
Tutorial I

-> Plan : 11 Higher-form Sym in quantum lattice models (GLMS)
2) GLM examples of higher-form SPTs

Higheformsym inoa in a lette our (n = 0- 1 . ... d)

1) Sym · operators act on (d-n)-cycles of space

2) Sym defects supported on (d-n-1 cycles of space

=> Ordinary Sym . have n = 0
, higher-form Syn have 130 ·

=> e. g . I-form Sym in 2+ 10 .

c
-> Two types of higher-form Sym in QLMs

.

~

on defects topological"
Non-topological topologica

sym operators topological No Yes

Yes Yes

Unitary ,
Abelian G n-form·of lassuming an =00

In relativistic GFT Impossible Possible

In QLM with
Impossible



Examples
-

-> Let 1 be the square lattice with a qubit on each

edge

1) ↳ gauge theory

-> Denote by By =z the "plaguette operator"

flatness condition
.

- where is14)

-> Hamiltonian H = - [As
5710

with As= the "Star operation

it notation : I-form Sym,

-> Has the topological ( Sym W(8) = I Ze
ess

· symmetry : [H .W(0) = 0 - Uez, (1 ./

·2 Sym : W(8) xW() = 1

· toy . Sym of :

W(u +os) (n) = W(0))/ =W is s

· top . Sym defect :

W defect

He - Hr = H + 2Ar .

of site r

=> topological C Hr, = U
, HraHiz with unitary

U
. =, z.



2) Toric Code Model

-> H= and H = - [As - &Be
Se1o PE1z

-> WC) now generates a non-top I" Sym .

· Now non-topological /C there are 1421 with

By (4) = - 12)
.

· Becomes a topological I-form sym & low-energy

#
Higher-form SPTS

Higher-form Sym can characterize SPTs.

Our Case Study : Bosonic &2"x2"Sets in240

-> classified by 42x & 2
= Staramagnet, LG

.
2d-cluster

, 16 # 2d-clusters

QLMs for these SPTs//L6 setf

-> Let 1 be square lattice with a qubit on each site and edge

H =(
-> SPT 1: 2He paramagnet Hy =

- EXs - [Ve
-> SPT 2 : 240 Cluster State model

~ Z

I=--2 ·
Z

I S



S -
E As = Be

Both QLMs

1 have"I.
"

symmatures generated by

U = # Xs v(u =Y
2

Selo 2

2) are exactly solvable

&uniquegrayedgroundstatement
Hc

↑
(c) =AsIC) = Bel]

3) In11xK
:

"
SOT chases

ulpic) = v(r)1P/) = 10/ch

He and He are in different SPTs

1) Anomaly inflow/Interface perspective

(different SPis 6/C contrivial degeneracies of interfaces /

Consider Hamiltonian Hint that is Ha for y30 and

He for y> 0

( can be Viewed as boundary of cluster State model)

Hof X

*
Y

y= 0 z Z Z

He I

Z



-> U and VCU) still commute with Hint

-> Hint is gagged with two ground States Igs .. 2).

=> U and VCV) act nontrivially on ground States :

Let : Un =
--

vi=
Then U1g5 ) = Um+ Igs ,2)

v() 19.) = # v Igs.. )
*: 8 nint

.

=> I") is SSB'd & Interface

- In ground State Subspace ,
22 *XI:"act as

an anomalous sym on interface 6

Wind W = -vint anomaly inflow

2) Sym defect espective (different SPTs 6/C different defect

responses)
-> Insating a2" Sym defect & site +

He - He
H-> He + 2Ar



IP) unchanged ,
but1C) is modified to 1C

. > :

StrAsICr) = GE s = r

=> UKCr)= As (n) = - kr)

trivial I" charge in [SOTTTis defect carries &
non-trivial >

-> Inserting a t Sym defeat & dual I-cycle UV

He He
H

,
1 H

=
+2

10) unchanged but 12) changed to 1Cjv) satisfying
=> VCU)(C) = ( - 1)

# (0. 0
%)
Ko

(o) 2)
4 defect carries & trivial /2 charge in So Inon-trivial

SPT 1 and 2 are different SPTs Since sym defects

have different sym charge decoration (



Tutorial 2

Plan : 1) Condensation defects in QLMs

2) Higher-garging in QLMs

In Lecture 2 : Ito o-form Setm 240 TO

-> our case study : 2H12 garge theory on Square
lattice 1

Recall :

H =0 H
,

= - EX
,

Selo Se1
,

I

garge2 Syn U= X,

↓

8"=/B ,
= 1 H = - [As

e el ,
z Se1o

Was energetically
enforced in Lecture

where B=z and As=
-> What about an SPT with a defect ?

=> get a TO with a defect
.

Insert a L
,

SSB defect in He along =0 line :

Hoet = Het [(X0y) - ZoneZoytir(
-> still commutes with U = TXs



-> Has I ground States Igs ..2) and

Ulgs.2) = Tory 1952) # 195 ,2)

=> I SSB'd along X = o line,

Gauge2 Sym in Hdef :

4=/EB,
= 1) loge

V

Hoex = -[As + [Acy) -

Zonging /

-> Te garge theory with a defect

-> Becomes a "condensation defect" in the low-energy
Hilbert space where Eoy),y

(4) = 147.

= condenses the e anyons along =0 line

=> "Eats" the topological 42 -form Sym WUtZe
space defeat defect

⑭ ⑳# Shotand
he

X = 0 Wof

↓ low energies
defect

* / cond defect

=> This condensation defect is non-invertible
.

=> Is a topological defect

(See Santivasadakarn , Chen 123 for unitary of



Condensation defects can be inserted by higher gauging-- ----

-> gauging higher-form Sym within a codim
.

20 Spatial
-

Subspace
- g-garging

= garge on codim-g subspace.
-> Condensation defects are top defects that can

end (plausible definition /

The W(0) cond · defect can be inserted by higher garging
WCW) along X = 0 line in 12 gauge theoryUp
Recalli

4=/-B ,
= 1 H =

- &As

Let's First
gauge &

"

Normally-

(just to see how
that works

1) Introduce a gubit on each lattice site s
~

acted on by (E . Es) (like T 2- form gauge fields

e= Orig
& arbitrary

2) Enfore gauss law Ge= =
edge

I big
1- erzig/5G = 1) = I

= W(U) =TG V U On 49"

3) Minimal couple : As 1 Es As

Hma = -

[ *As



↑ ) Unitary transformation

E -> As - Es

Ve -> Ve ze - Ge

now gauss law Ge = 1 + Ze = 1

=>H = @K2 and H =
- &Ys

Higher garying procedure : (I-garge WC) on Oy
1) Introduce new qubits on Vertical edges (10.% ) . (0. % +1)

lact as the E2 garge fields

H Hig

2) Enforce gauss law Gy = Zo
H big
1 Goig/3Gy = 1) = H

=> W(z) =TGy = on t

3) Minamal coupling to make all By and As

gange invariant (Commute with Gy) .

Asy=



=> Hmc =

-&As -[ A Cory-1), y

S= lo/y)

4) Unitary change of basis :

-#=g-x

↓
-> all other ofs unchanged .

-> By unchanged but now Gy = z(y) , y
= 1 .

=> H= 5 = 1)
with

=ze
-> Hamiltonian (droying tildes

H = - [As - [z
(0,%)/ y

S=0,y) S= lo/y)

=> this is In garge theory wh the cond defect

space defeat defect

more W
-# to right#



Higher garging on a line is like garging on a surface

in Space time

-> Garging D2" : all of 2410 Spacetime

E
-> Ez" could defeet : surface extended in time

*
->" Lond of: surface within time slice

t
The condensation of for WC8) constructed by summing
over all W.

l chinWire ↑ Theiswha
For 1 on

a fors in t garge theory Without

defects :

c = 1 (1 + w(u) + w(Vy) + w()w(uq))
-> CH

.
C1 =0 ba [H .w(U)] = o

- 22 = 24 => C is a non-invertible of



-> CW(V) = wic = c (2 eats w()
E garge theory in As : 1 subspace has fire non-trivial

Condensation defects/operators

higher gauge transformation

2 102

m + O

-m cond def.

e1 G

M 11 M

eam cond defeet -ar , diag Yes e + - m

m + 2

"em" cond No 2 +- 0

m 1 - I + e

"me" cond defect twisted garge No 2 1- Itm

C/m

↳2.2
x 72 Mr g


