = Z2 → Z2

<latexit sha1_base64="1b2fqLhuXZIhQcB47D8JBrV0i4c="></latexit>

ord(ωUV) = 1 → ord(ωIR) = 2

<latexit sha1_base64="HtGbSgHzpcHgk/YjaJES67NDolQ="></latexit>

ω→(εIR) = εUV = 1

6/16

<latexit sha1_base64="I40rnfozSSamD2ku94sno/WRNJk="></latexit>

H = (3→X1)(1 + Z2), Energy spectrum = {0, 0, 4, 8}

<latexit sha1_base64="QRJdO4rPtCbya8By5TeH6yuP+pU="></latexit>

ωIR →= 1



tl;dr
Infinite-order anomalies are elusive in QLMs.*  

➤ No-go theorems for compact locality-preserving symmetries 

➤ In contrast, infinite-order anomalies are ubiquitous in QFT 
(e.g., perturbative anomalies)

[Kapustin, Sopenko ’24; Liu ‘26]

*Of the type we discuss here with locally finite-dimensional, onsite tensor-product Hilbert spaces. 7/16



tl;dr
Infinite-order anomalies are elusive in QLMs.*  

➤ No-go theorems for compact locality-preserving symmetries 

➤ In contrast, infinite-order anomalies are ubiquitous in QFT 
(e.g., perturbative anomalies) 

Here, we consider          fermionic QLMs and show
<latexit sha1_base64="wcVcsfqLgyN2lwUSH6HY4xehucI="></latexit>

1 + 1d [Lew-Smith, SP, Shao ’26]

[Kapustin, Sopenko ’24; Liu ‘26]

QLM
Anomaly Order 

UV  IR→UV Symmetry IR Symmetry
<latexit sha1_base64="K0yExViuTOj4OHVHta5YYWMeZHU="></latexit>

UV → IR

Onsager
Staggered 
Fermion

<latexit sha1_base64="dN/zK6qNAYrvIa30/drEndbv/7w="></latexit>

2 → ↑
<latexit sha1_base64="Dk++5hyP7hOeUTdpSL9IBaxFLkw="></latexit>

U(1)V →U(1)A
Z2

<latexit sha1_base64="0NM/NI7suZU8I5it++CC3UGEh6E="></latexit>

U(1)V →U(1)A
Z2

→ ZCPT
2

<latexit sha1_base64="ZRA6YvVCYSQRx6ltygJ7TLOrfmE="></latexit>

Onsager⊋ ZCPT
2

<latexit sha1_base64="O9q/AjwmGQnIyOXIqaF1aWQHPEU="></latexit>→ ↑ →

[Chatterjee, SP, Shao ’24]

*Of the type we discuss here with locally finite-dimensional, onsite tensor-product Hilbert spaces. 7/16



A Simple Lattice Model
Consider a finite lattice on a ring with even    sites 

                                           

<latexit sha1_base64="yCH+drMdTTd10QcwLf2CxQruXsU=">AAACM3icbVDLTsJAFJ3iC/GFunRTJSSuSGsUXZKwYYEJJrwSaMh0mMKE6SMztwbSdO3XuFS/xbgzbv0CN06hCwHv5CYn59w79+TYAWcSDONdy2xsbm3vZHdze/sHh0f545O29ENBaIv43BddG0vKmUdbwIDTbiAodm1OO/akmuidRyok870mzAJquXjkMYcRDIoa5M/7QKcw/6dXa97Xreimmrw4yhVzddXxIF8wSsa89HVgpqCA0moM8j/9oU9Cl3pAOJayZxoBWBEWwAinca4fShpgMsEj2lPQwy6VVjS3EOtFxQx1xxeqPdDn7N+NCLtSzlxbTboYxnJVS8j/tF4Izp0VMS8IgXpkccgJuQ6+nuSiD5mgBPhMAUwEU151MsYCE1DpLV2ZLqwucck9IR2ZpGWuZrMO2lcls1wqP1wXKpU0tyw6QxfoEpnoFlVQDTVQCxH0hJ7RK3rTXrQP7VP7WoxmtHTnFC2V9v0LGIuqGg==</latexit>

L

<latexit sha1_base64="XA4RVpDahRfEfh1FvF+r8I6C5Tk=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEmhECEvSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMy6nefGZS8cCvwThktkf6Pnc5JaCpbu6sA2wE0z3tSu3xwY5vyulL4qyVTbq5vFkwp4VXgTUHeTSvajf30+kFNPKYD1QQpdqWGYIdEwmcCpZkO5FiIaFD0mdtDX3iMWXHU/sEX2imh91A6u8DnrJ/J2LiKTX2HN3pERioZS0l/9PaEbh3dsz9MALm05mRGwkMAU4zwT0uGQUx1oBQyfWtmA6IJBR0cgsuo9mpC1zqJ5WrEqzjspbDWQWNq4JVLBSfrvOl+3lwGXSKztElstAtKqEKqqI6ougFvaIJejMmxrvxaXzNWteM+cwJWijj+xc456mb</latexit>

1
<latexit sha1_base64="9t1SxwzsCW/xr0GM1tUqKCXnsj0=">AAACMHicbVC7SgNBFJ31bXytWoowGASrsBs0WlgEbFIoRMhDSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HjQRXYFkfxsrq2vrG5tZ2bmd3b//APDxqqDCWlNVpKEL55BLFBA9YHTgI9hRJRnxXsKY7uMv05jOTiodBDUYRc3zSC7jHKQFNdczTNrAhTPa0KrWHeye5ustemuSKubRj5q2CNSm8DOwZyKNZVTvmT7sb0thnAVBBlGrZVgROQiRwKliaa8eKRYQOSI+1NAyIz5STTOxTfK6ZLvZCqX8AeML+nUiIr9TId3WnT6CvFrWM/E9rxeDdOAkPohhYQKdGXiwwhDjLBHe5ZBTESANCJde3YtonklDQyc25DKenznGZn1SeSrGOy14MZxk0igW7VCg9XubLt7PgttAJOkMXyEbXqIwqqIrqiKIX9IrG6M0YG+/Gp/E1bV0xZjPHaK6M7186l6mc</latexit>

2
<latexit sha1_base64="OzX5bjknhBr7j5PDzhhE+IjV6JE=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEkRIUJekCxhdjKbDM4+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqiCSlDVoIALZdohigvusARwEa4eSEc8RrOU8lVO99cyk4oFfh3HIbI8MfO5ySkBTvdxZF9gIpns6lfpD1Y5vyulL4mw1m/RyebNgTguvAmsO8mhetV7up9sPaOQxH6ggSnUsMwQ7JhI4FSzJdiPFQkKfyIB1NPSJx5QdT+0TfKGZPnYDqb8PeMr+nYiJp9TYc3SnR2ColrWU/E/rRODe2TH3wwiYT2dGbiQwBDjNBPe5ZBTEWANCJde3YjokklDQyS24jGanLnCpn1SuSrCOy1oOZxU0rwpWsVB8vM6X7ufBZdApOkeXyEK3qIQqqIYaiKIX9Iom6M2YGO/Gp/E1a10z5jMnaKGM719md6m2</latexit>

L ⋯⋯

<latexit sha1_base64="IXI7Z1cfP3kInDWILLD+4H4pNPM="></latexit>

{cj , c†j→} = ωj,j→ {cj , cj→} = 0

Fermion operator    at each site <latexit sha1_base64="qolIsdYudFnVZ0zK3ZQy10oLI5U=">AAACNXicbVC7TsMwFHV4lvAqMLJEVJWYqgRBYazUpQNIRepLaqPKcZ3W1HnIvkGtonwAX8MIfAoDG2LlA1hw2gy05Vq2js491+fqOCFnEkzzXVtb39jc2s7t6Lt7+weH+aPjlgwiQWiTBDwQHQdLyplPm8CA004oKPYcTtvOuJr2249USBb4DZiG1Pbw0GcuIxgU1c8XekAnMPunW2vc3drxVTU9SawXddJ/UG+iVGbJnJWxCqwMFFBW9X7+pzcISORRHwjHUnYtMwQ7xgIY4TTRe5GkISZjPKRdBX3sUWnHsyUSo6iYgeEGQl0fjBn7dyLGnpRTz1FKD8NILvdS8r9eNwL3xo6ZH0ZAfTI3ciNuQGCkyRgDJigBPlUAE8HUrgYZYYEJqPwWXCbzVRe41E9IV6ZpWcvZrILWRckql8r3l4VKJcsth07RGTpHFrpGFVRDddREBD2hZ/SK3rQX7UP71L7m0jUtmzlBC6V9/wLx+6sO</latexit>cj
<latexit sha1_base64="huH3jWBXJiYgURec9nsEOXzlPxM=">AAACM3icbVDLTsJAFJ3iC+sLdemmSkhckdYouiRhw0ITTHgl0JDpMIWR6SMztwbSsPZrXKrfYtwZt36BG6eFhYB3cpOTc+6de3KckDMJpvmuZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbwZJy5tMGMOC0HQqKPYfTljOqJHrrkQrJAr8Ok5DaHh74zGUEg6J6udMu0DGk/3Sq9btbO76qJG8a6wX9QfW0l8ubRTMtYxVYc5BH86r1cj/dfkAij/pAOJayY5kh2DEWwAinU70bSRpiMsID2lHQxx6VdpxamBoFxfQNNxCqfTBS9u9GjD0pJ56jJj0MQ7msJeR/WicC98aOmR9GQH0yO+RG3IDASHIx+kxQAnyiACaCKa8GGWKBCaj0Fq6MZ1YXuOSekK5M0rKWs1kFzYuiVSqW7i/z5fI8tyw6QWfoHFnoGpVRFdVQAxH0hJ7RK3rTXrQP7VP7mo1mtPnOMVoo7fsXS0mqOA==</latexit>

j
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A Simple Lattice Model
Consider a finite lattice on a ring with even    sites 

                                           

Staggered fermion Hamiltonian  

➤ H becomes a free, massless Dirac fermion theory in IR

<latexit sha1_base64="yCH+drMdTTd10QcwLf2CxQruXsU=">AAACM3icbVDLTsJAFJ3iC/GFunRTJSSuSGsUXZKwYYEJJrwSaMh0mMKE6SMztwbSdO3XuFS/xbgzbv0CN06hCwHv5CYn59w79+TYAWcSDONdy2xsbm3vZHdze/sHh0f545O29ENBaIv43BddG0vKmUdbwIDTbiAodm1OO/akmuidRyok870mzAJquXjkMYcRDIoa5M/7QKcw/6dXa97Xreimmrw4yhVzddXxIF8wSsa89HVgpqCA0moM8j/9oU9Cl3pAOJayZxoBWBEWwAinca4fShpgMsEj2lPQwy6VVjS3EOtFxQx1xxeqPdDn7N+NCLtSzlxbTboYxnJVS8j/tF4Izp0VMS8IgXpkccgJuQ6+nuSiD5mgBPhMAUwEU151MsYCE1DpLV2ZLqwucck9IR2ZpGWuZrMO2lcls1wqP1wXKpU0tyw6QxfoEpnoFlVQDTVQCxH0hJ7RK3rTXrQP7VP7WoxmtHTnFC2V9v0LGIuqGg==</latexit>

L

<latexit sha1_base64="XA4RVpDahRfEfh1FvF+r8I6C5Tk=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEmhECEvSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMy6nefGZS8cCvwThktkf6Pnc5JaCpbu6sA2wE0z3tSu3xwY5vyulL4qyVTbq5vFkwp4VXgTUHeTSvajf30+kFNPKYD1QQpdqWGYIdEwmcCpZkO5FiIaFD0mdtDX3iMWXHU/sEX2imh91A6u8DnrJ/J2LiKTX2HN3pERioZS0l/9PaEbh3dsz9MALm05mRGwkMAU4zwT0uGQUx1oBQyfWtmA6IJBR0cgsuo9mpC1zqJ5WrEqzjspbDWQWNq4JVLBSfrvOl+3lwGXSKztElstAtKqEKqqI6ougFvaIJejMmxrvxaXzNWteM+cwJWijj+xc456mb</latexit>

1
<latexit sha1_base64="9t1SxwzsCW/xr0GM1tUqKCXnsj0=">AAACMHicbVC7SgNBFJ31bXytWoowGASrsBs0WlgEbFIoRMhDSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HjQRXYFkfxsrq2vrG5tZ2bmd3b//APDxqqDCWlNVpKEL55BLFBA9YHTgI9hRJRnxXsKY7uMv05jOTiodBDUYRc3zSC7jHKQFNdczTNrAhTPa0KrWHeye5ustemuSKubRj5q2CNSm8DOwZyKNZVTvmT7sb0thnAVBBlGrZVgROQiRwKliaa8eKRYQOSI+1NAyIz5STTOxTfK6ZLvZCqX8AeML+nUiIr9TId3WnT6CvFrWM/E9rxeDdOAkPohhYQKdGXiwwhDjLBHe5ZBTESANCJde3YtonklDQyc25DKenznGZn1SeSrGOy14MZxk0igW7VCg9XubLt7PgttAJOkMXyEbXqIwqqIrqiKIX9IrG6M0YG+/Gp/E1bV0xZjPHaK6M7186l6mc</latexit>

2
<latexit sha1_base64="OzX5bjknhBr7j5PDzhhE+IjV6JE=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEkRIUJekCxhdjKbDM4+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqiCSlDVoIALZdohigvusARwEa4eSEc8RrOU8lVO99cyk4oFfh3HIbI8MfO5ySkBTvdxZF9gIpns6lfpD1Y5vyulL4mw1m/RyebNgTguvAmsO8mhetV7up9sPaOQxH6ggSnUsMwQ7JhI4FSzJdiPFQkKfyIB1NPSJx5QdT+0TfKGZPnYDqb8PeMr+nYiJp9TYc3SnR2ColrWU/E/rRODe2TH3wwiYT2dGbiQwBDjNBPe5ZBTEWANCJde3YjokklDQyS24jGanLnCpn1SuSrCOy1oOZxU0rwpWsVB8vM6X7ufBZdApOkeXyEK3qIQqqIYaiKIX9Iom6M2YGO/Gp/E1a10z5jMnaKGM719md6m2</latexit>

L ⋯⋯

<latexit sha1_base64="IXI7Z1cfP3kInDWILLD+4H4pNPM="></latexit>

{cj , c†j→} = ωj,j→ {cj , cj→} = 0

Fermion operator    at each site <latexit sha1_base64="qolIsdYudFnVZ0zK3ZQy10oLI5U=">AAACNXicbVC7TsMwFHV4lvAqMLJEVJWYqgRBYazUpQNIRepLaqPKcZ3W1HnIvkGtonwAX8MIfAoDG2LlA1hw2gy05Vq2js491+fqOCFnEkzzXVtb39jc2s7t6Lt7+weH+aPjlgwiQWiTBDwQHQdLyplPm8CA004oKPYcTtvOuJr2249USBb4DZiG1Pbw0GcuIxgU1c8XekAnMPunW2vc3drxVTU9SawXddJ/UG+iVGbJnJWxCqwMFFBW9X7+pzcISORRHwjHUnYtMwQ7xgIY4TTRe5GkISZjPKRdBX3sUWnHsyUSo6iYgeEGQl0fjBn7dyLGnpRTz1FKD8NILvdS8r9eNwL3xo6ZH0ZAfTI3ciNuQGCkyRgDJigBPlUAE8HUrgYZYYEJqPwWXCbzVRe41E9IV6ZpWcvZrILWRckql8r3l4VKJcsth07RGTpHFrpGFVRDddREBD2hZ/SK3rQX7UP71L7m0jUtmzlBC6V9/wLx+6sO</latexit>cj
<latexit sha1_base64="huH3jWBXJiYgURec9nsEOXzlPxM=">AAACM3icbVDLTsJAFJ3iC+sLdemmSkhckdYouiRhw0ITTHgl0JDpMIWR6SMztwbSsPZrXKrfYtwZt36BG6eFhYB3cpOTc+6de3KckDMJpvmuZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbwZJy5tMGMOC0HQqKPYfTljOqJHrrkQrJAr8Ok5DaHh74zGUEg6J6udMu0DGk/3Sq9btbO76qJG8a6wX9QfW0l8ubRTMtYxVYc5BH86r1cj/dfkAij/pAOJayY5kh2DEWwAinU70bSRpiMsID2lHQxx6VdpxamBoFxfQNNxCqfTBS9u9GjD0pJ56jJj0MQ7msJeR/WicC98aOmR9GQH0yO+RG3IDASHIx+kxQAnyiACaCKa8GGWKBCaj0Fq6MZ1YXuOSekK5M0rKWs1kFzYuiVSqW7i/z5fI8tyw6QWfoHFnoGpVRFdVQAxH0hJ7RK3rTXrQP7VP7mo1mtPnOMVoo7fsXS0mqOA==</latexit>

j

<latexit sha1_base64="jyNMs8+CN0cTxwfr1JHT1fPM+DI="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

[Banks, Susskind, Kogut ’76]

<latexit sha1_base64="ePES9VyUK6KOk18pAyFx1WAHlvk=">AAACM3icbVDLSsNAFJ34rPUVdekmWgquSiJaXRa66UKhQl+QhjKZTtqhkwczN9ISsvZrXKrfIu7ErV/gxknbhW29w4XDOffOPRw34kyCab5ra+sbm1vbuZ387t7+waF+dNySYSwIbZKQh6LjYkk5C2gTGHDaiQTFvstp2x1VM739SIVkYdCASUQdHw8C5jGCQVE9/awLdAzTf+xa4/7OSa6r2UuTfDFfU5329IJZMqdlrAJrDgpoXvWe/tPthyT2aQCEYylty4zASbAARjhN891Y0giTER5QW8EA+1Q6ydRCahQV0ze8UKgOwJiyfzcS7Es58V016WMYymUtI//T7Bi8WydhQRQDDcjskBdzA0Ijy8XoM0EJ8IkCmAimvBpkiAUmoNJbuDKeWV3gsntCejJLy1rOZhW0LktWuVR+uCpUKvPccugUnaMLZKEbVEE1VEdNRNATekav6E170T60T+1rNrqmzXdO0EJp378Rx6oW</latexit>

H

8/16



A Simple Lattice Model
Consider a finite lattice on a ring with even    sites 

                                           

Staggered fermion Hamiltonian  

➤ H becomes a free, massless Dirac fermion theory in IR 

➤ In momentum space 

<latexit sha1_base64="yCH+drMdTTd10QcwLf2CxQruXsU=">AAACM3icbVDLTsJAFJ3iC/GFunRTJSSuSGsUXZKwYYEJJrwSaMh0mMKE6SMztwbSdO3XuFS/xbgzbv0CN06hCwHv5CYn59w79+TYAWcSDONdy2xsbm3vZHdze/sHh0f545O29ENBaIv43BddG0vKmUdbwIDTbiAodm1OO/akmuidRyok870mzAJquXjkMYcRDIoa5M/7QKcw/6dXa97Xreimmrw4yhVzddXxIF8wSsa89HVgpqCA0moM8j/9oU9Cl3pAOJayZxoBWBEWwAinca4fShpgMsEj2lPQwy6VVjS3EOtFxQx1xxeqPdDn7N+NCLtSzlxbTboYxnJVS8j/tF4Izp0VMS8IgXpkccgJuQ6+nuSiD5mgBPhMAUwEU151MsYCE1DpLV2ZLqwucck9IR2ZpGWuZrMO2lcls1wqP1wXKpU0tyw6QxfoEpnoFlVQDTVQCxH0hJ7RK3rTXrQP7VP7WoxmtHTnFC2V9v0LGIuqGg==</latexit>

L

<latexit sha1_base64="XA4RVpDahRfEfh1FvF+r8I6C5Tk=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEmhECEvSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqCCSlNVpIALZcohigvusDhwEa4WSEc8RrOkMy6nefGZS8cCvwThktkf6Pnc5JaCpbu6sA2wE0z3tSu3xwY5vyulL4qyVTbq5vFkwp4VXgTUHeTSvajf30+kFNPKYD1QQpdqWGYIdEwmcCpZkO5FiIaFD0mdtDX3iMWXHU/sEX2imh91A6u8DnrJ/J2LiKTX2HN3pERioZS0l/9PaEbh3dsz9MALm05mRGwkMAU4zwT0uGQUx1oBQyfWtmA6IJBR0cgsuo9mpC1zqJ5WrEqzjspbDWQWNq4JVLBSfrvOl+3lwGXSKztElstAtKqEKqqI6ougFvaIJejMmxrvxaXzNWteM+cwJWijj+xc456mb</latexit>

1
<latexit sha1_base64="9t1SxwzsCW/xr0GM1tUqKCXnsj0=">AAACMHicbVC7SgNBFJ31bXytWoowGASrsBs0WlgEbFIoRMhDSJYwO5lNhsw+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HjQRXYFkfxsrq2vrG5tZ2bmd3b//APDxqqDCWlNVpKEL55BLFBA9YHTgI9hRJRnxXsKY7uMv05jOTiodBDUYRc3zSC7jHKQFNdczTNrAhTPa0KrWHeye5ustemuSKubRj5q2CNSm8DOwZyKNZVTvmT7sb0thnAVBBlGrZVgROQiRwKliaa8eKRYQOSI+1NAyIz5STTOxTfK6ZLvZCqX8AeML+nUiIr9TId3WnT6CvFrWM/E9rxeDdOAkPohhYQKdGXiwwhDjLBHe5ZBTESANCJde3YtonklDQyc25DKenznGZn1SeSrGOy14MZxk0igW7VCg9XubLt7PgttAJOkMXyEbXqIwqqIrqiKIX9IrG6M0YG+/Gp/E1bV0xZjPHaK6M7186l6mc</latexit>

2
<latexit sha1_base64="OzX5bjknhBr7j5PDzhhE+IjV6JE=">AAACMHicbVC7SgNBFJ31GeMrainCYBCswq5otLAIpEkRIUJekCxhdjKbDM4+mLkrCctWfo1t/BmtxNZvsHA2SWES7zBwOOfeey7HCQVXYJofxtr6xubWdmYnu7u3f3CYOzpuqiCSlDVoIALZdohigvusARwEa4eSEc8RrOU8lVO99cyk4oFfh3HIbI8MfO5ySkBTvdxZF9gIpns6lfpD1Y5vyulL4mw1m/RyebNgTguvAmsO8mhetV7up9sPaOQxH6ggSnUsMwQ7JhI4FSzJdiPFQkKfyIB1NPSJx5QdT+0TfKGZPnYDqb8PeMr+nYiJp9TYc3SnR2ColrWU/E/rRODe2TH3wwiYT2dGbiQwBDjNBPe5ZBTEWANCJde3YjokklDQyS24jGanLnCpn1SuSrCOy1oOZxU0rwpWsVB8vM6X7ufBZdApOkeXyEK3qIQqqIYaiKIX9Iom6M2YGO/Gp/E1a10z5jMnaKGM719md6m2</latexit>

L ⋯⋯

<latexit sha1_base64="jyNMs8+CN0cTxwfr1JHT1fPM+DI="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

<latexit sha1_base64="ePES9VyUK6KOk18pAyFx1WAHlvk=">AAACM3icbVDLSsNAFJ34rPUVdekmWgquSiJaXRa66UKhQl+QhjKZTtqhkwczN9ISsvZrXKrfIu7ErV/gxknbhW29w4XDOffOPRw34kyCab5ra+sbm1vbuZ387t7+waF+dNySYSwIbZKQh6LjYkk5C2gTGHDaiQTFvstp2x1VM739SIVkYdCASUQdHw8C5jGCQVE9/awLdAzTf+xa4/7OSa6r2UuTfDFfU5329IJZMqdlrAJrDgpoXvWe/tPthyT2aQCEYylty4zASbAARjhN891Y0giTER5QW8EA+1Q6ydRCahQV0ze8UKgOwJiyfzcS7Es58V016WMYymUtI//T7Bi8WydhQRQDDcjskBdzA0Ijy8XoM0EJ8IkCmAimvBpkiAUmoNJbuDKeWV3gsntCejJLy1rOZhW0LktWuVR+uCpUKvPccugUnaMLZKEbVEE1VEdNRNATekav6E170T60T+1rNrqmzXdO0EJp378Rx6oW</latexit>

H

<latexit sha1_base64="/LPvq73fCHEzZpYo42/qAO/jfsM="></latexit>

k<latexit sha1_base64="fWEX30Ko/DPo2tK8PWdoE7uhG7Q="></latexit>

!R
<latexit sha1_base64="oYukpF3cQItsOnHtrFXgAz+MPsQ="></latexit>

!L

<latexit sha1_base64="65iQzHCJVVM17Hiz8qW3m7TNHjI="></latexit>

H =
∑

k→BZ

Ek c
†
kck

<latexit sha1_base64="z1TnyPLHcdpfWBUviXcIOJ5iItE="></latexit>

Ek = →2 sin(k)

<latexit sha1_base64="IXI7Z1cfP3kInDWILLD+4H4pNPM="></latexit>

{cj , c†j→} = ωj,j→ {cj , cj→} = 0

Fermion operator    at each site <latexit sha1_base64="qolIsdYudFnVZ0zK3ZQy10oLI5U=">AAACNXicbVC7TsMwFHV4lvAqMLJEVJWYqgRBYazUpQNIRepLaqPKcZ3W1HnIvkGtonwAX8MIfAoDG2LlA1hw2gy05Vq2js491+fqOCFnEkzzXVtb39jc2s7t6Lt7+weH+aPjlgwiQWiTBDwQHQdLyplPm8CA004oKPYcTtvOuJr2249USBb4DZiG1Pbw0GcuIxgU1c8XekAnMPunW2vc3drxVTU9SawXddJ/UG+iVGbJnJWxCqwMFFBW9X7+pzcISORRHwjHUnYtMwQ7xgIY4TTRe5GkISZjPKRdBX3sUWnHsyUSo6iYgeEGQl0fjBn7dyLGnpRTz1FKD8NILvdS8r9eNwL3xo6ZH0ZAfTI3ciNuQGCkyRgDJigBPlUAE8HUrgYZYYEJqPwWXCbzVRe41E9IV6ZpWcvZrILWRckql8r3l4VKJcsth07RGTpHFrpGFVRDddREBD2hZ/SK3rQX7UP71L7m0jUtmzlBC6V9/wLx+6sO</latexit>cj
<latexit sha1_base64="huH3jWBXJiYgURec9nsEOXzlPxM=">AAACM3icbVDLTsJAFJ3iC+sLdemmSkhckdYouiRhw0ITTHgl0JDpMIWR6SMztwbSsPZrXKrfYtwZt36BG6eFhYB3cpOTc+6de3KckDMJpvmuZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbwZJy5tMGMOC0HQqKPYfTljOqJHrrkQrJAr8Ok5DaHh74zGUEg6J6udMu0DGk/3Sq9btbO76qJG8a6wX9QfW0l8ubRTMtYxVYc5BH86r1cj/dfkAij/pAOJayY5kh2DEWwAinU70bSRpiMsID2lHQxx6VdpxamBoFxfQNNxCqfTBS9u9GjD0pJ56jJj0MQ7msJeR/WicC98aOmR9GQH0yO+RG3IDASHIx+kxQAnyiACaCKa8GGWKBCaj0Fq6MZ1YXuOSekK5M0rKWs1kFzYuiVSqW7i/z5fI8tyw6QWfoHFnoGpVRFdVQAxH0hJ7RK3rTXrQP7VP7mo1mtPnOMVoo7fsXS0mqOA==</latexit>

j

<latexit sha1_base64="jRDaMWAszH2emGg5aRm0wlw3N3U=">AAACNXicbVDLSsNAFJ3UV62vqks3wVJwVRLR6rJQhC4UKvQFbSiT6aQdOnkwcyMtIR/g17hUP8WFO3HrB7hxkmZhq3eY4XDuuXMuxw44k2AYb1pubX1jcyu/XdjZ3ds/KB4edaQfCkLbxOe+6NlYUs482gYGnPYCQbFrc9q1p/Wk332gQjLfa8E8oJaLxx5zGMGgqGGxNAA6g/SffqN1d2tFl/XkxFGhXLgZTtUbK5VRMdLS/wIzAyWUVXNY/B6MfBK61APCsZR90wjAirAARjiNC4NQ0gCTKR7TvoIedqm0onSJWC8rZqQ7vlDXAz1lf09E2JVy7tpK6WKYyNVeQv7X64fgXFsR84IQqEcWRk7IdfD1JBl9xAQlwOcKYCKY2lUnEywwAZXfkstsseoSl/gJ6cgkLXM1m7+gc14xq5Xq/UWpVstyy6MTdIrOkImuUA01UBO1EUGP6Am9oFftWXvXPrTPhTSnZTPHaKm0rx/Asqrx</latexit>

Ek

[Banks, Susskind, Kogut ’76]
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Onsager Symmetry I: What is it
The symmetry of 1+1d massless Dirac fermion includes 

     

Does this IR symmetry arise from a UV symmetry of    ? 

➤ i.e.,        such that

<latexit sha1_base64="Vw3Z1iYSg7swsuFUnxGWB3IyWMA="></latexit>

U(1)V : ! →↑ e→iωV!
<latexit sha1_base64="OPH96zxxnNTVMBxm3q7p0Dz3OYA="></latexit>

U(1)A : ! →↑ e→iωAεz

!

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="l10Ini7dZA2FlDAHJqqdYm/ZrbA="></latexit>

ω(GUV) →= [U(1)V ↑U(1)A]/Z2

<latexit sha1_base64="ePES9VyUK6KOk18pAyFx1WAHlvk=">AAACM3icbVDLSsNAFJ34rPUVdekmWgquSiJaXRa66UKhQl+QhjKZTtqhkwczN9ISsvZrXKrfIu7ErV/gxknbhW29w4XDOffOPRw34kyCab5ra+sbm1vbuZ387t7+waF+dNySYSwIbZKQh6LjYkk5C2gTGHDaiQTFvstp2x1VM739SIVkYdCASUQdHw8C5jGCQVE9/awLdAzTf+xa4/7OSa6r2UuTfDFfU5329IJZMqdlrAJrDgpoXvWe/tPthyT2aQCEYylty4zASbAARjhN891Y0giTER5QW8EA+1Q6ydRCahQV0ze8UKgOwJiyfzcS7Es58V016WMYymUtI//T7Bi8WydhQRQDDcjskBdzA0Ijy8XoM0EJ8IkCmAimvBpkiAUmoNJbuDKeWV3gsntCejJLy1rOZhW0LktWuVR+uCpUKvPccugUnaMLZKEbVEE1VEdNRNATekav6E170T60T+1rNrqmzXdO0EJp378Rx6oW</latexit>

H
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Onsager Symmetry I: What is it
The symmetry of 1+1d massless Dirac fermion includes 

     

Does this IR symmetry arise from a UV symmetry of    ? 

➤ i.e.,        such that 

Yes! [Chatterjee, SP, Shao ’24] Let                  and                    

➤ Conserved, quantized charges 

➤ have the IR limit

<latexit sha1_base64="Vw3Z1iYSg7swsuFUnxGWB3IyWMA="></latexit>

U(1)V : ! →↑ e→iωV!
<latexit sha1_base64="OPH96zxxnNTVMBxm3q7p0Dz3OYA="></latexit>

U(1)A : ! →↑ e→iωAεz

!

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="l10Ini7dZA2FlDAHJqqdYm/ZrbA="></latexit>

ω(GUV) →= [U(1)V ↑U(1)A]/Z2
<latexit sha1_base64="mr044zphD/L2QIxW8QliWQaaBDo="></latexit>

aj = c†j + cj
<latexit sha1_base64="ZZnO/NyRlnzHicMcUm7O0bTbLPs="></latexit>

bj = i(c†j → cj)

<latexit sha1_base64="Ou+ygbt41tI66NQvMQ3t1OnnW+0="></latexit>

Q0 =
i

2

L∑

j=1

ajbj

<latexit sha1_base64="iy1/KsARkH4/KQrqlLZMk0WRsns="></latexit>

Q1 =
i

2

L∑

j=1

ajbj+1

<latexit sha1_base64="sJ0f8H4TC6ZVzN5ZEw2e/oP8h2A="></latexit>

Q0
IR→→→→↑ QV

<latexit sha1_base64="XRwJPqjx5Cuo5pdlyF1G6oQeF1E="></latexit>

Q1
IR→→→→↑ QA

<latexit sha1_base64="ePES9VyUK6KOk18pAyFx1WAHlvk=">AAACM3icbVDLSsNAFJ34rPUVdekmWgquSiJaXRa66UKhQl+QhjKZTtqhkwczN9ISsvZrXKrfIu7ErV/gxknbhW29w4XDOffOPRw34kyCab5ra+sbm1vbuZ387t7+waF+dNySYSwIbZKQh6LjYkk5C2gTGHDaiQTFvstp2x1VM739SIVkYdCASUQdHw8C5jGCQVE9/awLdAzTf+xa4/7OSa6r2UuTfDFfU5329IJZMqdlrAJrDgpoXvWe/tPthyT2aQCEYylty4zASbAARjhN891Y0giTER5QW8EA+1Q6ydRCahQV0ze8UKgOwJiyfzcS7Es58V016WMYymUtI//T7Bi8WydhQRQDDcjskBdzA0Ijy8XoM0EJ8IkCmAimvBpkiAUmoNJbuDKeWV3gsntCejJLy1rOZhW0LktWuVR+uCpUKvPccugUnaMLZKEbVEE1VEdNRNATekav6E170T60T+1rNrqmzXdO0EJp378Rx6oW</latexit>

H
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<latexit sha1_base64="sJ0f8H4TC6ZVzN5ZEw2e/oP8h2A="></latexit>

Q0
IR→→→→↑ QV

<latexit sha1_base64="XRwJPqjx5Cuo5pdlyF1G6oQeF1E="></latexit>

Q1
IR→→→→↑ QA

Onsager Symmetry I: What is it
The symmetry of 1+1d massless Dirac fermion includes 

     

Does this IR symmetry arise from a UV symmetry? 

➤ i.e.,        such that 

Yes! Let                  and                    

➤ Conserved, quantized charges 

➤ have IR limit [Chatterjee, SP, Shao ’24]

<latexit sha1_base64="Vw3Z1iYSg7swsuFUnxGWB3IyWMA="></latexit>

U(1)V : ! →↑ e→iωV!
<latexit sha1_base64="OPH96zxxnNTVMBxm3q7p0Dz3OYA="></latexit>

U(1)A : ! →↑ e→iωAεz

!

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="l10Ini7dZA2FlDAHJqqdYm/ZrbA="></latexit>

ω(GUV) →= [U(1)V ↑U(1)A]/Z2
<latexit sha1_base64="mr044zphD/L2QIxW8QliWQaaBDo="></latexit>

aj = c†j + cj
<latexit sha1_base64="ZZnO/NyRlnzHicMcUm7O0bTbLPs="></latexit>

bj = i(c†j → cj)

<latexit sha1_base64="Ou+ygbt41tI66NQvMQ3t1OnnW+0="></latexit>

Q0 =
i

2

L∑

j=1

ajbj

<latexit sha1_base64="iy1/KsARkH4/KQrqlLZMk0WRsns="></latexit>

Q1 =
i

2

L∑

j=1

ajbj+1

     and     generate the Onsager algebra* [Onsager ’44] 

                                

UV to IR symmetry map

<latexit sha1_base64="roNmUAgBR88NWq2se/PQEndW+YI="></latexit>

[Qn, Qm] = iGm→n

<latexit sha1_base64="1AuDUBzb56aCmtXYrlhUN5P/aZ8="></latexit>

[Gn, Gm] = 0

<latexit sha1_base64="nUfPk21xUnJ4N7VakbAlqrdXVVA="></latexit>

[Qn, Gm] = 2i(Qn→m→Qn+m)

<latexit sha1_base64="l5yZFXQO2wF6d5pps/sMSfHH4w8="></latexit>

Qn =
i

2

L∑

j=1

ajbj+n

<latexit sha1_base64="52rxzQNtBT8pg3ZaJCFYlpCaJUw=">AAACNXicbVDLTsJAFJ36RHyhLt00EhJXpDWKLknYsNAEEl4JNGQ6TGHC9JGZWwNp+gF+jUv1U1y4M279ADdOSxcC3slMTs49d87NsQPOJBjGu7axubW9s5vby+8fHB4dF05OO9IPBaFt4nNf9GwsKWcebQMDTnuBoNi1Oe3a01rS7z5SIZnvtWAeUMvFY485jGBQ1LBQHACdQfpPv956uLeim1py4ihfyjeHhnpjpTLKRlr6OjAzUERZNYaFn8HIJ6FLPSAcS9k3jQCsCAtghNM4PwglDTCZ4jHtK+hhl0orSpeI9ZJiRrrjC3U90FP270SEXSnnrq2ULoaJXO0l5H+9fgjOnRUxLwiBemRh5IRcB19PktFHTFACfK4AJoKpXXUywQITUPktucwWqy5xiZ+QjkzSMlezWQedq7JZKVea18VqNcsth87RBbpEJrpFVVRHDdRGBD2hZ/SK3rQX7UP71L4W0g0tmzlDS6V9/wJxS6rC</latexit>

Q0
<latexit sha1_base64="sEHtMKd0oPPo1WCPFZ9sd3I0mXg=">AAACNXicbVDLTsJAFJ36xPpCXbppJCSuSGsUXZKwYaEJJLyS0pDpMIUJ00dmbg2k6Qf4NS7VT3Hhzrj1A9w4BRYC3slMTs49d87NcSPOJJjmu7axubW9s5vb0/cPDo+O8yenbRnGgtAWCXkoui6WlLOAtoABp91IUOy7nHbccTXrdx6pkCwMmjCNqOPjYcA8RjAoqp8v9IBOYPaPXWs+3DvJTTU7aaIX9UbfUm+qVGbJnJWxDqwFKKBF1fv5n94gJLFPAyAcS2lbZgROggUwwmmq92JJI0zGeEhtBQPsU+kksyVSo6iYgeGFQt0AjBn7dyLBvpRT31VKH8NIrvYy8r+eHYN35yQsiGKgAZkbeTE3IDSyZIwBE5QAnyqAiWBqV4OMsMAEVH5LLpP5qktc5iekJ7O0rNVs1kH7qmSVS+XGdaFSWeSWQ+foAl0iC92iCqqhOmohgp7QM3pFb9qL9qF9al9z6Ya2mDlDS6V9/wJy/KrD</latexit>

Q1

*Strictly speaking, this is the Onsager algebra only when
<latexit sha1_base64="QP+SGiRXQ/S8/6G73fZQmzCnTlE="></latexit>

L → ↑

<latexit sha1_base64="LcW82c70bhvHScntgUftLJdbhnM="></latexit>

Gn =
i

2

L∑

j=1

(ajaj+n → bjbj+n)

<latexit sha1_base64="hprOncTH/4bW1e6E+n4ia3CtRb8="></latexit>

Qn
IR→→↑

{
QV n even
QA n odd

Gn
IR→→↑ 0
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<latexit sha1_base64="sJ0f8H4TC6ZVzN5ZEw2e/oP8h2A="></latexit>

Q0
IR→→→→↑ QV

<latexit sha1_base64="XRwJPqjx5Cuo5pdlyF1G6oQeF1E="></latexit>

Q1
IR→→→→↑ QA

Onsager Symmetry I: What is it
The symmetry of 1+1d massless Dirac fermion includes 

     

Does this IR symmetry arise from a UV symmetry? 

➤ i.e.,        such that 

Yes! Let                  and                    

➤ Conserved, quantized charges 

➤ have IR limit [Chatterjee, SP, Shao ’24]

<latexit sha1_base64="Vw3Z1iYSg7swsuFUnxGWB3IyWMA="></latexit>

U(1)V : ! →↑ e→iωV!
<latexit sha1_base64="OPH96zxxnNTVMBxm3q7p0Dz3OYA="></latexit>

U(1)A : ! →↑ e→iωAεz

!

<latexit sha1_base64="ptbfECS911aLJki/RyQYPVHwPPc="></latexit>

GUV
<latexit sha1_base64="l10Ini7dZA2FlDAHJqqdYm/ZrbA="></latexit>

ω(GUV) →= [U(1)V ↑U(1)A]/Z2
<latexit sha1_base64="mr044zphD/L2QIxW8QliWQaaBDo="></latexit>

aj = c†j + cj
<latexit sha1_base64="ZZnO/NyRlnzHicMcUm7O0bTbLPs="></latexit>

bj = i(c†j → cj)

<latexit sha1_base64="Ou+ygbt41tI66NQvMQ3t1OnnW+0="></latexit>

Q0 =
i

2

L∑

j=1

ajbj

<latexit sha1_base64="iy1/KsARkH4/KQrqlLZMk0WRsns="></latexit>

Q1 =
i

2

L∑

j=1

ajbj+1

Remarks on this Onsager symmetry 

➤ It is not part of the free-fermion symmetry 

                             

➤ It is a non-internal symmetry. E.g., 

➤ Its symmetry operators are locality-preserving but 
generically not QCAs. E.g., 

➤ Non-compact symmetry group: includes Z and R    
subgroups
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Onsager Symmetry II: Its Anomaly
The Dirac fermion’s                             symmetry is anomalous 

➤                                     infinite-order anomaly 

Is the Onsager symmetry anomalous? 
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What even is an anomaly in a QLM? 

Here, we view an anomaly as a robust obstruction to a trivial* 
symmetric gapped phase 

➤ Avoids having to define gauging  

➤ Generalization of the Lieb-Schultz-Mattis theorem  

➤ Commonly used for non-invertible symmetry
*Trivial meaning without discrete symmetry-breaking/topological order
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Onsager Symmetry II: Its Anomaly
The Dirac fermion’s                             symmetry is anomalous 

➤                                     infinite-order anomaly 

Is the Onsager symmetry anomalous? Yes! [Chatterjee, SP, Shao ’24] 

➤ Can prove each symmetric local Hamiltonian takes the form 

                                                                  , 

➤ which never has a unique gapped ground state 

➤ Each           is gapless  symmetry-enforced gaplessness⟹
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In the staggered fermion Hamiltonian, the IR Dirac fermion’s 
anomaly arises from the Onsager symmetry’s lattice anomaly.
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Remarks 

➤ Not all Onsager symmetries are anomalous 

➤ For this Onsager symmetry, there are non-quadratic 
but terribly non-local symmetric Hamiltonians 

➤ Not all Onsager symmetries disallow local non-
quadratic terms [Vernier, O’Brien, Fendley '18 ; SP, Chatterjee, Shao ’24]



Onsager Symmetry III: Anomaly Order
What is the order of the Onsager symmetry’s anomaly?
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Onsager Symmetry III: Anomaly Order
What is the order of the Onsager symmetry’s anomaly? 

It is order two: The diagonal Onsager symmetry of the 2-copy 
system is anomaly-free [Lew-Smith, SP, Shao ’26] 

➤ 2-copy system has two fermion operators          per site  . 

➤ Diagonal Onsager symmetry generated by 

➤ A symmetric Hamiltonian with a unique gapped ground state: 

                          

➤  The                    Onsager symmetry is anomaly-free⟹
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UV to IR Anomaly Order
QLM

Anomaly Order 
UV  IR→UV Symmetry IR Symmetry
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U(1)V →U(1)A
Z2[Chatterjee, SP, Shao ’24]
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UV to IR Anomaly Order

Deformed 2-copy staggered fermion Hamiltonian  

➤ Single-particle dispersions 

➤ Trivially gapped for 

IR limit of        deformation (        ): chemical potential term
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UV to IR Anomaly Order

Deformed 2-copy staggered fermion Hamiltonian  

➤ Single-particle dispersions 

IR limit of        deformation (        ) 

➤ Chemical potential term

QLM
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Can the order of the Onsager symmetry’s anomaly be 
enhanced to infinite order? 

➤ One way to increase an anomaly’s order is by 
introducing additional symmetry 

Here, we will add a lattice CPT symmetry 

➤ Natural symmetry to add from the QFT perspective



Lattice CPT Symmetry
Consider the anti-unitary operator  satisfying 

➤ Is a      anti-unitary reflection operator
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Lattice CPT Symmetry
Consider the anti-unitary operator  satisfying 

➤ Is a      anti-unitary reflection operator 

It is a symmetry of the staggered fermion Hamiltonian 

                                               

➤ In the IR,  becomes the CPT symmetry operator of the 
Dirac fermion QFT 

➤   is a lattice         symmetry operator
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<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="2TAhNg9p94h9rKF0HV5YKxyxM+g="></latexit>

ZCPT
2
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Lattice CPT Symmetry
Consider the anti-unitary operator  satisfying 

➤ Is a      anti-unitary reflection operator 

It is a symmetry of the staggered fermion Hamiltonian 

                                               

➤ In the IR,  becomes the CPT symmetry operator of the 
Dirac fermion QFT 

➤   is a lattice         symmetry operator

Π

Π

⟹ Π

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="oA8QkVKAEPOSlDuFRClgvYCBhac="></latexit>

!2 = 1, ! i!† = →i, ! cj !
† = c†→j+1

<latexit sha1_base64="ebv+jYGdvuQ9CckWNwn6Fkfftp0="></latexit>

Z2

<latexit sha1_base64="jyNMs8+CN0cTxwfr1JHT1fPM+DI="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="2TAhNg9p94h9rKF0HV5YKxyxM+g="></latexit>

ZCPT
2

 acts on the Onsager charge operators as 

             

➤                 form the symmetry group 

                 

Π
<latexit sha1_base64="5Z1Y3Qe23anDyRk5ReIrA1ODg4o="></latexit>

!Qn!
† = →Q→n, !Gn!

† = Gn

<latexit sha1_base64="m37nBaWzLVBW20dfKUMlUIZiObY="></latexit>

(Q0, Q1,!)
<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2
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Lattice CPT Symmetry
Consider the anti-unitary operator  satisfying 

➤ Is a      anti-unitary reflection operator 

It is a symmetry of the staggered fermion Hamiltonian 

                                               

➤ In the IR,  becomes the CPT symmetry operator of the 
Dirac fermion QFT 

➤   is a lattice         symmetry operator

Π

Π

⟹ Π

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="oA8QkVKAEPOSlDuFRClgvYCBhac="></latexit>

!2 = 1, ! i!† = →i, ! cj !
† = c†→j+1

<latexit sha1_base64="ebv+jYGdvuQ9CckWNwn6Fkfftp0="></latexit>

Z2

<latexit sha1_base64="jyNMs8+CN0cTxwfr1JHT1fPM+DI="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!

<latexit sha1_base64="dZjqxb9J4glyjkY4kD/OS6i2hsk=">AAACNXicbVDLTsJAFJ3iC+sLdemmkZC4Iq1RdEnChoUmmPBKoCHTYQoTpo/M3BpI0w/wa1yqn+LCnXHrB7hxCl0IeCczOTn33Dk3xwk5k2Ca71puY3Nreye/q+/tHxweFY5P2jKIBKEtEvBAdB0sKWc+bQEDTruhoNhzOO04k1ra7zxSIVngN2EWUtvDI5+5jGBQ1KBQ7AOdwvyfXr15f2fH17X0JLFe0vsNpt5EqcyyOS9jHVgZKKKsGoPCT38YkMijPhCOpexZZgh2jAUwwmmi9yNJQ0wmeER7CvrYo9KO50skRkkxQ8MNhLo+GHP270SMPSlnnqOUHoaxXO2l5H+9XgTurR0zP4yA+mRh5EbcgMBIkzGGTFACfKYAJoKpXQ0yxgITUPktuUwXqy5xqZ+QrkzTslazWQfty7JVKVcerorVapZbHp2hc3SBLHSDqqiOGqiFCHpCz+gVvWkv2of2qX0tpDktmzlFS6V9/wLK96r3</latexit>

!
<latexit sha1_base64="2TAhNg9p94h9rKF0HV5YKxyxM+g="></latexit>

ZCPT
2

<latexit sha1_base64="5Z1Y3Qe23anDyRk5ReIrA1ODg4o="></latexit>

!Qn!
† = →Q→n, !Gn!

† = Gn

<latexit sha1_base64="m37nBaWzLVBW20dfKUMlUIZiObY="></latexit>

(Q0, Q1,!)
<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2

 acts on the Onsager charge operators as 

             

➤                 form the symmetry group 

                  

➤ In the IR of the staggered fermion Hamiltonian

Π

<latexit sha1_base64="QEXDSkzUZdG3snCvQY32ME0B5jo="></latexit>

Onsager⊋ ZCPT
2

IR→→→↑ [U(1)V ↓U(1)A]/Z2 ↓ ZCPT
2

<latexit sha1_base64="ecuOkrcYGnFpVHVbs7trPLzMiS0="></latexit>

!Qn!
† = →Q→n

IR→→→↑
{
!IRQV!

†
IR = →QV n even

!IRQA!
†
IR = →QA n odd



Onsager  CPT: Anomaly Order+
The                       symmetry is anomalous

<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2
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Onsager  CPT: Anomaly Order+
The                       symmetry is anomalous 

It’s an infinite-order anomaly: The diagonal symmetry of the N- 
copy system is anomalous for all N. [Lew-Smith, SP, Shao ’26] 

<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2
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Onsager  CPT: Anomaly Order+
The                       symmetry is anomalous 

It’s an infinite-order anomaly: The diagonal symmetry of the N- 
copy system is anomalous for all N. [Lew-Smith, SP, Shao ’26]  

➤ N-copy system has N fermion operators             per site j 

➤ Diagonal                       symmetry generated by 

             

➤ Can prove each symmetric local Hamiltonian takes the form 

                                                                   

➤ which never has a unique gapped ground state

<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2

<latexit sha1_base64="huH3jWBXJiYgURec9nsEOXzlPxM=">AAACM3icbVDLTsJAFJ3iC+sLdemmSkhckdYouiRhw0ITTHgl0JDpMIWR6SMztwbSsPZrXKrfYtwZt36BG6eFhYB3cpOTc+6de3KckDMJpvmuZdbWNza3stv6zu7e/kHu8Kgpg0gQ2iABD0TbwZJy5tMGMOC0HQqKPYfTljOqJHrrkQrJAr8Ok5DaHh74zGUEg6J6udMu0DGk/3Sq9btbO76qJG8a6wX9QfW0l8ubRTMtYxVYc5BH86r1cj/dfkAij/pAOJayY5kh2DEWwAinU70bSRpiMsID2lHQxx6VdpxamBoFxfQNNxCqfTBS9u9GjD0pJ56jJj0MQ7msJeR/WicC98aOmR9GQH0yO+RG3IDASHIx+kxQAnyiACaCKa8GGWKBCaj0Fq6MZ1YXuOSekK5M0rKWs1kFzYuiVSqW7i/z5fI8tyw6QWfoHFnoGpVRFdVQAxH0hJ7RK3rTXrQP7VP7mo1mtPnOMVoo7fsXS0mqOA==</latexit>

j
<latexit sha1_base64="UBKkWctcSjQNVARo80nLw3z0Fo4="></latexit>

Onsager⊋ ZCPT
2

<latexit sha1_base64="nSxFZmfyoXa2MXWmxVWTQ60GQTA="></latexit>

i

2

∑

n

N∑

I,J=1

L∑

j=1

gIJn
(
aIja

J
j+n + bIjb

J
j+n

)
(gIJ→n = →gIJn )

<latexit sha1_base64="idF5tDLnmSIm77ITvvCn6fxMMiw="></latexit>

Qdiag
0 =

N∑

ω=1

Q(ω)
0 , Qdiag

1 =
N∑

ω=1

Q(ω)
1 , !diag

<latexit sha1_base64="6Ope2tdHnVz1838lTj85MAscPag="></latexit>

{c(ω)j }Nω=1
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Recap

QLM
Anomaly Order 

UV  IR→UV Symmetry IR Symmetry
<latexit sha1_base64="K0yExViuTOj4OHVHta5YYWMeZHU="></latexit>

UV → IR

Onsager
Staggered 
Fermion

<latexit sha1_base64="dN/zK6qNAYrvIa30/drEndbv/7w="></latexit>

2 → ↑
<latexit sha1_base64="Dk++5hyP7hOeUTdpSL9IBaxFLkw="></latexit>

U(1)V →U(1)A
Z2
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Fermion
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<latexit sha1_base64="Dk++5hyP7hOeUTdpSL9IBaxFLkw="></latexit>

U(1)V →U(1)A
Z2

<latexit sha1_base64="0NM/NI7suZU8I5it++CC3UGEh6E="></latexit>

U(1)V →U(1)A
Z2

→ ZCPT
2

<latexit sha1_base64="ZRA6YvVCYSQRx6ltygJ7TLOrfmE="></latexit>

Onsager⊋ ZCPT
2

<latexit sha1_base64="O9q/AjwmGQnIyOXIqaF1aWQHPEU="></latexit>→ ↑ →
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Recap

QLM
Anomaly Order 

UV  IR→UV Symmetry IR Symmetry

Heisenberg 
Chain

Kitaev 
Chain

<latexit sha1_base64="K0yExViuTOj4OHVHta5YYWMeZHU="></latexit>

UV → IR

Onsager
Staggered 
Fermion

<latexit sha1_base64="dN/zK6qNAYrvIa30/drEndbv/7w="></latexit>

2 → ↑
<latexit sha1_base64="Dk++5hyP7hOeUTdpSL9IBaxFLkw="></latexit>

U(1)V →U(1)A
Z2

<latexit sha1_base64="0NM/NI7suZU8I5it++CC3UGEh6E="></latexit>

U(1)V →U(1)A
Z2

→ ZCPT
2

<latexit sha1_base64="ZRA6YvVCYSQRx6ltygJ7TLOrfmE="></latexit>

Onsager⊋ ZCPT
2

<latexit sha1_base64="O9q/AjwmGQnIyOXIqaF1aWQHPEU="></latexit>→ ↑ →

<latexit sha1_base64="Hwr5zRocieJdbEKqFbqhmh0ZTt4="></latexit>

Ztran

<latexit sha1_base64="7fbPLZc6UqUFqeAwQ59Yj4iVD00="></latexit>

Ztran ⊋ ZCPT
2

<latexit sha1_base64="C/TVWhrA3LIuFCkUJUgRXcjEvNQ="></latexit>Z2
<latexit sha1_base64="u7H/LxbgLlJCihf7LkOb9CurQMI="></latexit>

1 → 2

<latexit sha1_base64="GnhTJ62y2HqYENTdqV7NIoMXnqc="></latexit>

Zmaj

<latexit sha1_base64="eMvCDwoxk2hMokJ1Dv29RCG/CAQ="></latexit>

Zmaj ⊋ ZCPT
2

<latexit sha1_base64="MVzrckXBJWh+lflkOf9bxZ5WcE8="></latexit>

Z2 → ZCPT
2

<latexit sha1_base64="C/TVWhrA3LIuFCkUJUgRXcjEvNQ="></latexit>Z2

<latexit sha1_base64="MVzrckXBJWh+lflkOf9bxZ5WcE8="></latexit>

Z2 → ZCPT
2

<latexit sha1_base64="LMRIkhWzR9a2JdHSFpueUO/2huI="></latexit>

2 → 2

<latexit sha1_base64="z9nQx+ww04LR80sl2j6w/LT0FLw="></latexit>

2 → 8

<latexit sha1_base64="EgfSHoVqLrFcitU9yX2LOfuEzvM="></latexit>

8 → 8

[Seiberg, Shao, Zhang ’25]

[Metlitski, Thorngren ’17]

[Seiberg, Shao ’23]

[Seiberg, Shao, Zhang ’25]
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Future Directions
The role of CPT, and more generally CRT, in QLMs  

➤ Interesting results also noted for invertible phases [Ogata ’22; Sopenko ’25] 

a 

Systematic study of the anomaly’s stability to ancillas 

➤ Preliminary results: the anomaly is robust to a natural class of 
non-onsite ancillas [Lew-Smith, SP, Shao ’26] 

Analogous story for Onsager symmetries in  

➤ The anomalies of such Onsager symmetries can realize parity 
anomalies [SP, Kim, Chatterjee, Shao ’25], Witten’s SU(2) anomaly [Gioia, Thorngren ’25], 
and symmetry-enforced Fermi surfaces [Kim, SP, Shao ’25]. 

<latexit sha1_base64="/SgShMu4ib4LX30NPItAh9raShc="></latexit>

> 1 + 1d
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Backup Slides



Anomalies in quantum mechanics
Consider QM model with Hilbert space H  and Hamiltonian  

➤ Assume there is a unitary G symmetry:                ,  

➤ Symmetry has an anomaly if 

    <latexit sha1_base64="ZjS5RwLr/0ArIiLRms+LMtge4VM="></latexit>

eiω(g,h) →= ei(f(g)+f(h)→f(gh))

<latexit sha1_base64="wjSqLvwzN24Qwbahil51IFNxx0w=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXVa66UKhQl/QhjKZTtuhk0mYuZGW0JWf4Re41S9wJ25d+QH+h5M2C9t6h4HDOffeczleyJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCugkgSWiMBD2TTw4pyJmgNGHDaDCXFvsdpwxuWEr3xSKVigajCOKSuj/uC9RjBoKmOedIGOoLpnla5en/nxlel5E3ibDk76Zg5O29Py1oGTgpyKK1Kx/xpdwMS+VQA4ViplmOH4MZYAiOcTrLtSNEQkyHu05aGAvtUufHUfmKdaaZr9QKpvwBryv6diLGv1Nj3dKePYaAWtYT8T2tF0LtxYybCCKggM6NexC0IrCQTq8skJcDHGmAimb7VIgMsMQGd3JzLaHaqzsVZTGEZ1C/yTiFfeLjMFW/ThDLoGJ2ic+Sga1REZVRBNUTQE3pBr+jNeDbejQ/jc9a6YqQzR2iujK9fnamgLg==</latexit>

H
<latexit sha1_base64="uVI4RpQC73bkhnmvgldYX4X99PU=">AAACOXicbVDLSsNAFJ34rPUVdekmWERXJRGtLivddKFQoS9IQplMJ+3QyYOZG2kJ+QS/xqX6IS7diVuXbkzSLmzrHQYO5z7O4TghZxJ0/V1ZWV1b39gsbBW3d3b39tWDw7YMIkFoiwQ8EF0HS8qZT1vAgNNuKCj2HE47zqiW9TuPVEgW+E2YhNT28MBnLiMYUqqnnllAx5DfMevN+zs7vqplL4mLlodhKImI60kx6aklvaznpS0DYwZKaFaNnvpj9QMSedQHwrGUpqGHYMdYACOcJkUrkjTEZIQH1Eyhjz0q7Tg3kminKdPX3ECk3wctZ/9uxNiTcuI56WRucrGXkf/1zAjcGztmfhgB9clUyI24BoGWpaP1maAE+CQFmAiWetXIEAtMIM1wTmU8tTrHZXpCujJLy1jMZhm0L8pGpVx5uCxVb2e5FdAxOkHnyEDXqIrqqIFaiKAn9Ixe0Zvyonwon8rXdHRFme0coblSvn8B0kuuOw==</latexit>

H

<latexit sha1_base64="KA+j4y7cEX20O7FKALOdcaEUBh0=">AAACL3icbVDLSsNAFJ3UV62vqksRgkVwVRLR6rLShV0oVOgL2lAm00k7dDIJMzfSErLya1yqHyNuxK3f4MakzcK23mHgcM6991yO7XOmwDA+tMzK6tr6RnYzt7W9s7uX3z9oKi+QhDaIxz3ZtrGinAnaAAactn1JsWtz2rJHlURvPVKpmCfqMPGp5eKBYA4jGGKqlz/uAh3DdE+nWr+/s8LLSvKiMHebi3r5glE0pqUvAzMFBZRWrZf/6fY9ErhUAOFYqY5p+GCFWAIjnEa5bqCoj8kID2gnhgK7VFnh1D7ST2OmrzuejL8Afcr+nQixq9TEteNOF8NQLWoJ+Z/WCcC5tkIm/ACoIDMjJ+A6eHqSid5nkhLgkxhgIll8q06GWGICcXJzLuPZqXNc4ieVo5K0zMVslkHzvGiWiqWHi0L5Js0ti47QCTpDJrpCZVRFNdRABD2hZ/SK3rQX7V371L5mrRktnTlEc6V9/wK21amQ</latexit>

G
<latexit sha1_base64="mkVPbARbY5TUT+Ossg6U+fT8jLI="></latexit>

[Ug, H] = 0
<latexit sha1_base64="4Drvykzi2Fkqta6SfH9bxG2FSKg=">AAACNXicbVDLSsNAFJ3Ud31VXboZLIKrkoivpeJCFwoV+oIklMl00g6dTMLMjVhCP8Cvcal+igt34tYPcOOk7cJW7zBwOPdxDidIBNdg229WYW5+YXFpeaW4ura+sVna2m7oOFWU1WksYtUKiGaCS1YHDoK1EsVIFAjWDPqXeb95z5TmsazBIGF+RLqSh5wSMFS7VPaAPcDojntdu73xs+PL/A2zYhd7XOKr4tBM2RV7VPgvcCagjCZVbZe+vU5M04hJoIJo7Tp2An5GFHAq2LDopZolhPZJl7kGShIx7WcjE0O8b5gODmNlvgQ8Yn9vZCTSehAFZjIi0NOzvZz8r+emEJ75GZdJCkzSsVCYCgwxzpPBHa4YBTEwgFDFjVdMe0QRCia/KZWHsdUpLtdTOtR5Ws5sNn9B47DinFRO7o7K5xeT3JbRLtpDB8hBp+gcXaMqqiOKHtETekGv1rP1bn1Yn+PRgjXZ2UFTZX39APKqq6Y=</latexit>

g → G

<latexit sha1_base64="qsQo0JdLMVl1F+QMJkt+nbzHIBE="></latexit>

UgUh = eiω(g,h)Ugh



Anomalies in quantum mechanics
Consider QM model with Hilbert space H  and Hamiltonian  

➤ Assume there is a unitary G symmetry:                ,  

➤ Symmetry has an anomaly if 

    

Proof:  

1. Assume              is a unique gapped ground state of H  

2. Therefore,   

3. However,   

4. Requires                                           contradiction

<latexit sha1_base64="ZjS5RwLr/0ArIiLRms+LMtge4VM="></latexit>

eiω(g,h) →= ei(f(g)+f(h)→f(gh))

<latexit sha1_base64="wjSqLvwzN24Qwbahil51IFNxx0w=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXVa66UKhQl/QhjKZTtuhk0mYuZGW0JWf4Re41S9wJ25d+QH+h5M2C9t6h4HDOffeczleyJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCugkgSWiMBD2TTw4pyJmgNGHDaDCXFvsdpwxuWEr3xSKVigajCOKSuj/uC9RjBoKmOedIGOoLpnla5en/nxlel5E3ibDk76Zg5O29Py1oGTgpyKK1Kx/xpdwMS+VQA4ViplmOH4MZYAiOcTrLtSNEQkyHu05aGAvtUufHUfmKdaaZr9QKpvwBryv6diLGv1Nj3dKePYaAWtYT8T2tF0LtxYybCCKggM6NexC0IrCQTq8skJcDHGmAimb7VIgMsMQGd3JzLaHaqzsVZTGEZ1C/yTiFfeLjMFW/ThDLoGJ2ic+Sga1REZVRBNUTQE3pBr+jNeDbejQ/jc9a6YqQzR2iujK9fnamgLg==</latexit>

H
<latexit sha1_base64="uVI4RpQC73bkhnmvgldYX4X99PU=">AAACOXicbVDLSsNAFJ34rPUVdekmWERXJRGtLivddKFQoS9IQplMJ+3QyYOZG2kJ+QS/xqX6IS7diVuXbkzSLmzrHQYO5z7O4TghZxJ0/V1ZWV1b39gsbBW3d3b39tWDw7YMIkFoiwQ8EF0HS8qZT1vAgNNuKCj2HE47zqiW9TuPVEgW+E2YhNT28MBnLiMYUqqnnllAx5DfMevN+zs7vqplL4mLlodhKImI60kx6aklvaznpS0DYwZKaFaNnvpj9QMSedQHwrGUpqGHYMdYACOcJkUrkjTEZIQH1Eyhjz0q7Tg3kminKdPX3ECk3wctZ/9uxNiTcuI56WRucrGXkf/1zAjcGztmfhgB9clUyI24BoGWpaP1maAE+CQFmAiWetXIEAtMIM1wTmU8tTrHZXpCujJLy1jMZhm0L8pGpVx5uCxVb2e5FdAxOkHnyEDXqIrqqIFaiKAn9Ixe0Zvyonwon8rXdHRFme0coblSvn8B0kuuOw==</latexit>

H

<latexit sha1_base64="KA+j4y7cEX20O7FKALOdcaEUBh0=">AAACL3icbVDLSsNAFJ3UV62vqksRgkVwVRLR6rLShV0oVOgL2lAm00k7dDIJMzfSErLya1yqHyNuxK3f4MakzcK23mHgcM6991yO7XOmwDA+tMzK6tr6RnYzt7W9s7uX3z9oKi+QhDaIxz3ZtrGinAnaAAactn1JsWtz2rJHlURvPVKpmCfqMPGp5eKBYA4jGGKqlz/uAh3DdE+nWr+/s8LLSvKiMHebi3r5glE0pqUvAzMFBZRWrZf/6fY9ErhUAOFYqY5p+GCFWAIjnEa5bqCoj8kID2gnhgK7VFnh1D7ST2OmrzuejL8Afcr+nQixq9TEteNOF8NQLWoJ+Z/WCcC5tkIm/ACoIDMjJ+A6eHqSid5nkhLgkxhgIll8q06GWGICcXJzLuPZqXNc4ieVo5K0zMVslkHzvGiWiqWHi0L5Js0ti47QCTpDJrpCZVRFNdRABD2hZ/SK3rQX7V371L5mrRktnTlEc6V9/wK21amQ</latexit>

G
<latexit sha1_base64="mkVPbARbY5TUT+Ossg6U+fT8jLI="></latexit>

[Ug, H] = 0
<latexit sha1_base64="4Drvykzi2Fkqta6SfH9bxG2FSKg=">AAACNXicbVDLSsNAFJ3Ud31VXboZLIKrkoivpeJCFwoV+oIklMl00g6dTMLMjVhCP8Cvcal+igt34tYPcOOk7cJW7zBwOPdxDidIBNdg229WYW5+YXFpeaW4ura+sVna2m7oOFWU1WksYtUKiGaCS1YHDoK1EsVIFAjWDPqXeb95z5TmsazBIGF+RLqSh5wSMFS7VPaAPcDojntdu73xs+PL/A2zYhd7XOKr4tBM2RV7VPgvcCagjCZVbZe+vU5M04hJoIJo7Tp2An5GFHAq2LDopZolhPZJl7kGShIx7WcjE0O8b5gODmNlvgQ8Yn9vZCTSehAFZjIi0NOzvZz8r+emEJ75GZdJCkzSsVCYCgwxzpPBHa4YBTEwgFDFjVdMe0QRCia/KZWHsdUpLtdTOtR5Ws5sNn9B47DinFRO7o7K5xeT3JbRLtpDB8hBp+gcXaMqqiOKHtETekGv1rP1bn1Yn+PRgjXZ2UFTZX39APKqq6Y=</latexit>

g → G

<latexit sha1_base64="OEtn8Tqw2cAYldT4Ga2kwryg980="></latexit>

|gs→ ↑ H
<latexit sha1_base64="hkIUgerKikOHKp+6LLVIQFoMVOI=">AAACMXicbVDLSsNAFJ34rPEVdenCYBFclUS0uqx004VChb6gDWUynbRDJw9mbqQlZOnXuFQ/pjtx6ye4MUmzsK13GDic+ziHYwecSTCMmbK2vrG5tV3YUXf39g8OtaPjlvRDQWiT+NwXHRtLyplHm8CA004gKHZtTtv2uJr2289USOZ7DZgG1HLx0GMOIxgSqq+d9YBOILvTrTUeH6zoppq+OFKjWqzGfa1olIys9FVg5qCI8qr3tZ/ewCehSz0gHEvZNY0ArAgLYITTWO2FkgaYjPGQdhPoYZdKK8oMxPpFwgx0xxfJ90DP2L8bEXalnLp2MuliGMnlXkr+1+uG4NxZEfOCEKhH5kJOyHXw9TQVfcAEJcCnCcBEsMSrTkZYYAJJdgsqk7nVBS7VE9KRaVrmcjaroHVVMsul8tN1sXKf51ZAp+gcXSIT3aIKqqE6aiKCXtArekcfypsyUz6Vr/nompLvnKCFUr5/AbhWqp0=</latexit>

H
<latexit sha1_base64="ZEs0vvrIM89VAInjZ0UenuMYJYo="></latexit>

UgUh|gs→ = eif(h)Ug|gs→ = ei(f(g)+f(h))|gs→
<latexit sha1_base64="Sn9yVB7waNZiUHF8MMslMi6VJ4g="></latexit>

UgUh|gs→ = eiω(g,h)Ugh|gs→ = ei(ω(g,h)+f(gh))|gs→
<latexit sha1_base64="3MEaGT8EvQ0QHFSmbfIPYpEykwI="></latexit>

eiω(g,h) = ei(f(g)+f(h)→f(gh)) <latexit sha1_base64="/3VWXvUugB6+M9Y1u11EUREH+dE=">AAACNnicbVC7SgNBFJ31GeNr1dJmMQpWYVd8lZE0KRQi5AXJEmYnd+Pg7IOZu2JY8gN+jaX6JzZ2Ymtv42ySwiTeYeBw7uMcjhcLrtC2342FxaXlldXcWn59Y3Nr29zZbagokQzqLBKRbHlUgeAh1JGjgFYsgQaegKZ3X876zQeQikdhDQcxuAHth9znjKKmuuZhB+ERR3faldrNtZuelbM3TPMdHmgHoPLDrlmwi/aorHngTECBTKraNX86vYglAYTIBFWq7dgxuimVyJmAYb6TKIgpu6d9aGsY0gCUm45cDK0jzfQsP5L6h2iN2L8bKQ2UGgSengwo3qnZXkb+12sn6F+6KQ/jBCFkYyE/ERZGVhaN1eMSGIqBBpRJrr1a7I5KylAHOKXyOLY6xWV6UvkqS8uZzWYeNE6Kznnx/Pa0ULqa5JYj++SAHBOHXJASqZAqqRNGnsgzeSVvxovxYXwaX+PRBWOys0emyvj+BSJwrN4=</latexit>

=→

<latexit sha1_base64="qsQo0JdLMVl1F+QMJkt+nbzHIBE="></latexit>

UgUh = eiω(g,h)Ugh



Anomalies in quantum mechanics
Consider QM model with Hilbert space H  and Hamiltonian  

➤ Assume there is a unitary G symmetry:                ,  

➤ Symmetry has an anomaly if 

    

Example:  

➤ A qubit,                              , with            symmetry 

➤                                                           anomaly

<latexit sha1_base64="wjSqLvwzN24Qwbahil51IFNxx0w=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXVa66UKhQl/QhjKZTtuhk0mYuZGW0JWf4Re41S9wJ25d+QH+h5M2C9t6h4HDOffeczleyJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCugkgSWiMBD2TTw4pyJmgNGHDaDCXFvsdpwxuWEr3xSKVigajCOKSuj/uC9RjBoKmOedIGOoLpnla5en/nxlel5E3ibDk76Zg5O29Py1oGTgpyKK1Kx/xpdwMS+VQA4ViplmOH4MZYAiOcTrLtSNEQkyHu05aGAvtUufHUfmKdaaZr9QKpvwBryv6diLGv1Nj3dKePYaAWtYT8T2tF0LtxYybCCKggM6NexC0IrCQTq8skJcDHGmAimb7VIgMsMQGd3JzLaHaqzsVZTGEZ1C/yTiFfeLjMFW/ThDLoGJ2ic+Sga1REZVRBNUTQE3pBr+jNeDbejQ/jc9a6YqQzR2iujK9fnamgLg==</latexit>

H
<latexit sha1_base64="uVI4RpQC73bkhnmvgldYX4X99PU=">AAACOXicbVDLSsNAFJ34rPUVdekmWERXJRGtLivddKFQoS9IQplMJ+3QyYOZG2kJ+QS/xqX6IS7diVuXbkzSLmzrHQYO5z7O4TghZxJ0/V1ZWV1b39gsbBW3d3b39tWDw7YMIkFoiwQ8EF0HS8qZT1vAgNNuKCj2HE47zqiW9TuPVEgW+E2YhNT28MBnLiMYUqqnnllAx5DfMevN+zs7vqplL4mLlodhKImI60kx6aklvaznpS0DYwZKaFaNnvpj9QMSedQHwrGUpqGHYMdYACOcJkUrkjTEZIQH1Eyhjz0q7Tg3kminKdPX3ECk3wctZ/9uxNiTcuI56WRucrGXkf/1zAjcGztmfhgB9clUyI24BoGWpaP1maAE+CQFmAiWetXIEAtMIM1wTmU8tTrHZXpCujJLy1jMZhm0L8pGpVx5uCxVb2e5FdAxOkHnyEDXqIrqqIFaiKAn9Ixe0Zvyonwon8rXdHRFme0coblSvn8B0kuuOw==</latexit>

H

<latexit sha1_base64="KA+j4y7cEX20O7FKALOdcaEUBh0=">AAACL3icbVDLSsNAFJ3UV62vqksRgkVwVRLR6rLShV0oVOgL2lAm00k7dDIJMzfSErLya1yqHyNuxK3f4MakzcK23mHgcM6991yO7XOmwDA+tMzK6tr6RnYzt7W9s7uX3z9oKi+QhDaIxz3ZtrGinAnaAAactn1JsWtz2rJHlURvPVKpmCfqMPGp5eKBYA4jGGKqlz/uAh3DdE+nWr+/s8LLSvKiMHebi3r5glE0pqUvAzMFBZRWrZf/6fY9ErhUAOFYqY5p+GCFWAIjnEa5bqCoj8kID2gnhgK7VFnh1D7ST2OmrzuejL8Afcr+nQixq9TEteNOF8NQLWoJ+Z/WCcC5tkIm/ACoIDMjJ+A6eHqSid5nkhLgkxhgIll8q06GWGICcXJzLuPZqXNc4ieVo5K0zMVslkHzvGiWiqWHi0L5Js0ti47QCTpDJrpCZVRFNdRABD2hZ/SK3rQX7V371L5mrRktnTlEc6V9/wK21amQ</latexit>

G
<latexit sha1_base64="mkVPbARbY5TUT+Ossg6U+fT8jLI="></latexit>

[Ug, H] = 0
<latexit sha1_base64="4Drvykzi2Fkqta6SfH9bxG2FSKg=">AAACNXicbVDLSsNAFJ3Ud31VXboZLIKrkoivpeJCFwoV+oIklMl00g6dTMLMjVhCP8Cvcal+igt34tYPcOOk7cJW7zBwOPdxDidIBNdg229WYW5+YXFpeaW4ura+sVna2m7oOFWU1WksYtUKiGaCS1YHDoK1EsVIFAjWDPqXeb95z5TmsazBIGF+RLqSh5wSMFS7VPaAPcDojntdu73xs+PL/A2zYhd7XOKr4tBM2RV7VPgvcCagjCZVbZe+vU5M04hJoIJo7Tp2An5GFHAq2LDopZolhPZJl7kGShIx7WcjE0O8b5gODmNlvgQ8Yn9vZCTSehAFZjIi0NOzvZz8r+emEJ75GZdJCkzSsVCYCgwxzpPBHa4YBTEwgFDFjVdMe0QRCia/KZWHsdUpLtdTOtR5Ws5sNn9B47DinFRO7o7K5xeT3JbRLtpDB8hBp+gcXaMqqiOKHtETekGv1rP1bn1Yn+PRgjXZ2UFTZX39APKqq6Y=</latexit>

g → G

<latexit sha1_base64="XKgwRXn3ZGRI+5CCWjO0myTYn7E="></latexit>

H = spanC{| → ↑, | ↓ ↑}
<latexit sha1_base64="CK4HanX7OopwpCsImCZFel2HVgg="></latexit>

Z2 → Z2

<latexit sha1_base64="mjRkOsvnF+3l8dNLJg30loP1QBY="></latexit>

U(n,m) = XnZm <latexit sha1_base64="g45ZFToajukXjWhpfjGYt1pVMAo="></latexit>

(n,m) → Z2 ↑ Z2
<latexit sha1_base64="cpZt6h1QQvRDQyEElVylJqP6XrU="></latexit>

U(n,m)U(n→,m→) = (→1)mn→
U(n+n→,m+m→)

<latexit sha1_base64="usFcYz0/4VhHk8+RR96LSPDoGF0="></latexit>

=→

<latexit sha1_base64="ZjS5RwLr/0ArIiLRms+LMtge4VM="></latexit>

eiω(g,h) →= ei(f(g)+f(h)→f(gh))
<latexit sha1_base64="qsQo0JdLMVl1F+QMJkt+nbzHIBE="></latexit>

UgUh = eiω(g,h)Ugh



Anomalies in quantum mechanics
Consider QM model with Hilbert space H  and Hamiltonian  

➤ Assume there is a unitary G symmetry:                ,  

➤ Symmetry has an anomaly if 

    

Example:  

➤ A qubit,                              , with            symmetry 

➤                                                           anomaly 

➤ Explicit check:                           

<latexit sha1_base64="wjSqLvwzN24Qwbahil51IFNxx0w=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXVa66UKhQl/QhjKZTtuhk0mYuZGW0JWf4Re41S9wJ25d+QH+h5M2C9t6h4HDOffeczleyJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCugkgSWiMBD2TTw4pyJmgNGHDaDCXFvsdpwxuWEr3xSKVigajCOKSuj/uC9RjBoKmOedIGOoLpnla5en/nxlel5E3ibDk76Zg5O29Py1oGTgpyKK1Kx/xpdwMS+VQA4ViplmOH4MZYAiOcTrLtSNEQkyHu05aGAvtUufHUfmKdaaZr9QKpvwBryv6diLGv1Nj3dKePYaAWtYT8T2tF0LtxYybCCKggM6NexC0IrCQTq8skJcDHGmAimb7VIgMsMQGd3JzLaHaqzsVZTGEZ1C/yTiFfeLjMFW/ThDLoGJ2ic+Sga1REZVRBNUTQE3pBr+jNeDbejQ/jc9a6YqQzR2iujK9fnamgLg==</latexit>

H
<latexit sha1_base64="uVI4RpQC73bkhnmvgldYX4X99PU=">AAACOXicbVDLSsNAFJ34rPUVdekmWERXJRGtLivddKFQoS9IQplMJ+3QyYOZG2kJ+QS/xqX6IS7diVuXbkzSLmzrHQYO5z7O4TghZxJ0/V1ZWV1b39gsbBW3d3b39tWDw7YMIkFoiwQ8EF0HS8qZT1vAgNNuKCj2HE47zqiW9TuPVEgW+E2YhNT28MBnLiMYUqqnnllAx5DfMevN+zs7vqplL4mLlodhKImI60kx6aklvaznpS0DYwZKaFaNnvpj9QMSedQHwrGUpqGHYMdYACOcJkUrkjTEZIQH1Eyhjz0q7Tg3kminKdPX3ECk3wctZ/9uxNiTcuI56WRucrGXkf/1zAjcGztmfhgB9clUyI24BoGWpaP1maAE+CQFmAiWetXIEAtMIM1wTmU8tTrHZXpCujJLy1jMZhm0L8pGpVx5uCxVb2e5FdAxOkHnyEDXqIrqqIFaiKAn9Ixe0Zvyonwon8rXdHRFme0coblSvn8B0kuuOw==</latexit>

H

<latexit sha1_base64="KA+j4y7cEX20O7FKALOdcaEUBh0=">AAACL3icbVDLSsNAFJ3UV62vqksRgkVwVRLR6rLShV0oVOgL2lAm00k7dDIJMzfSErLya1yqHyNuxK3f4MakzcK23mHgcM6991yO7XOmwDA+tMzK6tr6RnYzt7W9s7uX3z9oKi+QhDaIxz3ZtrGinAnaAAactn1JsWtz2rJHlURvPVKpmCfqMPGp5eKBYA4jGGKqlz/uAh3DdE+nWr+/s8LLSvKiMHebi3r5glE0pqUvAzMFBZRWrZf/6fY9ErhUAOFYqY5p+GCFWAIjnEa5bqCoj8kID2gnhgK7VFnh1D7ST2OmrzuejL8Afcr+nQixq9TEteNOF8NQLWoJ+Z/WCcC5tkIm/ACoIDMjJ+A6eHqSid5nkhLgkxhgIll8q06GWGICcXJzLuPZqXNc4ieVo5K0zMVslkHzvGiWiqWHi0L5Js0ti47QCTpDJrpCZVRFNdRABD2hZ/SK3rQX7V371L5mrRktnTlEc6V9/wK21amQ</latexit>

G
<latexit sha1_base64="mkVPbARbY5TUT+Ossg6U+fT8jLI="></latexit>

[Ug, H] = 0
<latexit sha1_base64="4Drvykzi2Fkqta6SfH9bxG2FSKg=">AAACNXicbVDLSsNAFJ3Ud31VXboZLIKrkoivpeJCFwoV+oIklMl00g6dTMLMjVhCP8Cvcal+igt34tYPcOOk7cJW7zBwOPdxDidIBNdg229WYW5+YXFpeaW4ura+sVna2m7oOFWU1WksYtUKiGaCS1YHDoK1EsVIFAjWDPqXeb95z5TmsazBIGF+RLqSh5wSMFS7VPaAPcDojntdu73xs+PL/A2zYhd7XOKr4tBM2RV7VPgvcCagjCZVbZe+vU5M04hJoIJo7Tp2An5GFHAq2LDopZolhPZJl7kGShIx7WcjE0O8b5gODmNlvgQ8Yn9vZCTSehAFZjIi0NOzvZz8r+emEJ75GZdJCkzSsVCYCgwxzpPBHa4YBTEwgFDFjVdMe0QRCia/KZWHsdUpLtdTOtR5Ws5sNn9B47DinFRO7o7K5xeT3JbRLtpDB8hBp+gcXaMqqiOKHtETekGv1rP1bn1Yn+PRgjXZ2UFTZX39APKqq6Y=</latexit>

g → G

<latexit sha1_base64="XKgwRXn3ZGRI+5CCWjO0myTYn7E="></latexit>

H = spanC{| → ↑, | ↓ ↑}
<latexit sha1_base64="CK4HanX7OopwpCsImCZFel2HVgg="></latexit>

Z2 → Z2
<latexit sha1_base64="mjRkOsvnF+3l8dNLJg30loP1QBY="></latexit>

U(n,m) = XnZm <latexit sha1_base64="g45ZFToajukXjWhpfjGYt1pVMAo="></latexit>

(n,m) → Z2 ↑ Z2
<latexit sha1_base64="cpZt6h1QQvRDQyEElVylJqP6XrU="></latexit>

U(n,m)U(n→,m→) = (→1)mn→
U(n+n→,m+m→)

<latexit sha1_base64="usFcYz0/4VhHk8+RR96LSPDoGF0="></latexit>

=→

<latexit sha1_base64="ZjS5RwLr/0ArIiLRms+LMtge4VM="></latexit>

eiω(g,h) →= ei(f(g)+f(h)→f(gh))
<latexit sha1_base64="qsQo0JdLMVl1F+QMJkt+nbzHIBE="></latexit>

UgUh = eiω(g,h)Ugh

<latexit sha1_base64="XL1gaAEkiG94wB/PVYKwk3oLl8g="></latexit>

[U(n,m), H] = 0 =→ H =

<latexit sha1_base64="oT9qrUiHTxj74RX5dhgvI+JS0ig="></latexit>

H →
(
1 0
0 1

)



Lattice vector and axial transformations
In terms of complex fermions 

➤ Lattice vector charge   

➤ Lattice axial charge  

  
➤ Generate locality preserving U(1) symmetries

<latexit sha1_base64="BYGWpoPrSkaMc5zfuPAi+SRhW9A="></latexit>

eiωQ0 : cj →↑ e→iωcj
<latexit sha1_base64="+XCyP+sgxcz/Y0hXk4WAu2mgeOM="></latexit>

eiωQ1 : cj →↑ cos(ω)cj ↓
i

2
sin(ω)(c†j→1 + cj→1 ↓ c†j+1 + cj+1)

<latexit sha1_base64="nswRmtLUPRU/epnbFwhoAxA05b0="></latexit>

Q0 =
L∑

j=1

(
c†jcj →

1

2

)

<latexit sha1_base64="uAwaSiOyLcOKhat8htVtYZlI3T4="></latexit>

Q1 =
1

2

L∑

j=1

(
c†jcj+1 → cjc

†
j+1 + cjcj+1 → c†jc

†
j+1

)


