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➤ Given a fixed microscopic set up, which macroscopic 
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Prototypical example: quantum phases of matter

Microscopic 

Spatial dimension 

  

Macroscopic 

{Quantum phases}  
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A first organization of quantum phases
The set {Quantum phases} is generally very complicated 

➤ Partition it based on the phases’ low-energy spectra
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Gifts from anomalies
Definition: the microscopic data has an anomaly if there 
exists an obstruction to a trivial gapped phase 

➤ A symmetry is anomalous if it is incompatible with a 
trivial gapped symmetric phase. 

  

If the microscopic data includes an anomalous symmetry: 

➤ Every quantum phase is non-trivial: has spontaneous 
symmetry breaking, topological order, or is gapless 

➤ To realize a trivially gapped phase, we must explicitly 
break the anomalous symmetry 

Important disclaimers 

1. This definition is different from the “classical symmetry 
fails to be a quantum symmetry” type anomaly  

2. It is a generalization of ’t Hooft anomalies in QFT, 
which are obstructions to gauging a symmetry. 

3. It is a popular definition for anomalous spacetime and 
generalized symmetries
[C.-M. Chang, Y.-H. Lin, S.-H. Shao, Y. Wang, X. Yin ’18; X.-G. Wen ’18; R. Thorngren, Y. Wang ’19; Y. Choi, 
C. Córdova, P.-S. Hsin, H.T. Lam, S.-H. Shao ’21;  ; W. Shirley, C. Zhang, W. Ji, M. Levin ’25 ]⋯
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Proof:  

1. Assume              is a unique gapped ground state of H  

2. Therefore,   

3. However,   

4. Requires                                           contradiction
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Anomalies in quantum mechanics
Consider QM model with Hilbert space H  and Hamiltonian  

➤ Assume there is a unitary G symmetry:                ,  

➤ Symmetry has an anomaly if, for            , 

    

Example:  

➤ A qubit,                              , with            symmetry 

➤                                                           anomaly
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<latexit sha1_base64="KA+j4y7cEX20O7FKALOdcaEUBh0=">AAACL3icbVDLSsNAFJ3UV62vqksRgkVwVRLR6rLShV0oVOgL2lAm00k7dDIJMzfSErLya1yqHyNuxK3f4MakzcK23mHgcM6991yO7XOmwDA+tMzK6tr6RnYzt7W9s7uX3z9oKi+QhDaIxz3ZtrGinAnaAAactn1JsWtz2rJHlURvPVKpmCfqMPGp5eKBYA4jGGKqlz/uAh3DdE+nWr+/s8LLSvKiMHebi3r5glE0pqUvAzMFBZRWrZf/6fY9ErhUAOFYqY5p+GCFWAIjnEa5bqCoj8kID2gnhgK7VFnh1D7ST2OmrzuejL8Afcr+nQixq9TEteNOF8NQLWoJ+Z/WCcC5tkIm/ACoIDMjJ+A6eHqSid5nkhLgkxhgIll8q06GWGICcXJzLuPZqXNc4ieVo5K0zMVslkHzvGiWiqWHi0L5Js0ti47QCTpDJrpCZVRFNdRABD2hZ/SK3rQX7V371L5mrRktnTlEc6V9/wK21amQ</latexit>

G
<latexit sha1_base64="mkVPbARbY5TUT+Ossg6U+fT8jLI="></latexit>

[Ug, H] = 0
<latexit sha1_base64="4Drvykzi2Fkqta6SfH9bxG2FSKg=">AAACNXicbVDLSsNAFJ3Ud31VXboZLIKrkoivpeJCFwoV+oIklMl00g6dTMLMjVhCP8Cvcal+igt34tYPcOOk7cJW7zBwOPdxDidIBNdg229WYW5+YXFpeaW4ura+sVna2m7oOFWU1WksYtUKiGaCS1YHDoK1EsVIFAjWDPqXeb95z5TmsazBIGF+RLqSh5wSMFS7VPaAPcDojntdu73xs+PL/A2zYhd7XOKr4tBM2RV7VPgvcCagjCZVbZe+vU5M04hJoIJo7Tp2An5GFHAq2LDopZolhPZJl7kGShIx7WcjE0O8b5gODmNlvgQ8Yn9vZCTSehAFZjIi0NOzvZz8r+emEJ75GZdJCkzSsVCYCgwxzpPBHa4YBTEwgFDFjVdMe0QRCia/KZWHsdUpLtdTOtR5Ws5sNn9B47DinFRO7o7K5xeT3JbRLtpDB8hBp+gcXaMqqiOKHtETekGv1rP1bn1Yn+PRgjXZ2UFTZX39APKqq6Y=</latexit>

g → G
<latexit sha1_base64="C9ghJwYJnXaMA2A+UxKa2Ow0lX8="></latexit>

|ω→ ↑ H

<latexit sha1_base64="XKgwRXn3ZGRI+5CCWjO0myTYn7E="></latexit>

H = spanC{| → ↑, | ↓ ↑}
<latexit sha1_base64="CK4HanX7OopwpCsImCZFel2HVgg="></latexit>

Z2 → Z2

<latexit sha1_base64="mjRkOsvnF+3l8dNLJg30loP1QBY="></latexit>

U(n,m) = XnZm <latexit sha1_base64="g45ZFToajukXjWhpfjGYt1pVMAo="></latexit>

(n,m) → Z2 ↑ Z2
<latexit sha1_base64="cpZt6h1QQvRDQyEElVylJqP6XrU="></latexit>

U(n,m)U(n→,m→) = (→1)mn→
U(n+n→,m+m→)

<latexit sha1_base64="usFcYz0/4VhHk8+RR96LSPDoGF0="></latexit>

=→



Anomalies in quantum mechanics
Consider QM model with Hilbert space H  and Hamiltonian  

➤ Assume there is a unitary G symmetry:                ,  

➤ Symmetry has an anomaly if, for            , 

    

Example:  

➤ A qubit,                              , with            symmetry 

➤                                                           anomaly 

➤ Explicit check:                           

<latexit sha1_base64="YSr6XqYdiHzGSU9B3BWURZ768yo="></latexit>

UgUh|ω→ = eiω(g,h)Ugh|ω→
<latexit sha1_base64="ZjS5RwLr/0ArIiLRms+LMtge4VM="></latexit>

eiω(g,h) →= ei(f(g)+f(h)→f(gh))

<latexit sha1_base64="wjSqLvwzN24Qwbahil51IFNxx0w=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXVa66UKhQl/QhjKZTtuhk0mYuZGW0JWf4Re41S9wJ25d+QH+h5M2C9t6h4HDOffeczleyJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCugkgSWiMBD2TTw4pyJmgNGHDaDCXFvsdpwxuWEr3xSKVigajCOKSuj/uC9RjBoKmOedIGOoLpnla5en/nxlel5E3ibDk76Zg5O29Py1oGTgpyKK1Kx/xpdwMS+VQA4ViplmOH4MZYAiOcTrLtSNEQkyHu05aGAvtUufHUfmKdaaZr9QKpvwBryv6diLGv1Nj3dKePYaAWtYT8T2tF0LtxYybCCKggM6NexC0IrCQTq8skJcDHGmAimb7VIgMsMQGd3JzLaHaqzsVZTGEZ1C/yTiFfeLjMFW/ThDLoGJ2ic+Sga1REZVRBNUTQE3pBr+jNeDbejQ/jc9a6YqQzR2iujK9fnamgLg==</latexit>

H
<latexit sha1_base64="uVI4RpQC73bkhnmvgldYX4X99PU=">AAACOXicbVDLSsNAFJ34rPUVdekmWERXJRGtLivddKFQoS9IQplMJ+3QyYOZG2kJ+QS/xqX6IS7diVuXbkzSLmzrHQYO5z7O4TghZxJ0/V1ZWV1b39gsbBW3d3b39tWDw7YMIkFoiwQ8EF0HS8qZT1vAgNNuKCj2HE47zqiW9TuPVEgW+E2YhNT28MBnLiMYUqqnnllAx5DfMevN+zs7vqplL4mLlodhKImI60kx6aklvaznpS0DYwZKaFaNnvpj9QMSedQHwrGUpqGHYMdYACOcJkUrkjTEZIQH1Eyhjz0q7Tg3kminKdPX3ECk3wctZ/9uxNiTcuI56WRucrGXkf/1zAjcGztmfhgB9clUyI24BoGWpaP1maAE+CQFmAiWetXIEAtMIM1wTmU8tTrHZXpCujJLy1jMZhm0L8pGpVx5uCxVb2e5FdAxOkHnyEDXqIrqqIFaiKAn9Ixe0Zvyonwon8rXdHRFme0coblSvn8B0kuuOw==</latexit>

H

<latexit sha1_base64="KA+j4y7cEX20O7FKALOdcaEUBh0=">AAACL3icbVDLSsNAFJ3UV62vqksRgkVwVRLR6rLShV0oVOgL2lAm00k7dDIJMzfSErLya1yqHyNuxK3f4MakzcK23mHgcM6991yO7XOmwDA+tMzK6tr6RnYzt7W9s7uX3z9oKi+QhDaIxz3ZtrGinAnaAAactn1JsWtz2rJHlURvPVKpmCfqMPGp5eKBYA4jGGKqlz/uAh3DdE+nWr+/s8LLSvKiMHebi3r5glE0pqUvAzMFBZRWrZf/6fY9ErhUAOFYqY5p+GCFWAIjnEa5bqCoj8kID2gnhgK7VFnh1D7ST2OmrzuejL8Afcr+nQixq9TEteNOF8NQLWoJ+Z/WCcC5tkIm/ACoIDMjJ+A6eHqSid5nkhLgkxhgIll8q06GWGICcXJzLuPZqXNc4ieVo5K0zMVslkHzvGiWiqWHi0L5Js0ti47QCTpDJrpCZVRFNdRABD2hZ/SK3rQX7V371L5mrRktnTlEc6V9/wK21amQ</latexit>

G
<latexit sha1_base64="mkVPbARbY5TUT+Ossg6U+fT8jLI="></latexit>

[Ug, H] = 0
<latexit sha1_base64="4Drvykzi2Fkqta6SfH9bxG2FSKg=">AAACNXicbVDLSsNAFJ3Ud31VXboZLIKrkoivpeJCFwoV+oIklMl00g6dTMLMjVhCP8Cvcal+igt34tYPcOOk7cJW7zBwOPdxDidIBNdg229WYW5+YXFpeaW4ura+sVna2m7oOFWU1WksYtUKiGaCS1YHDoK1EsVIFAjWDPqXeb95z5TmsazBIGF+RLqSh5wSMFS7VPaAPcDojntdu73xs+PL/A2zYhd7XOKr4tBM2RV7VPgvcCagjCZVbZe+vU5M04hJoIJo7Tp2An5GFHAq2LDopZolhPZJl7kGShIx7WcjE0O8b5gODmNlvgQ8Yn9vZCTSehAFZjIi0NOzvZz8r+emEJ75GZdJCkzSsVCYCgwxzpPBHa4YBTEwgFDFjVdMe0QRCia/KZWHsdUpLtdTOtR5Ws5sNn9B47DinFRO7o7K5xeT3JbRLtpDB8hBp+gcXaMqqiOKHtETekGv1rP1bn1Yn+PRgjXZ2UFTZX39APKqq6Y=</latexit>

g → G
<latexit sha1_base64="C9ghJwYJnXaMA2A+UxKa2Ow0lX8="></latexit>

|ω→ ↑ H

<latexit sha1_base64="XKgwRXn3ZGRI+5CCWjO0myTYn7E="></latexit>

H = spanC{| → ↑, | ↓ ↑}
<latexit sha1_base64="CK4HanX7OopwpCsImCZFel2HVgg="></latexit>

Z2 → Z2

<latexit sha1_base64="mjRkOsvnF+3l8dNLJg30loP1QBY="></latexit>

U(n,m) = XnZm <latexit sha1_base64="g45ZFToajukXjWhpfjGYt1pVMAo="></latexit>

(n,m) → Z2 ↑ Z2
<latexit sha1_base64="cpZt6h1QQvRDQyEElVylJqP6XrU="></latexit>

U(n,m)U(n→,m→) = (→1)mn→
U(n+n→,m+m→)

<latexit sha1_base64="usFcYz0/4VhHk8+RR96LSPDoGF0="></latexit>

=→
<latexit sha1_base64="XL1gaAEkiG94wB/PVYKwk3oLl8g="></latexit>

[U(n,m), H] = 0 =→ H =

<latexit sha1_base64="oT9qrUiHTxj74RX5dhgvI+JS0ig="></latexit>

H →
(
1 0
0 1

)



Anomalies in quantum mechanics
Consider QM model with Hilbert space H  and Hamiltonian  

➤ Assume there is a unitary G symmetry:                ,  

➤ Symmetry has an anomaly if, for            , 

    

Example:  

➤ A qubit,                              , with            symmetry 

➤                                                           anomaly 

➤ Explicit check:                           

<latexit sha1_base64="YSr6XqYdiHzGSU9B3BWURZ768yo="></latexit>

UgUh|ω→ = eiω(g,h)Ugh|ω→
<latexit sha1_base64="ZjS5RwLr/0ArIiLRms+LMtge4VM="></latexit>

eiω(g,h) →= ei(f(g)+f(h)→f(gh))

<latexit sha1_base64="wjSqLvwzN24Qwbahil51IFNxx0w=">AAACGXicbVDLSsNAFJ34rPUVdSlCsAiuSiJaXVa66UKhQl/QhjKZTtuhk0mYuZGW0JWf4Re41S9wJ25d+QH+h5M2C9t6h4HDOffeczleyJkC2/42VlbX1jc2M1vZ7Z3dvX3z4LCugkgSWiMBD2TTw4pyJmgNGHDaDCXFvsdpwxuWEr3xSKVigajCOKSuj/uC9RjBoKmOedIGOoLpnla5en/nxlel5E3ibDk76Zg5O29Py1oGTgpyKK1Kx/xpdwMS+VQA4ViplmOH4MZYAiOcTrLtSNEQkyHu05aGAvtUufHUfmKdaaZr9QKpvwBryv6diLGv1Nj3dKePYaAWtYT8T2tF0LtxYybCCKggM6NexC0IrCQTq8skJcDHGmAimb7VIgMsMQGd3JzLaHaqzsVZTGEZ1C/yTiFfeLjMFW/ThDLoGJ2ic+Sga1REZVRBNUTQE3pBr+jNeDbejQ/jc9a6YqQzR2iujK9fnamgLg==</latexit>

H
<latexit sha1_base64="uVI4RpQC73bkhnmvgldYX4X99PU=">AAACOXicbVDLSsNAFJ34rPUVdekmWERXJRGtLivddKFQoS9IQplMJ+3QyYOZG2kJ+QS/xqX6IS7diVuXbkzSLmzrHQYO5z7O4TghZxJ0/V1ZWV1b39gsbBW3d3b39tWDw7YMIkFoiwQ8EF0HS8qZT1vAgNNuKCj2HE47zqiW9TuPVEgW+E2YhNT28MBnLiMYUqqnnllAx5DfMevN+zs7vqplL4mLlodhKImI60kx6aklvaznpS0DYwZKaFaNnvpj9QMSedQHwrGUpqGHYMdYACOcJkUrkjTEZIQH1Eyhjz0q7Tg3kminKdPX3ECk3wctZ/9uxNiTcuI56WRucrGXkf/1zAjcGztmfhgB9clUyI24BoGWpaP1maAE+CQFmAiWetXIEAtMIM1wTmU8tTrHZXpCujJLy1jMZhm0L8pGpVx5uCxVb2e5FdAxOkHnyEDXqIrqqIFaiKAn9Ixe0Zvyonwon8rXdHRFme0coblSvn8B0kuuOw==</latexit>

H

<latexit sha1_base64="KA+j4y7cEX20O7FKALOdcaEUBh0=">AAACL3icbVDLSsNAFJ3UV62vqksRgkVwVRLR6rLShV0oVOgL2lAm00k7dDIJMzfSErLya1yqHyNuxK3f4MakzcK23mHgcM6991yO7XOmwDA+tMzK6tr6RnYzt7W9s7uX3z9oKi+QhDaIxz3ZtrGinAnaAAactn1JsWtz2rJHlURvPVKpmCfqMPGp5eKBYA4jGGKqlz/uAh3DdE+nWr+/s8LLSvKiMHebi3r5glE0pqUvAzMFBZRWrZf/6fY9ErhUAOFYqY5p+GCFWAIjnEa5bqCoj8kID2gnhgK7VFnh1D7ST2OmrzuejL8Afcr+nQixq9TEteNOF8NQLWoJ+Z/WCcC5tkIm/ACoIDMjJ+A6eHqSid5nkhLgkxhgIll8q06GWGICcXJzLuPZqXNc4ieVo5K0zMVslkHzvGiWiqWHi0L5Js0ti47QCTpDJrpCZVRFNdRABD2hZ/SK3rQX7V371L5mrRktnTlEc6V9/wK21amQ</latexit>

G
<latexit sha1_base64="mkVPbARbY5TUT+Ossg6U+fT8jLI="></latexit>

[Ug, H] = 0
<latexit sha1_base64="4Drvykzi2Fkqta6SfH9bxG2FSKg=">AAACNXicbVDLSsNAFJ3Ud31VXboZLIKrkoivpeJCFwoV+oIklMl00g6dTMLMjVhCP8Cvcal+igt34tYPcOOk7cJW7zBwOPdxDidIBNdg229WYW5+YXFpeaW4ura+sVna2m7oOFWU1WksYtUKiGaCS1YHDoK1EsVIFAjWDPqXeb95z5TmsazBIGF+RLqSh5wSMFS7VPaAPcDojntdu73xs+PL/A2zYhd7XOKr4tBM2RV7VPgvcCagjCZVbZe+vU5M04hJoIJo7Tp2An5GFHAq2LDopZolhPZJl7kGShIx7WcjE0O8b5gODmNlvgQ8Yn9vZCTSehAFZjIi0NOzvZz8r+emEJ75GZdJCkzSsVCYCgwxzpPBHa4YBTEwgFDFjVdMe0QRCia/KZWHsdUpLtdTOtR5Ws5sNn9B47DinFRO7o7K5xeT3JbRLtpDB8hBp+gcXaMqqiOKHtETekGv1rP1bn1Yn+PRgjXZ2UFTZX39APKqq6Y=</latexit>

g → G
<latexit sha1_base64="C9ghJwYJnXaMA2A+UxKa2Ow0lX8="></latexit>

|ω→ ↑ H

<latexit sha1_base64="XKgwRXn3ZGRI+5CCWjO0myTYn7E="></latexit>

H = spanC{| → ↑, | ↓ ↑}
<latexit sha1_base64="CK4HanX7OopwpCsImCZFel2HVgg="></latexit>

Z2 → Z2

<latexit sha1_base64="mjRkOsvnF+3l8dNLJg30loP1QBY="></latexit>

U(n,m) = XnZm <latexit sha1_base64="g45ZFToajukXjWhpfjGYt1pVMAo="></latexit>

(n,m) → Z2 ↑ Z2
<latexit sha1_base64="cpZt6h1QQvRDQyEElVylJqP6XrU="></latexit>

U(n,m)U(n→,m→) = (→1)mn→
U(n+n→,m+m→)

<latexit sha1_base64="usFcYz0/4VhHk8+RR96LSPDoGF0="></latexit>

=→
<latexit sha1_base64="XL1gaAEkiG94wB/PVYKwk3oLl8g="></latexit>

[U(n,m), H] = 0 =→ H =

<latexit sha1_base64="oT9qrUiHTxj74RX5dhgvI+JS0ig="></latexit>

H →
(
1 0
0 1

)

Anomalies in (0 1)D are much richer 

➤ Include the anomalies from QM (i.e., projective 
representations) and much more due to locality. 

> +
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The symmetries and anomalies in the IR are generally 
different from those in the UV
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The symmetries and anomalies in the IR are generally 
different from those in the UV 

➤ For a given UV model, there are two types of IR 
symmetries and anomalies: 

1) Emergent: have no UV counterpart 

2) Emanant: have a UV counterpart [M. Cheng, N. Seiberg ’22]
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The symmetries and anomalies in the UV and generally 
different from those in the IR 

➤ For a given UV model, there are two types of IR 
symmetries and anomalies: 

1) Emergent: have no UV counterpart 

2) Emanant: have a UV counterpart [M. Cheng, N. Seiberg ’22]

UV model 

symmetries 
anomalies

IR model 

symmetries 
anomalies

Low energy
limit

Five possibilities 

Emergent symmetry with no anomaly 

Emergent symmetry with emergent anomaly 

Emanant symmetry with no anomaly  

Emanant symmetry with emanant anomaly 

Emanant symmetry with emergent anomaly

Emergent vs emanant



Lattice vs QFT anomalies
Which QFT anomalies can be realized in lattice models? 

➤ More precisely, can emanate from lattice anomalies
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➤ Surjectivity is not obvious, many elusive QFT anomalies
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Lattice vs QFT anomalies

➤ Surjectivity is not obvious, many elusive QFT anomalies

Anomalies in 
lattice models

Anomalies in 
QFTs

Lattice to QFT
anomaly map

Which QFT anomalies can be realized in lattice models? 

➤ More precisely, can emanate from lattice anomalies

Why care? 

Practical reason: a better “lattice laboratory” for QFTs 
to do numerics and have an intrinsic UV cutoff 

Conceptual reason: the interplay between lattice models 
and QFTs continually push each other forward.

Lattice Continuum

Knowledge



New anomalies in lattice models of fermions
1) Lattice chiral anomaly: gateway to Onsager symmetries 

[Arkya Chatterjee, Sal Pace, Shu-Heng Shao, PRL ’25 (arXiv:2409.12220)] 

2) Lattice parity anomaly: symmetry-enforced Dirac cones  
[Sal Pace, Luke Kim, Arkya Chatterjee, Shu-Heng Shao, arXiv:2505.04684] 

3) Lattice LU(1) anomaly: symmetry-enforced Fermi surfaces 
[Luke Kim, Sal Pace, Shu-Heng Shao, to appear]
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Dirac fermion field theory
Free, massless Dirac fermion                     in D: 

                        

➤     (    ) is a left (right) moving complex Weyl fermion 

1 + 1
<latexit sha1_base64="lJUgMX48LuckmA2O+ybOObFDh3w="></latexit>

L = i!†
L(ωt + ωx)!L + i!†

R(ωt → ωx)!R

<latexit sha1_base64="8QUsUQtu5H1/Sw14Fe7x25FNd+E="></latexit>

!R
<latexit sha1_base64="XJfbDOF2LOTx2kKGNBP/OOyjgnc="></latexit>

!L

<latexit sha1_base64="+Mh0VQfyPvtchowu4wKbV11oarA="></latexit>

! = (!L,!R)
T



Free, massless Dirac fermion                     in D: 

                        

➤     (    ) is a left (right) moving complex Weyl fermion 

Chiral                             symmetry 

➤ Axial charge                      , where   

1 + 1
<latexit sha1_base64="lJUgMX48LuckmA2O+ybOObFDh3w="></latexit>

L = i!†
L(ωt + ωx)!L + i!†

R(ωt → ωx)!R

<latexit sha1_base64="8QUsUQtu5H1/Sw14Fe7x25FNd+E="></latexit>

!R
<latexit sha1_base64="XJfbDOF2LOTx2kKGNBP/OOyjgnc="></latexit>

!L

<latexit sha1_base64="CvrX0D72shfmkQhlNFOXJeInI1w="></latexit>

!†
L →↑ e+iω!†

L

<latexit sha1_base64="cXjr2+ys4A37Jt57ogBS//zPeDM="></latexit>

!†
R →↑ e+iω!†

Rvector         :
<latexit sha1_base64="GfU2W71G5U558x0rfOWuj3212R8="></latexit>

U(1)V

<latexit sha1_base64="1RGkj0TXN5MO/oGfdoifvevc874="></latexit>

(U(1)V →U(1)A)/Z2

<latexit sha1_base64="zhuo04guSIvkKIf74a2gRQzg3pg="></latexit>

QA = CRQ
V C†

R

<latexit sha1_base64="2hSBfSwh4cKPNBlwvgak5Z+WNGE="></latexit>

CR : !R →↑ !†
R

axial         :
<latexit sha1_base64="yXHpWdzLYc/NwQVeEw1fWVbb1Nc="></latexit>

U(1)A
<latexit sha1_base64="hU2CV8tMuqK7VbIKf2Vn8XfGiow="></latexit>

!†
L →↑ e+iω!†

L

<latexit sha1_base64="tSUp5RI7pRb2yF2XioCrhwO6X24="></latexit>

!†
R →↑ e→iω!†

R

<latexit sha1_base64="+Mh0VQfyPvtchowu4wKbV11oarA="></latexit>

! = (!L,!R)
T

Dirac fermion field theory



The chiral anomaly

The chiral anomaly is an anomaly of  

➤ One of the oldest anomalies in QFT [Schwinger ’59; Johnson ’63; ]⋯
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A simple lattice model
Complex fermions    on sites   of length    1d spatial lattice 

Becomes free, massless Dirac fermion theory in IR 
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<latexit sha1_base64="VSnWADQGOZ5zrD1DJKoPg1XP4ls="></latexit>

T

<latexit sha1_base64="vV2mkgueY2ojLZ7IF0Jj7WaAnW8="></latexit>

eiωQ
V

<latexit sha1_base64="bEiJJn6tHCydodyQ5Hhv9uPIWoY="></latexit>

eiωQR = e
iω
2 (QV →QA)

<latexit sha1_base64="gPcyweOyQdVVjFmWQyxaw/ii85E="></latexit>

eiωQ0



<latexit sha1_base64="uyk9vVKnKY0s8cXuDtKaLWo5Xck="></latexit>

T : !L,!R →↑ !L,↓!R

Let us first check the U(1) fermion number symmetry 

➤ Real space transformation: 

                                

➤ Momentum space transformation 

                                     

➤ IR transformation (look at         and         )        

Emanant symmetries II
<latexit sha1_base64="JYhPNeUxQKNjgikhkJ1R6ZZ0Fls="></latexit>

ck =
1→
L

L∑

j=1

eikjcj

<latexit sha1_base64="qAkcE8QJrS+i3R9KcprRCDmzmbQ="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)

<latexit sha1_base64="dRAdsvznVxpALTDxx04Ub0XnZIo="></latexit>

k = 0
<latexit sha1_base64="s2FDaTEvYRGY9m+I10wseA9cQvA="></latexit>

k = ω

<latexit sha1_base64="atd1OjAXgRJTPfaoI5iOnAmui5A="></latexit>

eiωN : c†j →↑ eiωc†j

<latexit sha1_base64="VdoP+H5wmtdax+L5V27/aT0Cf4A="></latexit>

eiωN : c†k →↑ eiωc†k

Lattice symmetry IR symmetry
<latexit sha1_base64="lPJ33cXcYc+ngjVI5C0xNpL9PTo="></latexit>

emanates to→→→→→→→↑

<latexit sha1_base64="VSnWADQGOZ5zrD1DJKoPg1XP4ls="></latexit>

T

<latexit sha1_base64="vV2mkgueY2ojLZ7IF0Jj7WaAnW8="></latexit>

eiωQ
V

<latexit sha1_base64="bEiJJn6tHCydodyQ5Hhv9uPIWoY="></latexit>

eiωQR = e
iω
2 (QV →QA)

<latexit sha1_base64="gPcyweOyQdVVjFmWQyxaw/ii85E="></latexit>

eiωQ0

        generates an anomalous chiral symmetry in the IR 

➤      emanates from lattice translations 

➤ But     is anomaly-free: this IR anomaly is emergent

<latexit sha1_base64="7BUFnyKVWx0V9CA7biSoD5sxI04="></latexit>

eiωQR

<latexit sha1_base64="VSnWADQGOZ5zrD1DJKoPg1XP4ls="></latexit>

T

<latexit sha1_base64="BefRLi3Bm4xyiCWG+X8PM5zU7mQ="></latexit>

ZR
2



Be real 😎
Let’s decompose    into real (Majorana) fermions            and                 
s         to search for other useful symmetries 

  
Hamiltonian becomes 

<latexit sha1_base64="1zWDiqr0cMNbvVa1KpLiHoXRbTU="></latexit>

cj =
1

2
(aj + ibj)

<latexit sha1_base64="SkQVQNuZztlOei/8m0PdKCkqgkk="></latexit>cj

<latexit sha1_base64="6JHO1Wh7XsaTYlggdd4ljoiPaIw="></latexit>

{aj , aj→} = 2ωj,j→
<latexit sha1_base64="XTSMBgeGOLuo87dzJOdPvJVeCNA="></latexit>

{bj , bj→} = 2ωj,j→

<latexit sha1_base64="3XtTK9QkB6zqJxq9OVHzc8b3NpA="></latexit>

H =
i

2

L∑

j=1

(ajaj+1 + bjbj+1)

<latexit sha1_base64="nMWS5UIdsjizfpIa+EbEzDKD2YU="></latexit>

aj = a†j
<latexit sha1_base64="CL6gma24NuZ97TE5ajzpw63N8O0="></latexit>

bj = b†j



Be real 😎
Let’s decompose    into real (Majorana) fermions            and                 
s         to search for other useful symmetries 

  
Hamiltonian becomes  

➤ The    and    Majoranas are decoupled! 

➤ The model has Majorana translation symmetries

<latexit sha1_base64="1zWDiqr0cMNbvVa1KpLiHoXRbTU="></latexit>

cj =
1

2
(aj + ibj)

<latexit sha1_base64="SkQVQNuZztlOei/8m0PdKCkqgkk="></latexit>cj

<latexit sha1_base64="6JHO1Wh7XsaTYlggdd4ljoiPaIw="></latexit>

{aj , aj→} = 2ωj,j→
<latexit sha1_base64="XTSMBgeGOLuo87dzJOdPvJVeCNA="></latexit>

{bj , bj→} = 2ωj,j→

<latexit sha1_base64="3XtTK9QkB6zqJxq9OVHzc8b3NpA="></latexit>

H =
i

2

L∑

j=1

(ajaj+1 + bjbj+1)

<latexit sha1_base64="nMWS5UIdsjizfpIa+EbEzDKD2YU="></latexit>

aj = a†j
<latexit sha1_base64="CL6gma24NuZ97TE5ajzpw63N8O0="></latexit>

bj = b†j

<latexit sha1_base64="18KbEXJBMVKD4i4Nv6pqqbhsnjw="></latexit>

Ta : aj , bj →↑ aj+1, bj
<latexit sha1_base64="OGQzvr1IrZLXH7yiEcQ8l6gKtUo="></latexit>

Tb : aj , bj →↑ aj , bj+1

<latexit sha1_base64="VTMdloBKnNzv2CugYP5f6yhMLdI="></latexit>aj
<latexit sha1_base64="5HDn4dNeN7UmI293fcVbkmYxtZA="></latexit>

bj



The    Majorana lattice translation symmetry 

➤ Real space transformation: 

➤ Momentum space transformation 

                               

➤ IR symmetry (look at         and         )        

Emanant symmetries III

<latexit sha1_base64="qEcgT0/mepzrN9An0aM2MhE4mUc="></latexit>

Tb : !L,!R →↑ !L,!
†
R

<latexit sha1_base64="3XtTK9QkB6zqJxq9OVHzc8b3NpA="></latexit>

H =
i

2

L∑

j=1

(ajaj+1 + bjbj+1)
<latexit sha1_base64="1zWDiqr0cMNbvVa1KpLiHoXRbTU="></latexit>

cj =
1

2
(aj + ibj)

<latexit sha1_base64="laXdK/lX/EBPSKCucR8aImB5br0="></latexit>

b

<latexit sha1_base64="PvL7DIUevaPG3J9QS3nK5ue4OKk="></latexit>

Tb : cj →↑
1

2
(aj + ibj+1)

<latexit sha1_base64="tC30mh7zAo2cMDlUMk8JQYyI0Hc="></latexit>

Tb : ck =
1

2
(ak + ibk) →↑

1

2

(
ak + e→ikibk

)

<latexit sha1_base64="dRAdsvznVxpALTDxx04Ub0XnZIo="></latexit>

k = 0
<latexit sha1_base64="s2FDaTEvYRGY9m+I10wseA9cQvA="></latexit>

k = ω



The    Majorana lattice translation symmetry 

➤ Real space transformation: 

➤ Momentum space transformation 

                               

➤ IR transformation (look at         and         )        

Emanant symmetries III

<latexit sha1_base64="dRAdsvznVxpALTDxx04Ub0XnZIo="></latexit>

k = 0
<latexit sha1_base64="s2FDaTEvYRGY9m+I10wseA9cQvA="></latexit>

k = ω
<latexit sha1_base64="qEcgT0/mepzrN9An0aM2MhE4mUc="></latexit>

Tb : !L,!R →↑ !L,!
†
R

<latexit sha1_base64="3XtTK9QkB6zqJxq9OVHzc8b3NpA="></latexit>

H =
i

2

L∑

j=1

(ajaj+1 + bjbj+1)
<latexit sha1_base64="1zWDiqr0cMNbvVa1KpLiHoXRbTU="></latexit>

cj =
1

2
(aj + ibj)

<latexit sha1_base64="laXdK/lX/EBPSKCucR8aImB5br0="></latexit>

b

<latexit sha1_base64="PvL7DIUevaPG3J9QS3nK5ue4OKk="></latexit>

Tb : cj →↑
1

2
(aj + ibj+1)

<latexit sha1_base64="tC30mh7zAo2cMDlUMk8JQYyI0Hc="></latexit>

Tb : ck =
1

2
(ak + ibk) →↑

1

2

(
ak + e→ikibk

)

Lattice symmetry IR symmetry
<latexit sha1_base64="lPJ33cXcYc+ngjVI5C0xNpL9PTo="></latexit>

emanates to→→→→→→→↑

<latexit sha1_base64="hKoFySjCWBLAYio1xRqIhX7G9pA="></latexit>

Tb
<latexit sha1_base64="BISqQ4Wqpscr7IJEBjrH/FxeeiQ="></latexit>

CR

<latexit sha1_base64="VSnWADQGOZ5zrD1DJKoPg1XP4ls="></latexit>

T

<latexit sha1_base64="vV2mkgueY2ojLZ7IF0Jj7WaAnW8="></latexit>

eiωQ
V

<latexit sha1_base64="bEiJJn6tHCydodyQ5Hhv9uPIWoY="></latexit>

eiωQR = e
iω
2 (QV →QA)

<latexit sha1_base64="gPcyweOyQdVVjFmWQyxaw/ii85E="></latexit>

eiωQ0



The    Majorana lattice translation symmetry 

➤ Real space transformation: 

➤ Momentum space transformation 

                               

➤ IR transformation (look at         and         )        

Emanant symmetries III

<latexit sha1_base64="dRAdsvznVxpALTDxx04Ub0XnZIo="></latexit>

k = 0
<latexit sha1_base64="s2FDaTEvYRGY9m+I10wseA9cQvA="></latexit>

k = ω
<latexit sha1_base64="qEcgT0/mepzrN9An0aM2MhE4mUc="></latexit>

Tb : !L,!R →↑ !L,!
†
R

<latexit sha1_base64="3XtTK9QkB6zqJxq9OVHzc8b3NpA="></latexit>

H =
i

2

L∑

j=1

(ajaj+1 + bjbj+1)
<latexit sha1_base64="1zWDiqr0cMNbvVa1KpLiHoXRbTU="></latexit>

cj =
1

2
(aj + ibj)

<latexit sha1_base64="laXdK/lX/EBPSKCucR8aImB5br0="></latexit>

b

<latexit sha1_base64="PvL7DIUevaPG3J9QS3nK5ue4OKk="></latexit>

Tb : cj →↑
1

2
(aj + ibj+1)

<latexit sha1_base64="tC30mh7zAo2cMDlUMk8JQYyI0Hc="></latexit>

Tb : ck =
1

2
(ak + ibk) →↑

1

2

(
ak + e→ikibk

)

🧠

<latexit sha1_base64="zhuo04guSIvkKIf74a2gRQzg3pg="></latexit>

QA = CRQ
V C†

R

Lattice symmetry IR symmetry
<latexit sha1_base64="lPJ33cXcYc+ngjVI5C0xNpL9PTo="></latexit>

emanates to→→→→→→→↑

<latexit sha1_base64="hKoFySjCWBLAYio1xRqIhX7G9pA="></latexit>

Tb
<latexit sha1_base64="BISqQ4Wqpscr7IJEBjrH/FxeeiQ="></latexit>

CR

<latexit sha1_base64="VSnWADQGOZ5zrD1DJKoPg1XP4ls="></latexit>

T

<latexit sha1_base64="vV2mkgueY2ojLZ7IF0Jj7WaAnW8="></latexit>

eiωQ
V

<latexit sha1_base64="bEiJJn6tHCydodyQ5Hhv9uPIWoY="></latexit>

eiωQR = e
iω
2 (QV →QA)

<latexit sha1_base64="gPcyweOyQdVVjFmWQyxaw/ii85E="></latexit>

eiωQ0



The    Majorana lattice translation symmetry 

➤ Real space transformation: 

➤ Momentum space transformation 

                               

➤ IR transformation (look at         and         )        

Emanant symmetries III

<latexit sha1_base64="dRAdsvznVxpALTDxx04Ub0XnZIo="></latexit>

k = 0
<latexit sha1_base64="s2FDaTEvYRGY9m+I10wseA9cQvA="></latexit>

k = ω
<latexit sha1_base64="qEcgT0/mepzrN9An0aM2MhE4mUc="></latexit>

Tb : !L,!R →↑ !L,!
†
R

<latexit sha1_base64="3XtTK9QkB6zqJxq9OVHzc8b3NpA="></latexit>

H =
i

2

L∑

j=1

(ajaj+1 + bjbj+1)
<latexit sha1_base64="1zWDiqr0cMNbvVa1KpLiHoXRbTU="></latexit>

cj =
1

2
(aj + ibj)

<latexit sha1_base64="laXdK/lX/EBPSKCucR8aImB5br0="></latexit>

b

<latexit sha1_base64="PvL7DIUevaPG3J9QS3nK5ue4OKk="></latexit>

Tb : cj →↑
1

2
(aj + ibj+1)

<latexit sha1_base64="tC30mh7zAo2cMDlUMk8JQYyI0Hc="></latexit>

Tb : ck =
1

2
(ak + ibk) →↑

1

2

(
ak + e→ikibk

)

Lattice symmetry IR symmetry
<latexit sha1_base64="lPJ33cXcYc+ngjVI5C0xNpL9PTo="></latexit>

emanates to→→→→→→→↑

<latexit sha1_base64="hKoFySjCWBLAYio1xRqIhX7G9pA="></latexit>

Tb
<latexit sha1_base64="BISqQ4Wqpscr7IJEBjrH/FxeeiQ="></latexit>

CR

<latexit sha1_base64="VSnWADQGOZ5zrD1DJKoPg1XP4ls="></latexit>

T

<latexit sha1_base64="vV2mkgueY2ojLZ7IF0Jj7WaAnW8="></latexit>

eiωQ
V

<latexit sha1_base64="bEiJJn6tHCydodyQ5Hhv9uPIWoY="></latexit>

eiωQR = e
iω
2 (QV →QA)

<latexit sha1_base64="gPcyweOyQdVVjFmWQyxaw/ii85E="></latexit>

eiωQ0

<latexit sha1_base64="YhbN9cBlxDwZ/SfZVk72XDcKCco="></latexit>

eiω (TbQ0T
†
b )

<latexit sha1_base64="n2pv6YAFftFsgg/JfyowupC4Ulc="></latexit>

eiω (CRQV C†
R) = eiωQ

A

🧠

<latexit sha1_base64="zhuo04guSIvkKIf74a2gRQzg3pg="></latexit>

QA = CRQ
V C†

R



Lattice vector and axial charges
The IR vector and axial charges emanate from the conserved 
charges 

➤ Lattice vector charge  

➤ Lattice axial charge  
  

1. Sum of local terms 

2. Have integer-quantized eigenvalues 

3. Generate locality preserving U(1) symmetries

<latexit sha1_base64="dIYCkciQIL8eXtyjJHfxFRV24o0="></latexit>

Q1 → TbQ0T
→1
b =

i

2

L∑

j=1

ajbj+1

<latexit sha1_base64="iWkD4wvJF+Dmje35RzsSavOdsdM="></latexit>

Q0 =
i

2

L∑

j=1

ajbj



Onsager symmetry
The lattice vector and axial charges do not commute 

    and     generate the Onsager algebra [Onsager ’44] 

➤ Let                           and 

<latexit sha1_base64="NYBXCocZRMvMg/R5Wfwo3YB3Zqs="></latexit>

[Q0, Q1] →= 0
IR limit↑↑↑↑↑↓ [QV , QA] = 0

<latexit sha1_base64="z/r1B3a5w2q8HP1RR0cOpZixM6o="></latexit>

Q0
<latexit sha1_base64="QA533XjHJbNEMqfC7PDMgLXa5oY="></latexit>

Q1

<latexit sha1_base64="V1p2629VNflogiWF7Y4gkD4k5fo="></latexit>

[Qn, Qm] = iGm→n
<latexit sha1_base64="JeTp4p7XjhtTLUfAga97b+sh2e4="></latexit>

[Gn, Gm] = 0

<latexit sha1_base64="qNvarQpVmSECWGxkKZb37mfTBPU="></latexit>

Qn =
i

2

L∑

j=1

ajbj+n

<latexit sha1_base64="JDJbgCVVskk3gv2sPCnxJmQcw5k="></latexit>

Gn =
i

2

L∑

j=1

(ajaj+n → bjbj+n)

<latexit sha1_base64="BUMJRCKcF/sV40Ed4olCn1eVFJc="></latexit>

[Qn, Gm] = 2i(Qn→m →Qn+m)



Onsager symmetry
The lattice vector and axial charges do not commute 

    and     generate the Onsager algebra [Onsager ’44] 

➤ Let                           and 

<latexit sha1_base64="NYBXCocZRMvMg/R5Wfwo3YB3Zqs="></latexit>

[Q0, Q1] →= 0
IR limit↑↑↑↑↑↓ [QV , QA] = 0

<latexit sha1_base64="z/r1B3a5w2q8HP1RR0cOpZixM6o="></latexit>

Q0
<latexit sha1_base64="QA533XjHJbNEMqfC7PDMgLXa5oY="></latexit>

Q1

<latexit sha1_base64="V1p2629VNflogiWF7Y4gkD4k5fo="></latexit>

[Qn, Qm] = iGm→n
<latexit sha1_base64="JeTp4p7XjhtTLUfAga97b+sh2e4="></latexit>

[Gn, Gm] = 0

<latexit sha1_base64="qNvarQpVmSECWGxkKZb37mfTBPU="></latexit>

Qn =
i

2

L∑

j=1

ajbj+n

<latexit sha1_base64="JDJbgCVVskk3gv2sPCnxJmQcw5k="></latexit>

Gn =
i

2

L∑

j=1

(ajaj+n → bjbj+n)

<latexit sha1_base64="BUMJRCKcF/sV40Ed4olCn1eVFJc="></latexit>

[Qn, Gm] = 2i(Qn→m →Qn+m)

The chiral                             symmetry emanates from 
the Onsager symmetry 

<latexit sha1_base64="1RGkj0TXN5MO/oGfdoifvevc874="></latexit>

(U(1)V →U(1)A)/Z2

<latexit sha1_base64="96qQ4gM2dLxKSrYfPcV6fl3ASfc="></latexit>

Qn
IR limit→→→→→↑

{
QV n even

QA n odd

<latexit sha1_base64="MfOw8vU3bwYhlKD673yQVFR465w="></latexit>

Gn
IR limit→→→→→↑ 0

<latexit sha1_base64="r6e+fhNySJIhO/6PA+repVCIw2w="></latexit>

→eiωQ0 , eiεQ1↑



Onsager symmetry
The lattice vector and axial charges do not commute 

    and     generate the Onsager algebra [Onsager ’44] 

➤ Let                           and 

<latexit sha1_base64="NYBXCocZRMvMg/R5Wfwo3YB3Zqs="></latexit>

[Q0, Q1] →= 0
IR limit↑↑↑↑↑↓ [QV , QA] = 0

<latexit sha1_base64="z/r1B3a5w2q8HP1RR0cOpZixM6o="></latexit>

Q0
<latexit sha1_base64="QA533XjHJbNEMqfC7PDMgLXa5oY="></latexit>

Q1

<latexit sha1_base64="V1p2629VNflogiWF7Y4gkD4k5fo="></latexit>

[Qn, Qm] = iGm→n
<latexit sha1_base64="JeTp4p7XjhtTLUfAga97b+sh2e4="></latexit>

[Gn, Gm] = 0

<latexit sha1_base64="qNvarQpVmSECWGxkKZb37mfTBPU="></latexit>

Qn =
i

2

L∑

j=1

ajbj+n

<latexit sha1_base64="JDJbgCVVskk3gv2sPCnxJmQcw5k="></latexit>

Gn =
i

2

L∑

j=1

(ajaj+n → bjbj+n)

<latexit sha1_base64="BUMJRCKcF/sV40Ed4olCn1eVFJc="></latexit>

[Qn, Gm] = 2i(Qn→m →Qn+m)

The chiral                             symmetry emanates from 
the Onsager symmetry 

Does the Onsager symmetry have a lattice anomaly that 
matches the chiral anomaly?           

<latexit sha1_base64="1RGkj0TXN5MO/oGfdoifvevc874="></latexit>

(U(1)V →U(1)A)/Z2

<latexit sha1_base64="96qQ4gM2dLxKSrYfPcV6fl3ASfc="></latexit>

Qn
IR limit→→→→→↑

{
QV n even

QA n odd

<latexit sha1_base64="MfOw8vU3bwYhlKD673yQVFR465w="></latexit>

Gn
IR limit→→→→→↑ 0

<latexit sha1_base64="r6e+fhNySJIhO/6PA+repVCIw2w="></latexit>

→eiωQ0 , eiεQ1↑



Onsager symmetric Hamiltonians
We assume the Hamiltonian is local: 

<latexit sha1_base64="UJ8mgXv22Fz7p6UUD/51rU0ENxg="></latexit>

Hg =
∑

n

L∑

j=1

gj,nH
(n)
j



We assume the Hamiltonian is local: 

1.                                                   invariance requires                     
a.    to not have terms mixing     and    and<latexit sha1_base64="LCrTY0zcWfDEYxq1YZkXoFmQYRA=">AAACG3icbVDLTsJAFJ3iC/GFunRhIzFxRVqj6BLDhoUmmPBKSkOmwxRGpo/M3BpI06Wf4Re41S9wZ9y68AP8DwfoQsAzmeTknPvKcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHTRlEgtAGCXgg2g6WlDOfNoABp+1QUOw5nLacYWXitx6pkCzw6zAOqe3hvs9cRjAoqZs/7gAdwXSOVa3f3drxZWXykjiHuw+5pJsvGEVjCn2ZmCkpoBS1bv6n0wtI5FEfCMdSWqYRgh1jAYxwmuQ6kaQhJkPcp5aiPvaotOPpAYl+qpSe7gZCfR/0qfq3I8aelGPPUZUehoFc9Cbif54VgXttx8wPI6A+mS1yI65DoE9S0XtMUAJ8rAgmgqlbdTLAAhNQ2c1tGc1OVbmYiyksk+Z50SwVS/cXhfJNmlAWHaETdIZMdIXKqIpqqIEIekIv6BW9ac/au/ahfc5KM1rac4jmoH39AmS8oSQ=</latexit>aj

<latexit sha1_base64="1L8Z6TxZk4i1hoJJoaCT4XdlLnQ=">AAACG3icbVDLTsJAFJ3iC/FVdenCRmLiirRG0SWGDQtNMOGVQNNMhwFGpo/M3BpIw9LP8Avc6he4M25d+AH+h9PCQsAzmeTknPvKcUPOJJjmt5ZZWV1b38hu5ra2d3b39P2DhgwiQWidBDwQLRdLyplP68CA01YoKPZcTpvusJz4zUcqJAv8GoxDanu477MeIxiU5OjHHaAjSOe0K7W7Wzu+LCdvEudc5yE3cfS8WTBTGMvEmpE8mqHq6D+dbkAij/pAOJaybZkh2DEWwAink1wnkjTEZIj7tK2ojz0q7Tg9YGKcKqVr9AKhvg9Gqv7tiLEn5dhzVaWHYSAXvUT8z2tH0Lu2Y+aHEVCfTBf1Im5AYCSpGF0mKAE+VgQTwdStBhlggQmo7Oa2jKanqlysxRSWSeO8YBULxfuLfOlmllAWHaETdIYsdIVKqIKqqI4IekIv6BW9ac/au/ahfU5LM9qs5xDNQfv6BWZXoSU=</latexit>

bj
<latexit sha1_base64="Qqgufq77W+EpZ0M50cd/XrhRwtQ=">AAACInicbVDLTgIxFO34RHyhLt00Eg1uyIxRdIlhw0ITTABJYCSdUrTS6UzaOwYymT/wM/wCt/oF7owrE7f+h+WxUPA0TU7Oua8cLxRcg21/WnPzC4tLy6mV9Ora+sZmZmu7roNIUVajgQhUwyOaCS5ZDTgI1ggVI74n2LXXKw396wemNA9kFQYhc31yK3mXUwJGamcOWsD6MJrTLFcvL9z4pDR8SZwut+9v4pw8THA6aWeydt4eAc8SZ0KyaIJKO/Pd6gQ08pkEKojWTccOwY2JAk4FS9KtSLOQ0B65ZU1DJfGZduPRHQneN0oHdwNlvgQ8Un93xMTXeuB7ptIncKenvaH4n9eMoHvmxlyGETBJx4u6kcAQ4GE4uMMVoyAGhhCquLkV0zuiCAUT4Z8t/fGpJhdnOoVZUj/KO4V84eo4WzyfJJRCu2gP5ZCDTlERlVEF1RBFj+gZvaBX68l6s96tj3HpnDXp2UF/YH39ABdCo4Y=</latexit>

H
(n)
j

<latexit sha1_base64="dndFZ1hJY3AtQQHQHdfZRLtfo5A=">AAACJXicbVDLSgMxFM3Ud31VXboJFkFByoz42ggVNy4UFKwttMOQSdM2NpMZkjvSMsw3+Bl+gVv9AnciuHLlf5hOu9DWEwKHc+6L40eCa7DtTys3NT0zOze/kF9cWl5ZLayt3+kwVpRVaChCVfOJZoJLVgEOgtUixUjgC1b1u+cDv/rAlOahvIV+xNyAtCVvcUrASF5htwGsB9mc+sXt1aWbHJ4PXprk215yvydTfIrbnsynXqFol+wMeJI4I1JEI1x7he9GM6RxwCRQQbSuO3YEbkIUcCpYmm/EmkWEdkmb1Q2VJGDaTbJTUrxtlCZuhcp8CThTf3ckJNC6H/imMiDQ0ePeQPzPq8fQOnETLqMYmKTDRa1YYAjxIB/c5IpREH1DCFXc3IpphyhCwaT4Z0tveKrJxRlPYZLc7Zeco9LRzUGxfDZKaB5toi20gxx0jMroAl2jCqLoET2jF/RqPVlv1rv1MSzNWaOeDfQH1tcPj8mk0Q==</latexit>gj,n = gn

Onsager symmetric Hamiltonians

<latexit sha1_base64="pPfaKVKotA0Rl5DtV4qQv7WRUf0="></latexit>

e→iω2 Q1ei
ω
2 Q0 : (aj , bj) →↑ (aj→1, bj+1)

<latexit sha1_base64="UJ8mgXv22Fz7p6UUD/51rU0ENxg="></latexit>

Hg =
∑

n

L∑

j=1

gj,nH
(n)
j



We assume the Hamiltonian is local: 

1.                                                   invariance requires                     
a.    to not have terms mixing     and    and 

2. Under the        transformation 

 Symmetric       are quadratic⟹

<latexit sha1_base64="LCrTY0zcWfDEYxq1YZkXoFmQYRA=">AAACG3icbVDLTsJAFJ3iC/GFunRhIzFxRVqj6BLDhoUmmPBKSkOmwxRGpo/M3BpI06Wf4Re41S9wZ9y68AP8DwfoQsAzmeTknPvKcULOJBjGt5ZZWV1b38hu5ra2d3b38vsHTRlEgtAGCXgg2g6WlDOfNoABp+1QUOw5nLacYWXitx6pkCzw6zAOqe3hvs9cRjAoqZs/7gAdwXSOVa3f3drxZWXykjiHuw+5pJsvGEVjCn2ZmCkpoBS1bv6n0wtI5FEfCMdSWqYRgh1jAYxwmuQ6kaQhJkPcp5aiPvaotOPpAYl+qpSe7gZCfR/0qfq3I8aelGPPUZUehoFc9Cbif54VgXttx8wPI6A+mS1yI65DoE9S0XtMUAJ8rAgmgqlbdTLAAhNQ2c1tGc1OVbmYiyksk+Z50SwVS/cXhfJNmlAWHaETdIZMdIXKqIpqqIEIekIv6BW9ac/au/ahfc5KM1rac4jmoH39AmS8oSQ=</latexit>aj
<latexit sha1_base64="1L8Z6TxZk4i1hoJJoaCT4XdlLnQ=">AAACG3icbVDLTsJAFJ3iC/FVdenCRmLiirRG0SWGDQtNMOGVQNNMhwFGpo/M3BpIw9LP8Avc6he4M25d+AH+h9PCQsAzmeTknPvKcUPOJJjmt5ZZWV1b38hu5ra2d3b39P2DhgwiQWidBDwQLRdLyplP68CA01YoKPZcTpvusJz4zUcqJAv8GoxDanu477MeIxiU5OjHHaAjSOe0K7W7Wzu+LCdvEudc5yE3cfS8WTBTGMvEmpE8mqHq6D+dbkAij/pAOJaybZkh2DEWwAink1wnkjTEZIj7tK2ojz0q7Tg9YGKcKqVr9AKhvg9Gqv7tiLEn5dhzVaWHYSAXvUT8z2tH0Lu2Y+aHEVCfTBf1Im5AYCSpGF0mKAE+VgQTwdStBhlggQmo7Oa2jKanqlysxRSWSeO8YBULxfuLfOlmllAWHaETdIYsdIVKqIKqqI4IekIv6BW9ac/au/ahfU5LM9qs5xDNQfv6BWZXoSU=</latexit>

bj
<latexit sha1_base64="Qqgufq77W+EpZ0M50cd/XrhRwtQ=">AAACInicbVDLTgIxFO34RHyhLt00Eg1uyIxRdIlhw0ITTABJYCSdUrTS6UzaOwYymT/wM/wCt/oF7owrE7f+h+WxUPA0TU7Oua8cLxRcg21/WnPzC4tLy6mV9Ora+sZmZmu7roNIUVajgQhUwyOaCS5ZDTgI1ggVI74n2LXXKw396wemNA9kFQYhc31yK3mXUwJGamcOWsD6MJrTLFcvL9z4pDR8SZwut+9v4pw8THA6aWeydt4eAc8SZ0KyaIJKO/Pd6gQ08pkEKojWTccOwY2JAk4FS9KtSLOQ0B65ZU1DJfGZduPRHQneN0oHdwNlvgQ8Un93xMTXeuB7ptIncKenvaH4n9eMoHvmxlyGETBJx4u6kcAQ4GE4uMMVoyAGhhCquLkV0zuiCAUT4Z8t/fGpJhdnOoVZUj/KO4V84eo4WzyfJJRCu2gP5ZCDTlERlVEF1RBFj+gZvaBX68l6s96tj3HpnDXp2UF/YH39ABdCo4Y=</latexit>

H
(n)
j

<latexit sha1_base64="dndFZ1hJY3AtQQHQHdfZRLtfo5A=">AAACJXicbVDLSgMxFM3Ud31VXboJFkFByoz42ggVNy4UFKwttMOQSdM2NpMZkjvSMsw3+Bl+gVv9AnciuHLlf5hOu9DWEwKHc+6L40eCa7DtTys3NT0zOze/kF9cWl5ZLayt3+kwVpRVaChCVfOJZoJLVgEOgtUixUjgC1b1u+cDv/rAlOahvIV+xNyAtCVvcUrASF5htwGsB9mc+sXt1aWbHJ4PXprk215yvydTfIrbnsynXqFol+wMeJI4I1JEI1x7he9GM6RxwCRQQbSuO3YEbkIUcCpYmm/EmkWEdkmb1Q2VJGDaTbJTUrxtlCZuhcp8CThTf3ckJNC6H/imMiDQ0ePeQPzPq8fQOnETLqMYmKTDRa1YYAjxIB/c5IpREH1DCFXc3IpphyhCwaT4Z0tveKrJxRlPYZLc7Zeco9LRzUGxfDZKaB5toi20gxx0jMroAl2jCqLoET2jF/RqPVlv1rv1MSzNWaOeDfQH1tcPj8mk0Q==</latexit>gj,n = gn

<latexit sha1_base64="YqE72yy5g7k6sWNcdWakH1C+xuI=">AAACInicbVDLSsNAFJ34rPFVdekmWAp1UxLR6lLppguFCq0KbSyT6aQdO5mEmRuxhHyBv+EPuNU/cCeuBNd+h9M2C209w8DhnPvieBFnCmz705ibX1hcWs6tmKtr6xub+a3tKxXGktAmCXkobzysKGeCNoEBpzeRpDjwOL32BtWRf31PpWKhaMAwom6Ae4L5jGDQUidfbAN9gPGcVq1xce4mR9XRSxOz1rm7TUpiPzXTTr5gl+0xrFniZKSAMtQ7+e92NyRxQAUQjpVqOXYEboIlMMJparZjRSNMBrhHW5oKHFDlJuMzUquola7lh1J/AdZY/d2R4ECpYeDpygBDX017I/E/rxWDf+ImTEQxUEEmi/yYWxBao2ysLpOUAB9qgolk+laL9LHEBHSCf7Y8TE41dTDOdAyz5Oqg7FTKlcvDwulZFlEO7aI9VEIOOkanqIbqqIkIekTP6AW9Gk/Gm/FufExK54ysZwf9gfH1A0oio2w=</latexit>

H
(n)
j

<latexit sha1_base64="0lDsjsUO13h1slZWeaUDme//9vw="></latexit>

H
(n)
j = iajaj+n + ibjbj+n

Onsager symmetric Hamiltonians

<latexit sha1_base64="pPfaKVKotA0Rl5DtV4qQv7WRUf0="></latexit>

e→iω2 Q1ei
ω
2 Q0 : (aj , bj) →↑ (aj→1, bj+1)

<latexit sha1_base64="UJ8mgXv22Fz7p6UUD/51rU0ENxg="></latexit>

Hg =
∑

n

L∑

j=1

gj,nH
(n)
j

<latexit sha1_base64="scAJmkQ4W4790SwkTnb1Xt1c0ns="></latexit>

eiωQ0

<latexit sha1_base64="cA4+Sd3Xx+LjShH7YZtERcUsfHs="></latexit>

aj → cos(ω)aj + sin(ω)bj
<latexit sha1_base64="4+Hsws8TBhnn+wRd+q+tHdWD0Qc="></latexit>

bj → cos(ω)bj ↑ sin(ω)aj



Lattice anomaly: enforced gaplessness

➤      commutes with the entire Onsager symmetry — it is 
the most general Onsager symmetric Hamiltonian

<latexit sha1_base64="0W6nOdf8LMqXxlL7bas7qrEn6so="></latexit>

Hg = i
∑

n

L∑

j=1

gn (ajaj+n + bjbj+n)

<latexit sha1_base64="efAoZ9+N23PR5eLJll5NQFQ2gTg="></latexit>

Hg



➤      commutes with the entire Onsager symmetry — it is 
the most general Onsager symmetric Hamiltonian 

Every Onsager symmetric Hamiltonian     is gapless 

➤ In momentum space: 

➤      is never in a trivial gapped phase 

➤ This Onsager symmetry has a lattice anomaly

<latexit sha1_base64="0W6nOdf8LMqXxlL7bas7qrEn6so="></latexit>

Hg = i
∑

n

L∑

j=1

gn (ajaj+n + bjbj+n)

<latexit sha1_base64="R4hs9gxF9IYpCGBgivPCSq7PKGc="></latexit>

Hg =
∑

k→BZ

ωkc
†
kck

<latexit sha1_base64="L7yp9il49Es1HxkkWEEi7iK5Qo0="></latexit>

ωk = 4
∑

n

gn sin(nk)

<latexit sha1_base64="efAoZ9+N23PR5eLJll5NQFQ2gTg="></latexit>

Hg

<latexit sha1_base64="efAoZ9+N23PR5eLJll5NQFQ2gTg="></latexit>

Hg

<latexit sha1_base64="efAoZ9+N23PR5eLJll5NQFQ2gTg="></latexit>

Hg

Lattice anomaly: enforced gaplessness



➤      commutes with the entire Onsager symmetry — it is 
the most general Onsager symmetric Hamiltonian 

Every Onsager symmetric Hamiltonian     is gapless 

➤ In momentum space: 

➤      is never in a trivial gapped phase 

➤ This Onsager symmetry has a lattice anomaly

<latexit sha1_base64="0W6nOdf8LMqXxlL7bas7qrEn6so="></latexit>

Hg = i
∑

n

L∑

j=1

gn (ajaj+n + bjbj+n)

<latexit sha1_base64="R4hs9gxF9IYpCGBgivPCSq7PKGc="></latexit>

Hg =
∑

k→BZ

ωkc
†
kck

<latexit sha1_base64="L7yp9il49Es1HxkkWEEi7iK5Qo0="></latexit>

ωk = 4
∑

n

gn sin(nk)

<latexit sha1_base64="efAoZ9+N23PR5eLJll5NQFQ2gTg="></latexit>

Hg

<latexit sha1_base64="efAoZ9+N23PR5eLJll5NQFQ2gTg="></latexit>

Hg

<latexit sha1_base64="efAoZ9+N23PR5eLJll5NQFQ2gTg="></latexit>

Hg

Lattice anomaly: enforced gaplessness

The chiral anomaly emanates from the Onsager 
symmetry’s lattice anomaly 

➤ The fact that the lattice anomaly enforces 
gaplessness is consistent—the chiral anomaly is a 
local anomaly and enforces gaplessness in QFT



Gapless phase diagram

<latexit sha1_base64="ZnxpIXvPCpK+t6OsXLhWMO6q4rE=">AAACGnicbVDLSsNAFJ34rPVVdSlCsAquSmK1dSMU3HShUKEvSEOZTCft0MmDmRtpDV35G/6AW/0Dd+LWjT/gdzhts7CtBwYO59w753KckDMJhvGtLS2vrK6tpzbSm1vbO7uZvf26DCJBaI0EPBBNB0vKmU9rwIDTZigo9hxOG07/Zuw3HqiQLPCrMAyp7eGuz1xGMCipnTlqAR3A5B+rXL27tePiZdFw8qP48To/ameyRs6YQF8kZkKyKEGlnflpdQISedQHwrGUlmmEYMdYACOcjtKtSNIQkz7uUktRH3tU2vEkfqSfKqWju4FQzwd9ov7diLEn5dBz1KSHoSfnvbH4n2dF4F7ZMfPDCKhPpkFuxHUI9HEneocJSoAPFcFEMHWrTnpYYAKquZmUwfTUtCrGnK9hkdTPc2YhV7i/yJZOkopS6BAdozNkoiIqoTKqoBoi6Am9oFf0pj1r79qH9jkdXdKSnQM0A+3rFw1QoK8=</latexit>z
=
3

<latexit sha1_base64="l5XMdkyzv8QWua4TQZoWUZHinpo=">AAACGnicbVDLSsNAFJ34tr6iLkUIVsFVSUSsLgTBjQsFBWsLaSiT6Y0OTiZh5kasoSt/wx9wq3/gTty68Qf8DqdpFr4ODBzOuXfO5YSp4Bpd98MaGR0bn5icmq7MzM7NL9iLSxc6yRSDBktEoloh1SC4hAZyFNBKFdA4FNAMrw8HfvMGlOaJPMdeCkFMLyWPOKNopI692ka4xeIf/+j85DjIvXAP6vV+fre/1e/YVbfmFnD+Eq8kVVLitGN/trsJy2KQyATV2vfcFIOcKuRMQL/SzjSklF3TS/ANlTQGHeRFfN/ZMErXiRJlnkSnUL9v5DTWuheHZjKmeKV/ewPxP8/PMNoNci7TDEGyYVCUCQcTZ9CJ0+UKGIqeIZQpbm512BVVlKFp7kfK7fDUiinG+13DX3KxVfN2ajtn29WD9bKiKbJC1sgm8UidHJAjckoahJF78kieyLP1YL1Yr9bbcHTEKneWyQ9Y719lhKDl</latexit>

z = 2

<latexit sha1_base64="tie4FiUqP7MGpWTO6TSGdV/eycY=">AAAB/HicbVDLTgIxFL2DL8QX6tJNI5q4IjPGoEsSNy4hETCBCemUCzR0OpO2YyQT/AG3+gfujFv/xR/wOywwCwFP0uTknHtzT08QC66N6347ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkIvUQUI2CS2wYbgQ+xAppGAhsBaPbqd96RKV5JO/NOEY/pAPJ+5xRY6W62y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50FnZBzq/RIP1L2SUNm6t+NlIZaj8PATobUDPWyNxX/89qJ6d/4KZdxYlCy+aF+IoiJyPTXpMcVMiPGllCmuM1K2JAqyoztZuHK0zxqwRbjLdewSpqXZa9SrtSvStWzrKI8nMApXIAH11CFO6hBAxggvMArvDnPzrvz4XzOR3NOtnMMC3C+fgGUWJUn</latexit>

0

<latexit sha1_base64="gpT50LPd74SK3Z29ckQFaBFeJzg=">AAACAnicbVDLTgIxFL3jE/GFunTTiCauyIxRdEnixiUm8khgQjrlDjR0OpO2YySEnT/gVv/AnXHrj/gDfocFZiHgSZqcnHNv7ukJEsG1cd1vZ2V1bX1jM7eV397Z3dsvHBzWdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4nfiNR1Sax/LBDBP0I9qTPOSMGis12qGizLvqFIpuyZ2CLBMvI0XIUO0UftrdmKURSsME1brluYnxR1QZzgSO8+1UY0LZgPawZamkEWp/NI07JmdW6ZIwVvZJQ6bq340RjbQeRoGdjKjp60VvIv7ntVIT3vgjLpPUoGSzQ2EqiInJ5O+kyxUyI4aWUKa4zUpYn9oGjG1o7srTLGreFuMt1rBM6hclr1wq318WK6dZRTk4hhM4Bw+uoQJ3UIUaMBjAC7zCm/PsvDsfzudsdMXJdo5gDs7XL/Pal5E=</latexit>

1

5

<latexit sha1_base64="y587cKkWPL1ELffl6Ry7Ky/aeYQ=">AAAB/HicbVDLTgIxFL2DL8QX6tJNI5q4IjPGoEsSNy4hETCBCemUCzR0OpO2YyQT/AG3+gfujFv/xR/wOywwCwFP0uTknHtzT08QC66N6347ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkIvUQUI2CS2wYbgQ+xAppGAhsBaPbqd96RKV5JO/NOEY/pAPJ+5xRY6W61y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50FnZBzq/RIP1L2SUNm6t+NlIZaj8PATobUDPWyNxX/89qJ6d/4KZdxYlCy+aF+IoiJyPTXpMcVMiPGllCmuM1K2JAqyoztZuHK0zxqwRbjLdewSpqXZa9SrtSvStWzrKI8nMApXIAH11CFO6hBAxggvMArvDnPzrvz4XzOR3NOtnMMC3C+fgGV8JUo</latexit>

1

<latexit sha1_base64="UXBjk71l7JYH6bfrh9nxH80bVuk=">AAACGnicbVDLSsNAFJ34rPVVdSlCsAquSlJs1YVQcNOFQoW+IA1lMp20QycPZm6kNXTlb/gDbvUP3IlbN/6A3+E07cK2Hhg4nHPvnMtxQs4kGMa3trS8srq2ntpIb25t7+xm9vbrMogEoTUS8EA0HSwpZz6tAQNOm6Gg2HM4bTj9m7HfeKBCssCvwjCktoe7PnMZwaCkduaoBXQAyT9WuXp3a8edq4Jr5Efx43Vh1M5kjZyRQF8k5pRk0RSVduan1QlI5FEfCMdSWqYRgh1jAYxwOkq3IklDTPq4Sy1FfexRacdJ/Eg/VUpHdwOhng96ov7diLEn5dBz1KSHoSfnvbH4n2dF4F7aMfPDCKhPJkFuxHUI9HEneocJSoAPFcFEMHWrTnpYYAKquZmUweTUtCrGnK9hkdTzObOYK96fZ0sn04pS6BAdozNkogtUQmVUQTVE0BN6Qa/oTXvW3rUP7XMyuqRNdw7QDLSvX2KDoOM=</latexit>

z = 5

<latexit sha1_base64="cS2R9MloavQo6/fDNA0cHakDMFo=">AAAB73icbVDLSgNBEOyNrxhfUY9eBqPgxbCrEj0GvHiMYB6QhDA76U2GzM6uM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqj26nffEKleSQfzDjGbkgHkgecUWOl1nknUJR5l71iyS27M5Bl4mWkBBlqveJXpx+xJERpmKBatz03Nt2UKsOZwEmhk2iMKRvRAbYtlTRE3U1n907IqVX6JIiULWnITP09kdJQ63Ho286QmqFe9Kbif147McFNN+UyTgxKNl8UJIKYiEyfJ32ukBkxtoQyxe2thA2pTcDYiAo2BG/x5WXSuCh7lXLl/qpUPcniyMMRHMMZeHANVbiDGtSBgYBneIU359F5cd6dj3lrzslmDuEPnM8fDn2PQA==</latexit>

�1

3

<latexit sha1_base64="y587cKkWPL1ELffl6Ry7Ky/aeYQ=">AAAB/HicbVDLTgIxFL2DL8QX6tJNI5q4IjPGoEsSNy4hETCBCemUCzR0OpO2YyQT/AG3+gfujFv/xR/wOywwCwFP0uTknHtzT08QC66N6347ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkIvUQUI2CS2wYbgQ+xAppGAhsBaPbqd96RKV5JO/NOEY/pAPJ+5xRY6W61y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50FnZBzq/RIP1L2SUNm6t+NlIZaj8PATobUDPWyNxX/89qJ6d/4KZdxYlCy+aF+IoiJyPTXpMcVMiPGllCmuM1K2JAqyoztZuHK0zxqwRbjLdewSpqXZa9SrtSvStWzrKI8nMApXIAH11CFO6hBAxggvMArvDnPzrvz4XzOR3NOtnMMC3C+fgGV8JUo</latexit>

1

<latexit sha1_base64="iqh7pAWY74ps/NtzErJwtWnLrc0=">AAACAnicbVDLTgIxFL3FF+ILdemmEU1ckRmD6JLEjUtM5JHAhHRKBxo6nUnbMZIJO3/Arf6BO+PWH/EH/A4LzELAkzQ5Oefe3NPjx4Jr4zjfKLe2vrG5ld8u7Ozu7R8UD4+aOkoUZQ0aiUi1faKZ4JI1DDeCtWPFSOgL1vJHt1O/9ciU5pF8MOOYeSEZSB5wSoyVWt1AEVq56hVLTtmZAa8SNyMlyFDvFX+6/YgmIZOGCqJ1x3Vi46VEGU4FmxS6iWYxoSMyYB1LJQmZ9tJZ3Ak+t0ofB5GyTxo8U/9upCTUehz6djIkZqiXvan4n9dJTHDjpVzGiWGSzg8FicAmwtO/4z5XjBoxtoRQxW1WTIfENmBsQwtXnuZRC7YYd7mGVdK8LLvVcvW+UqqdZRXl4QRO4QJcuIYa3EEdGkBhBC/wCm/oGb2jD/Q5H82hbOcYFoC+fgH4pZeU</latexit>

4

5

<latexit sha1_base64="tie4FiUqP7MGpWTO6TSGdV/eycY=">AAAB/HicbVDLTgIxFL2DL8QX6tJNI5q4IjPGoEsSNy4hETCBCemUCzR0OpO2YyQT/AG3+gfujFv/xR/wOywwCwFP0uTknHtzT08QC66N6347ubX1jc2t/HZhZ3dv/6B4eNTUUaIYNlgkIvUQUI2CS2wYbgQ+xAppGAhsBaPbqd96RKV5JO/NOEY/pAPJ+5xRY6W62y2W3LI7A1klXkZKkKHWLf50ehFLQpSGCap123Nj46dUGc4ETgqdRGNM2YgOsG2ppCFqP50FnZBzq/RIP1L2SUNm6t+NlIZaj8PATobUDPWyNxX/89qJ6d/4KZdxYlCy+aF+IoiJyPTXpMcVMiPGllCmuM1K2JAqyoztZuHK0zxqwRbjLdewSpqXZa9SrtSvStWzrKI8nMApXIAH11CFO6hBAxggvMArvDnPzrvz4XzOR3NOtnMMC3C+fgGUWJUn</latexit>

0

<latexit sha1_base64="vL8Zwzb77UZer84jACif4iUC+ns=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KkmR6rHgxWNF+wFtKJvtJF262YTdjVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0O/PbT6g0T+SjGafoxzSSPOSMGis9RP1qv1R2K+4cZJV4OSlDjka/9NUbJCyLURomqNZdz02NP6HKcCZwWuxlGlPKRjTCrqWSxqj9yfzUKbmwyoCEibIlDZmrvycmNNZ6HAe2M6ZmqJe9mfif181MeONPuEwzg5ItFoWZICYhs7/JgCtkRowtoUxxeythQ6ooMzadog3BW355lbSqFa9Wqd1flevneRwFOIUzuAQPrqEOd9CAJjCI4Ble4c0Rzovz7nwsWtecfOYE/sD5/AHty419</latexit>g2

<latexit sha1_base64="4Q3FoAQfMI8lOxCb218J4qwS20Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSp4KolK9Vjw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9DHqXvVLZrbgzkGXi5aQMOeq90le3H7M0QmmYoFp3PDcxfkaV4UzgpNhNNSaUjegAO5ZKGqH2s9mpE3JmlT4JY2VLGjJTf09kNNJ6HAW2M6JmqBe9qfif10lNeONnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJoXFa9aqd5flWuneRwFOIYTOAcPrqEGd1CHBjAYwDO8wpsjnBfn3fmYt644+cwR/IHz+QPvT41+</latexit>g3

<latexit sha1_base64="QTjg3UnK+ksACZbHy8Y33GEPcns="></latexit>1<latexit sha1_base64="Gjvm4BwzwtVA+ZfvCd1EBl3e61E=">AAACFXicbVBNS8NAFNzU7/hV9ehlsRYUtCQiKp4KBfFYodFCU8pmu2kXN5uw+yKW0D/hxb/ixYMiXgVv/hu3NQdtHVgYZt7j7UyQCK7Bcb6swszs3PzC4pK9vLK6tl7c2LzWcaoo82gsYtUMiGaCS+YBB8GaiWIkCgS7CW5rI//mjinNY9mAQcLaEelJHnJKwEid4kHZjwj0VZR5e+7+sHNsl31g95DVLho4ibkEfT60D30uQxh0iiWn4oyBp4mbkxLKUe8UP/1uTNOISaCCaN1ynQTaGVHAqWBD2081Swi9JT3WMlSSiOl2Nk41xGWjdHEYK/Mk4LH6eyMjkdaDKDCTowh60huJ/3mtFMKzdsZlkgKT9OdQmAoMMR5VhLtcMQpiYAihipu/YtonilAwRdqmBHcy8jS5Pqq4J5WTq+NSdTevYxFtox20h1x0iqroEtWRhyh6QE/oBb1aj9az9Wa9/4wWrHxnC/2B9fENRqadlQ==</latexit>�1

<latexit sha1_base64="QTjg3UnK+ksACZbHy8Y33GEPcns="></latexit>1

<latexit sha1_base64="ZnxpIXvPCpK+t6OsXLhWMO6q4rE=">AAACGnicbVDLSsNAFJ34rPVVdSlCsAquSmK1dSMU3HShUKEvSEOZTCft0MmDmRtpDV35G/6AW/0Dd+LWjT/gdzhts7CtBwYO59w753KckDMJhvGtLS2vrK6tpzbSm1vbO7uZvf26DCJBaI0EPBBNB0vKmU9rwIDTZigo9hxOG07/Zuw3HqiQLPCrMAyp7eGuz1xGMCipnTlqAR3A5B+rXL27tePiZdFw8qP48To/ameyRs6YQF8kZkKyKEGlnflpdQISedQHwrGUlmmEYMdYACOcjtKtSNIQkz7uUktRH3tU2vEkfqSfKqWju4FQzwd9ov7diLEn5dBz1KSHoSfnvbH4n2dF4F7ZMfPDCKhPpkFuxHUI9HEneocJSoAPFcFEMHWrTnpYYAKquZmUwfTUtCrGnK9hkdTPc2YhV7i/yJZOkopS6BAdozNkoiIqoTKqoBoi6Am9oFf0pj1r79qH9jkdXdKSnQM0A+3rFw1QoK8=</latexit> z
=
3

<latexit sha1_base64="sqiyiVhqY7DXJvMgtCMNSgqvDgQ="></latexit>

phase

<latexit sha1_base64="K8R1v+x65hil/eJCX/ehIdm4AIA="></latexit>

C = 3

<latexit sha1_base64="sqiyiVhqY7DXJvMgtCMNSgqvDgQ="></latexit>

phase

<latexit sha1_base64="K8R1v+x65hil/eJCX/ehIdm4AIA="></latexit>

C = 3
<latexit sha1_base64="sqiyiVhqY7DXJvMgtCMNSgqvDgQ="></latexit>

phase

<latexit sha1_base64="XsJnkUGeP4hJekS7c3FcJQkilaQ="></latexit>

C = 1

<latexit sha1_base64="sqiyiVhqY7DXJvMgtCMNSgqvDgQ="></latexit>

phase

<latexit sha1_base64="UGRSvflZMRLtvj23+y28WQzSmS0="></latexit>

C = 2

<latexit sha1_base64="ziVJDGuiy5UyD3tSR+Qzoa/uXOc="></latexit>

SO(6)1
<latexit sha1_base64="ziVJDGuiy5UyD3tSR+Qzoa/uXOc="></latexit>

SO(6)1

<latexit sha1_base64="oVoQ2mhasajJamGmTP42Dp5HmEY="></latexit>

SO(4)1

<latexit sha1_base64="sz5AmX2R4loq0zMoFZI1YQDIztE="></latexit>

SO(2)1

<latexit sha1_base64="lRrhELJFjybjfvRHF3edxHd8Sno="></latexit>

H = i
3∑

n=1

L∑

j=1

gn (ajaj+n + bjbj+n)

<latexit sha1_base64="RCk6ihApYkAIyNMT7kAbPTNsvL4="></latexit>

g3/g1

<latexit sha1_base64="oZltyEA1TbBVC7SqRlZ9A8VVSzA="></latexit>

g2/g1



Summary
Anomalies 101 

1. Anomalies as obstructions to trivial gapped phases 

2. Emergent vs emanant anomalies 



Summary
Anomalies 101 

1. Anomalies as obstructions to trivial gapped phases 

2. Emergent vs emanant anomalies 

Lattice chiral anomaly [Arkya Chatterjee, Sal Pace, Shu-Heng Shao, PRL ’25 (arXiv:2409.12220)] 

  

1. Has a lattice vector and axial symmetry, which form the 
Onsager algebra 

2. Has a lattice anomaly that enforces gaplessness, from 
which the chiral anomaly emanates

<latexit sha1_base64="qAkcE8QJrS+i3R9KcprRCDmzmbQ="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)
The simple tight-binding model 



Summary
Anomalies 101 

1. Anomalies as obstructions to trivial gapped phases 

2. Anomaly matching and emergent vs emanant anomalies 

Lattice chiral anomaly [Arkya Chatterjee, Sal Pace, Shu-Heng Shao, PRL ’25 (arXiv:2409.12220)] 

  

1. Has a lattice vector and axial symmetry, which form the 
Onsager algebra 

2. Has an LSM anomaly that enforces gaplessness, from 
which the chiral anomaly emanates

<latexit sha1_base64="qAkcE8QJrS+i3R9KcprRCDmzmbQ="></latexit>

H = i
L∑

j=1

(
c
†
jcj+1 → c

†
j+1cj

)
The simple tight-binding model 

Other lattice anomalies from Onsager-like symmetries: 

➤ Compact boson CFT anomalies in spin chains               
[Sal Pace, Arkya Chatterjee, Shu-Heng Shao, SciPost Phys ’25 (arXiv:2412.18606)] 

➤ Witten’s SU(2) anomaly on the lattice                          
[L. Gioia, R. Thorngren, arXiv:2503.07708] 

➤ Lattice parity anomaly: symmetry-enforced Dirac cones   
[Sal Pace, Luke Kim, Arkya Chatterjee, Shu-Heng Shao, arXiv:2505.04684] 

➤ Lattice LU(1) anomaly: symmetry-enforced Fermi surfaces 
[Luke Kim, Sal Pace, Shu-Heng Shao, to appear] 



Back-up slides



Lattice vector and axial charges II
In terms of complex fermions 

➤ Lattice vector charge   

➤ Lattice axial charge  

  
➤ Generate locality preserving U(1) symmetries

<latexit sha1_base64="BYGWpoPrSkaMc5zfuPAi+SRhW9A="></latexit>

eiωQ0 : cj →↑ e→iωcj
<latexit sha1_base64="+XCyP+sgxcz/Y0hXk4WAu2mgeOM="></latexit>

eiωQ1 : cj →↑ cos(ω)cj ↓
i

2
sin(ω)(c†j→1 + cj→1 ↓ c†j+1 + cj+1)

<latexit sha1_base64="nswRmtLUPRU/epnbFwhoAxA05b0="></latexit>

Q0 =
L∑

j=1

(
c†jcj →

1

2

)

<latexit sha1_base64="uAwaSiOyLcOKhat8htVtYZlI3T4="></latexit>

Q1 =
1

2

L∑

j=1

(
c†jcj+1 → cjc

†
j+1 + cjcj+1 → c†jc

†
j+1

)



An anomaly in quantum spin chains
Consider model with a qubit on each site   of a length L ring 

Anomalous               (lattice translations) symmetry            
A

<latexit sha1_base64="9QjHMbYWkwlGEUTgqlYOAGY6pm8="></latexit>

j
<latexit sha1_base64="V+7ev50HgN56XKNaScqoNGJjnJk="></latexit>

L
<latexit sha1_base64="8r90QMZZSAbJBF+VuD7cCIq/3ks="></latexit>

H =
L⊗

j=1

C2 <latexit sha1_base64="tI/gcOng+qz+9hcPlp6lvFLRfCY="></latexit>

Xj = Xj+L
<latexit sha1_base64="Fbnz59eilAB1PPzw0V4k6oNEMsI="></latexit>

Zj = Zj+L

<latexit sha1_base64="CznHaTlYCzEXCJBmAcNzhvZjLWI="></latexit>

UX =
L∏

j=1

Xj

<latexit sha1_base64="LikSK2gnkY3p3J3e3oikO8b7pg0="></latexit>

UZ =
L∏

j=1

Zj
<latexit sha1_base64="Ui0nuD4QgNRYIf+tAoJy/5tGUhY="></latexit>

T : j →↑ j + 1

<latexit sha1_base64="P97tL4oOLxpMZSTOtfTKU8Il5XU="></latexit>

ZX
2 → ZZ

2 →



An anomaly in quantum spin chains
Consider model with a qubit on each site   of a length L ring 

Anomalous               (lattice translations) symmetry 

Manifestations of the anomaly:  

➤      and      have a QM anomaly in each unit cell 

➤                                            A

<latexit sha1_base64="9QjHMbYWkwlGEUTgqlYOAGY6pm8="></latexit>

j
<latexit sha1_base64="V+7ev50HgN56XKNaScqoNGJjnJk="></latexit>

L
<latexit sha1_base64="8r90QMZZSAbJBF+VuD7cCIq/3ks="></latexit>

H =
L⊗

j=1

C2 <latexit sha1_base64="tI/gcOng+qz+9hcPlp6lvFLRfCY="></latexit>

Xj = Xj+L
<latexit sha1_base64="Fbnz59eilAB1PPzw0V4k6oNEMsI="></latexit>

Zj = Zj+L

<latexit sha1_base64="CznHaTlYCzEXCJBmAcNzhvZjLWI="></latexit>

UX =
L∏

j=1

Xj

<latexit sha1_base64="LikSK2gnkY3p3J3e3oikO8b7pg0="></latexit>

UZ =
L∏

j=1

Zj

<latexit sha1_base64="ctiM36rDElOh8SEg6ptVaMlQiko="></latexit>

UXUZ = (→1)LUZUX

<latexit sha1_base64="YJazQXrbMBorEAFIKsNpaLH56CM="></latexit>

UX
<latexit sha1_base64="wqfr5gpHyyG6HfCIROkls+iTyH4="></latexit>

UZ

<latexit sha1_base64="Ui0nuD4QgNRYIf+tAoJy/5tGUhY="></latexit>

T : j →↑ j + 1

<latexit sha1_base64="P97tL4oOLxpMZSTOtfTKU8Il5XU="></latexit>

ZX
2 → ZZ

2 →



An anomaly in quantum spin chains
Consider model with a qubit on each site   of a length L ring 

Anomalous               (lattice translations) symmetry 

Every symmetric Hamiltonian cannot have a trivial gapped 
phase            

➤ e.g., XX chain 
  

➤ Called a Lieb-Schultz-Mattis (LSM) anomaly      A

<latexit sha1_base64="9QjHMbYWkwlGEUTgqlYOAGY6pm8="></latexit>

j
<latexit sha1_base64="V+7ev50HgN56XKNaScqoNGJjnJk="></latexit>

L
<latexit sha1_base64="8r90QMZZSAbJBF+VuD7cCIq/3ks="></latexit>

H =
L⊗

j=1

C2 <latexit sha1_base64="tI/gcOng+qz+9hcPlp6lvFLRfCY="></latexit>

Xj = Xj+L
<latexit sha1_base64="Fbnz59eilAB1PPzw0V4k6oNEMsI="></latexit>

Zj = Zj+L

<latexit sha1_base64="CznHaTlYCzEXCJBmAcNzhvZjLWI="></latexit>

UX =
L∏

j=1

Xj

<latexit sha1_base64="LikSK2gnkY3p3J3e3oikO8b7pg0="></latexit>

UZ =
L∏

j=1

Zj
<latexit sha1_base64="Ui0nuD4QgNRYIf+tAoJy/5tGUhY="></latexit>

T : j →↑ j + 1

<latexit sha1_base64="EdkQy+9Erw6p4eJoyfioLWXMeqw="></latexit>

H =
L∑

j=1

(XjXj+1 + YjYj+1)

<latexit sha1_base64="P97tL4oOLxpMZSTOtfTKU8Il5XU="></latexit>

ZX
2 → ZZ

2 →



An anomaly in field theory
The compact boson CFT at radius  is a D CFT with 

➤ Has a                                 symmetry: 

R 1 + 1
<latexit sha1_base64="FWUqmUrIkg9bzrXEOnvkIO6jxgk=">AAACLHicbVDbSgJBGJ61k9nJ6rKbIQmCQHalrEvDGy8KDDyBu8jsOOrg7IGZf0NZfI0eoyfotp6gm4gu6zmaVS9S+4aBj+/7T3xuKLgC0/wwUmvrG5tb6e3Mzu7e/kH28KihgkhSVqeBCGTLJYoJ7rM6cBCsFUpGPFewpjssJ37zkUnFA78G45A5Hun7vMcpAS11sqYNbATTOe1K7f7Oia/KyZvEGbs64LbiHk4IvsAFO+SZSSebM/PmFHiVWHOSQ3NUO9lvuxvQyGM+UEGUaltmCE5MJHAq2CRjR4qFhA5Jn7U19YnHlBNPL5rgM610cS+Q+vuAp+rfjph4So09V1d6BAZq2UvE/7x2BL0bJ+Z+GAHz6WxRLxIYApzEhLtcMgpirAmhkutbMR0QSSjoMBe2jGan6lys5RRWSaOQt4r54sNlrnQ7TyiNTtApOkcWukYlVEFVVEcUPaEX9IrejGfj3fg0vmalKWPec4wWYPz8Al1ZpzU=</latexit>

� ⇠ �+ 2⇡

<latexit sha1_base64="u/Zv+AHMWrK07aPX+ePpFjLBPD8="></latexit>

LR =
R2

4ω
εµ!ε

µ!
<latexit sha1_base64="UuJMfWRt7HqcxxmvI0z48WWlq3w="></latexit>

(U(1)M →U(1)W )⊋ ZC
2

<latexit sha1_base64="3XVy4XmilRLd2ZHtBHC9a2cDpZg="></latexit>

JM
µ =

R2

2ω
εµ!

<latexit sha1_base64="bs0SROtrANEIPbKXE/PD/5G8Erk="></latexit>

JW
µ =

1

2ω
εµωϑ

ω!
<latexit sha1_base64="CYu10lG8g8/4gYziBM8O5O1iREk="></latexit>

C : ! →↑ ↓!



An anomaly in field theory
The compact boson CFT at radius  is a D CFT with 

➤ Has a                                 symmetry: 

Anomalous symmetries: 

➤                       and 

➤ Manifestation of                       anomaly: 

R 1 + 1
<latexit sha1_base64="FWUqmUrIkg9bzrXEOnvkIO6jxgk=">AAACLHicbVDbSgJBGJ61k9nJ6rKbIQmCQHalrEvDGy8KDDyBu8jsOOrg7IGZf0NZfI0eoyfotp6gm4gu6zmaVS9S+4aBj+/7T3xuKLgC0/wwUmvrG5tb6e3Mzu7e/kH28KihgkhSVqeBCGTLJYoJ7rM6cBCsFUpGPFewpjssJ37zkUnFA78G45A5Hun7vMcpAS11sqYNbATTOe1K7f7Oia/KyZvEGbs64LbiHk4IvsAFO+SZSSebM/PmFHiVWHOSQ3NUO9lvuxvQyGM+UEGUaltmCE5MJHAq2CRjR4qFhA5Jn7U19YnHlBNPL5rgM610cS+Q+vuAp+rfjph4So09V1d6BAZq2UvE/7x2BL0bJ+Z+GAHz6WxRLxIYApzEhLtcMgpirAmhkutbMR0QSSjoMBe2jGan6lys5RRWSaOQt4r54sNlrnQ7TyiNTtApOkcWukYlVEFVVEcUPaEX9IrejGfj3fg0vmalKWPec4wWYPz8Al1ZpzU=</latexit>

� ⇠ �+ 2⇡

<latexit sha1_base64="u/Zv+AHMWrK07aPX+ePpFjLBPD8="></latexit>

LR =
R2

4ω
εµ!ε

µ!
<latexit sha1_base64="UuJMfWRt7HqcxxmvI0z48WWlq3w="></latexit>

(U(1)M →U(1)W )⊋ ZC
2

<latexit sha1_base64="3XVy4XmilRLd2ZHtBHC9a2cDpZg="></latexit>

JM
µ =

R2

2ω
εµ!

<latexit sha1_base64="bs0SROtrANEIPbKXE/PD/5G8Erk="></latexit>

JW
µ =

1

2ω
εµωϑ

ω!
<latexit sha1_base64="CYu10lG8g8/4gYziBM8O5O1iREk="></latexit>

C : ! →↑ ↓!

<latexit sha1_base64="Er9j3ZA405EeRRPXuV2x9YaIe1c="></latexit>

U(1)M →U(1)W
<latexit sha1_base64="XHdgKYJKJordeOCrFHlOvIbnH3E="></latexit>

ZM
2 → ZW

2 → ZC
2

<latexit sha1_base64="Er9j3ZA405EeRRPXuV2x9YaIe1c="></latexit>

U(1)M →U(1)W

<latexit sha1_base64="PXP+b4s1+2oP5hj6dBeEt8xNFZc="></latexit>

ωµJW
µ = 0

turn on AM
µ→→→→→→→→↑ ωµJW

µ =
1

2ε
EM



Anomaly matching
Anomalies of the effective IR theory either emerge from 
nothing or emanate from an anomaly of the UV 



Anomaly matching
Anomalies of the effective IR theory either emerge from 
nothing or emanate from an anomaly of the UV 

Example: XX spin chain                                 boson CFT 

➤ Anomaly of         is emergent 

➤ Anomaly of                      emanates from LSM anomaly

[M. A. Metlitski, Thorngren ’17; M. Cheng, N. Seiberg ’22]

<latexit sha1_base64="tYPqcEAao6OtR7C7PW0nt3kHR8c="></latexit>

ZX
2

<latexit sha1_base64="cMfVHvuHlkQlPiiqv9yu7NoFHLU="></latexit>

ZZ
2

Translations
<latexit sha1_base64="SFVHy3pNthnw2XQDtTTFAPLQD+4="></latexit>

Zdiag
2 → ZM

2 ↑ ZW
2

<latexit sha1_base64="hziR71Jlzjg/Vav6ADNpwVKluoI="></latexit>

ZM
2

<latexit sha1_base64="bElAfBGE5zjbg/1Tm5pf6eKkbcg="></latexit>

ZC
2

<latexit sha1_base64="iIi5sOFv1KnSoIPtiORaEEVW//8="></latexit>

Zdiag
2

<latexit sha1_base64="XHdgKYJKJordeOCrFHlOvIbnH3E="></latexit>

ZM
2 → ZW

2 → ZC
2

<latexit sha1_base64="SVlyngn1CU2ZU0i2+Xl6WJREU8o="></latexit>

R =
→
2


